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ÊÅÖÁËÁÉÏ 1ï

ÅËÁÓÔÉÊÇ ÊÑÏÕÓÇ
ÅñùôÞóåéò ðïëëáðëÞò åðéëïãÞò

1.5á, 1.6ä, 1.7á, 1.8ã, 1.9á, 1.10á, 1.11â, 1.12ã,
1.13ä, 1.14â, 1.15â, 1.16á, 1.17á, 1.18â, 1.19á,
1.20ã, 1.21â, 1.22ä, 1.23â, 1.24ä, 1.25ã, 1.26ã,
1.27ã, 1.28á

 

ÅñùôÞóåéò êáôáíüçóçò
 â: ÅðåéäÞ , ïé óöáßñåò áíôáëëÜó-

óïõí ôá÷ýôçôåò:
êáé 

Þ   

¢ñá: 

1.3  á: Þ

Þ   

1.3 á: Þ

Þ    

1.3  â: 

1.3  á: 

1.  ã: 

1.  á: ÅðåéäÞ ç êñïýóç åßíáé êåíôñéêÞ åëá-
óôéêÞ êáé ïé óöáßñåò Ý÷ïõí ßóåò ìÜæåò, áíôáë-
ëÜóóïõí ôá÷ýôçôåò. ¢ñá:

êáé  

1.  á: 

Þ  

1.  á: 

1.  ã: ÅðåéäÞ ôá óþìáôá óõãêñïýïíôáé,
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Þ   

1.4 â: Þ

Þ 

Þ   

, åðåéäÞ: 

¢ñá: 

Áðü ôéò (1) êáé (2) Ý÷ïõìå: 

Þ  Þ  

1.4  ã: Áðü ôï ÈÌÊÅ Ý÷ïõìå: 

Þ   

ÅðåéäÞ , ïé óöáßñåò áíôáëëÜóóïõí

ôá÷ýôçôåò, äçëáäÞ: 

Ãéá ôç óöáßñá ìÜæáò m2 Ý÷ïõìå: 

Þ   

Þ   

1.4 â: Áðü ôï ÈÌÊÅ Ý÷ïõìå:

Þ  

Þ  Þ

Þ   

1.4 ã: Ãéá ôç óöáßñá Á éó÷ýåé:

Þ   

ÌåôÜ ôçí êñïýóç: Þ

Þ

Þ   

1.  â: Þ   
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Þ  Þ

1. â: ÈÊÌÅ ãéá ôç Þ

Þ  Þ  

Þ Þ

¢ñá: 

1. á: ÈÊÌÅ ãéá ôç Ó1 ìÝ÷ñé ôçí êñïýóç:

Þ  

ÈÊÌÅ ãéá ôç Ó1 ìåôÜ ôçí êñïýóç:

Þ  Þ

Ïìïßùò ðñïêýðôåé: 

¢ñá: 

1.5 á: ÌåôÜ ôéò êñïýóåéò óôïõò ôïß÷ïõò
Ý÷ïõìå:

êáé  

ÌåôÜ ôçí êñïýóç ìåôáîý ôùí äýï óöáéñþí
Ý÷ïõìå:

1.5 ã: Ãéá ôçí ðëáóôéêÞ êñïýóç éó÷ýåé:

Þ  Þ   

Áðü   ÁÄÌÅ: Þ 

ÅÜí ç êñïýóç Þôáí åëáóôéêÞ, èá ßó÷õå:

Áðü ÁÄÌÅ: Þ  Þ

êáé 

ÌåôÜ ôçí êñïýóç Ý÷ïõìå:

êáé 

Åöáñìüæïõìå ôçí áñ÷Þ äéáôÞñçóçò ôçò
ïñìÞò.

Þ   Þ
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ÅðåéäÞ K = K´, ç êñïýóç åßíáé åëáóôéêÞ.

′ ′ ′= + =2 2
1 1 2 2
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ÁóêÞóåéò

1. 3 á) (ôï m1 ìåôÜ 

ôçí êñïýóç êéíåßôáé óôçí áíôßèåôç êáôåýèõíóç
áðü ôçí áñ÷éêÞ)

â) 

ÄÊ1 + ÄÊ2 = 0, Üñá: ÄÊ2 = 72J 

ã) Äx1 = Ät = 32m êáé Äx2 = 8m

d = Äx1 + Äx2 = 40m

1. 4 á) 

(ÅðåéäÞ m1>m2: 

Áðü (1) êáé (2): m1 = 3m2
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â) 1 1 1 1 1
1

Äp m õ m õ
F 960N

Ät Ät

′ −
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1. 6 á) 

Êáñ÷ = Êôåë Þ Þ

(1)

Þ Þ

Þ (2)

Áðü (1) êáé (2): Þ óõíö = 0 Þ

ö = 90ï

â) ÐñÝðåé 

ö1 + ö2 = 90ï, Üñá:
çìö2 = óõíö1 (4)
Áðü (3) êáé (4):

1. 7 á) Áðü ÈÌÊÅ ãéá ôï m1 áðü ôçí áñ÷éêÞ
ôïõ èÝóç ìÝ÷ñé íá óõãêñïõóôåß ìå ôï m2: 

Þ

â) êáé

Áðü ÈÌÊÅ ãéá ôá óþìáôá áðü ôç èÝóç ôçò óý-
ãêñïõóçò ìÝ÷ñé íá óôáìáôÞóïõí Ý÷ïõìå: 

Ãéá ôï m1: Þ s1= 2,25m2
1 1 1 1

1
0 m õ ìgm s

2
′− =−

1
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m m
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1 2

m m
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m m
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+

2 2
1 1 1 0 1 1 1m õ m õ 2ìm gÄx Þ õ 6m/ s− =− =

2 2
1 1 1 0 1

1 1
m õ m õ TÄx

2 2
− =−

2
1

1

õ
åöö

õ

′
=
′

1 2

1 1 2 2

p p Þ

mõ çìö mõ çìö (3)

′ ′=

′ ′=

1 22õ õ óõíö 0′ ′ =

2 2 2
1 1 2 1 2õ õ õ 2õ õ óõíö′ ′ ′ ′= + +

1 1 2õ õ õ′ ′= +
� � �

1 1 2mõ mõ mõ′ ′= +
� � �

áñ÷ ôåëp p
� �
=

2 2 2
1 1 2õ õ õ′ ′= +

2 2 2
1 1 2

1 1 1
mõ mõ mõ

2 2 2
′ ′= +
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1. 5 á) Ïñßæïõìå èåôéêÞ ôç öïñÜ ðñïò ôá äåîéÜ.

ÌåôÜ ôçí êñïýóç ôï m1 êéíåßôáé ðñïò ôá áñé-
óôåñÜ êáé ôï m2 ðñïò ôá äåîéÜ.

1 2 1
2 1 2

1 2 1 2

2m m m
õ õ õ 2m/ s

m m m m

−′ = + =
+ +

2 1 2
1 2 1

1 2 1 2

2m m m
õ õ õ 16m/ s

m m m m

−′ = + =−
+ +
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êáé ïìïßùò ãéá ôï m2: s2= 2,25m
ÅðåéäÞ ìåôÜ ôçí êñïýóç ôá óþìáôá êéíïýíôáé
óå áíôßèåôåò êáôåõèýíóåéò: 
Äs = s1 + s2 = 4,5m

1. 8 á) Äx1 = õ1t = 20m
â) Äx2 = Äx – Äx1 = 4m

Þ á2 = 2m/s2

ã) õ2 = á2 t = 4m/s
Ïñßæïõìå èåôéêÞ ôç öïñÜ ðñïò ôá äåîéÜ.

  1. 9 á) = –õ1 êáé = –õ2

Äp1 = m1 – m1õ1 = 80kg . m/s

Äp2 = m2 – m2õ2 = – 40kg . m/s

â) 

Áðü ÁÄÌÅ: m1gh = Þ õ1 = 2m/s

â) 

ã) Áðü ÈÌÊÅ ãéá ôï m2 áðü ôç èÝóç ôçò óý-
ãêñïõóçò ìÝ÷ñé íá óôáìáôÞóåé:

Þ 

Þ 

ÓF = m|á| Þ  |á| = ìg = 1m/s2

õ = – |á|t êáé ãéá õ = 0:

1. 1 á) õ1 = 3 m/s (âëÝðå Üóêçóç 1. 0)

â) êáé

ã) Ô2 = w2 = m2g = 20N

= m2g + m2 = 28,89N (âëÝðå ðáñáôçñÞ-

óåéò)
ä) Áðü ÁÄÌÅ ãéá ôï m1:

Þ h = 0,05m

1. 2 á) 

êáé 
â) Ïñßæïõìå èåôéêÞ ôç öïñÜ ðñïò ôá äåîéÜ.

ã) 

êáé ïìïßùò 

ÐñïâëÞìáôá
1. 3 á) ÈÌÊÅ ãéá ôï m1 áðü ôçí ïñéæüíôéá
óôçí êáôáêüñõöç èÝóç:

Þ õ1 = 10m/s

â) p0 = m1õ0 = 8kg . m/s êáé

2 2
1 1 1 0 1

1 1
m õ m õ m g

2 2
− = �

2Êð % 125%=

1

2 2
1 1 1 1

Ê 2
1 1

Ê Ê õ õ
ð % 100% 100% 93,75%

Ê õ

′ ′− −
= = =−

1 2 1
2 1 2

1 2 1 2

2m m m
õ õ õ 9m/ s

m m m m

−′ = + =
+ +

2 1 2
1 2 1

1 2 1 2

2m m m
õ õ õ 1m / s

m m m m

−′ = + =−
+ +

= =2 2õ 2gh 6m/ s

= =1 1õ 2gh 4m/ s

−
= =
�
�

h
óõíö´ 0,944

2
1 1 1

1
m õ m gh

2
′ =

2
2õ′

�2T′

1
2 1

1 2

2m
õ õ 2m/ s

m m
′ = =

+

1 2
1 1

1 2

m m
õ õ 1m / s

m m

−′ = =−
+

=
8

t s
32õ′

=
32

s m
9

2
2 2 2

1
m õ ìm gs

2
′ =2

2 2

1
0 m õ Ts

2
′− =−

1
2 1

1 2

2m 8
õ õ m/ s

m m 3
′ = =

+

1 2
1 1

1 2

m m 2
õ õ m/ s

m m 3

−′ = =
+

2
1 1

1
m õ

2

1. 0 á) h = � – � óõí60ï = 0,2m

1 2 1
2 1 2

1 2 1 2

2m m m
õ õ õ 28m/ s

m m m m

−′′ ′ ′= + =
+ +

2 1 2
1 2 1

1 2 1 2

2m m m
õ õ õ 2m/ s

m m m m

−′′ ′ ′= + =−
+ +

2õ′
1õ′

2õ′1õ′

1 2 1
1 2

1 2 1 2

2m m m
õ õ õ 5,33m/ s

m m m m

−′ = + =
+ +

2 1 2
1 2 1

1 2 1 2

2m m m
õ õ õ 8,67m/ s

m m m m

−′ = + =−
+ +

2
2 2

1
Äx = á t

2
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p1 = m1õ1 = 10kg . m/s

, Üñá:

ã) 

WF2
= ÄÊ2 =

1. 4 á) 

â) ÄpÁ = – pÁ = mA( – õÁ) = –16kg .m/s

êáé ÄpÂ = – 0 = 16kg . m/s

ã) 

Áðü ÁÄÌÅ: 

Þ h = 0,8 m

óõíö = , 

Üñá: ö = 60ï

1. 5 á) Áðü ÁÄÌÅ ãéá ôï m1: 

Þ õ0 = 7 m/s

â) ÈÌÊÅ ãéá ôï m1 áðü ôçí áñ÷Þ ôïõ ïñéæüíôéïõ
åðéðÝäïõ ìÝ÷ñé ôç óýãêñïõóç ìå ôï m2: 

Þ

Þ õ1 = 3 m/s

ã) 

ä) ð% = 

1. 6 á) Áðü ÁÄÌÅ õðïëïãßæïõìå ôá ìÝôñá ôùí
ôá÷õôÞôùí:

Þ õ1 = 3 m/s

Þ õ2 = 2 m/s

â) ÅðåéäÞ ôá óþìáôá Ý÷ïõí ßóåò ìÜæåò, ìåôÜ ôçí
êñïýóç áíôáëëÜóóïõí ôá÷ýôçôåò. Ïñßæïíôáò
èåôéêÞ ôç öïñÜ ðñïò ôá äåîéÜ, Ý÷ïõìå: 

= –2m/s êáé = 3m/s

ã) 

ä) ð% = 

1. 7 á) Þ õ1 = 18m/s

â) 

ã) Áðü ÁÄÌÅ ãéá ôï m3:

Þ h3 = 3,2m

ä) ð% = 

1. 8 á) ÌåôÜ ôçí ðñþôç êñïýóç: 

êáé 

ÌåôÜ ôç óýãêñïõóç ôçò óöáßñáò m2 ìå ôïí ôïß-
÷ï, ç óöáßñá m2 Ý÷åé ôá÷ýôçôá .
Ãéá íá äéáôçñïýí ïé äýï óöáßñåò óôáèåñÞ áðü-
óôáóç ìåôáîý ôïõò, ðñÝðåé:

2 2õ õ′′ ′= −

1
2 1

1 2

2m
õ õ

m m
′ =

+
1 2

1 1
1 2

m m
õ õ

m m

−′ =
+

3 3

2
1 1 1 0

m gh
100% 79%

1
m gh m õ

2

=
+

2
3 3 3 3

1
m õ m gh

2
′ =

2
3 2

2 3

2m
õ õ 8m/ s

m m
′ ′= =

+

1
2 1

1 2

2m
õ õ 12m/ s

m m
′ = =

+

2 2
1 1 1 0 1 1

1 1
m gh m õ m õ

2 2
+ =

1

1

Ê
100% 44,44%

Ê

′
=

1

2 2
1 1 1 1

Ê 2
1 1

Ê Ê õ õ
ð % 100% 100% 55,56%

Ê õ

′ ′− −
= = =−

2õ′1õ′

2
2 2 2 2 2

1
m g çìö m õ

2
=�

2
1 1 1 1 1

1
m g çìö m õ

2
=�

T 1

1 1

W ìm gÄx
100% 100% 81,63%

m gR m gR
= =

1
2 1

1 2

2m
õ õ 4m/ s

m m
′ = =

+

1 2
1 1

1 2

m m
õ õ 1m / s

m m

−′ = =
+

− =−2 2
1 1 1 0 1

1 1
m õ m õ ìm gÄx

2 2

2 2
1 1 1 0

1 1
m õ m õ TÄx

2 2
− =−

2
1 1 0

1
m gR m õ

2
=

−
=

�
�

h 1
2

2
Ã Ã Ã

1
m gh m õ

2
′=

B
Ã Â

Â Ã

2m
ä) õ õ

m m

4m/ s

′ ′= =
+

=

Â Â
B

Äp 0 p
F 80N

Ät Ät

′ ′−
= = =

B Ã
B Â

Â Ã

m m
õ õ 0

m m

−′′ ′= =
+

Bp′
Aõ′Ap′

A
B A

A B

2m
õ õ 4m/ s

m m
′ = =

+

A B
A A

A B

m m
õ õ 6m/ s

m m

−′ = =−
+

2
2 2

1
m õ 0 37,5J

2
′ − =

1
2 1

1 2

2m
õ õ 5m/ s

m m
′ = =

+

2 2
0 1Äp p p

2 41kg m / s

= + =

= ⋅

1 0Äp p p
� � �
= −
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Þ   m2 = 3m1

â) Ê1 = + Þ = Ê1 –

Ç Ê2́ åßíáé ìÝãéóôç, üôáí = 0. Áõôü óõìâáßíåé
ãéá m1 = m2.

1. 9 á) Áðü ÁÄÌÅ ãéá ôï m1:

Þ õ1 = 6m/s

â) Ç ôá÷ýôçôá ôïõ Ó2 ìåôÜ ôç óýãêñïõóç ìå ôï

óþìá ìÜæáò m1 åßíáé: 

Ôï ü÷çìá Ì êáé ôï Ó2 áðïêôïýí êïéíÞ ôá÷ýôçôá

õê ðïõ äßíåôáé áðü ôç ó÷Ýóç: m2 = (m2+Ì)õê

Þ õê = 0,5 m/s
(âëÝðå âáóéêÞ Üóêçóç 1.3)

ã) 

1. 0 á) Þ õ1 = 3m/s

Þ õ2 = 4m/s

â) Áðü áñ÷Þ äéáôÞñçóçò ôçò ïñìÞò êáé ïñßæï-
íôáò èåôéêÞ ôç öïñÜ ðñïò ôá áñéóôåñÜ Ý÷ïõìå: 

m1õ1 – m2õ2 = (m1 + m2) õê   Þ õê = m/s

ã) Þ

1. 1 Þ õ = 6m/s

Ôá óþìáôá öôÜíïõí óôï ïñéæüíôéï åðßðåäï ìå
ôá÷ýôçôåò õ1 = õ2 = õ = 6m/s.
Ôï m1 ìåôÜ ôçí ðñüóêñïõóç óôï ïñéæüíôéï åðß-
ðåäï áñ÷ßæåé íá áíÝñ÷åôáé ìå ôá÷ýôçôá 

= –õ1 = –6m/s. ÌåôÜ ôç óýãêñïõóÞ ôïõ ìå

ôï m2, ç ôá÷ýôçôá ôçò óöáßñáò m2 åßíáé 

= –6m/s.

(Ïé äýï óöáßñåò áíôáëëÜóóïõí ôá÷ýôçôåò.)
Áðü ÁÄÌÅ ãéá ôç óöáßñá m2:

Þ h2 = 1,8m

1. 2 á) Þ õ1 = 4m/s

êáé

â) ÌåôÜ ôçí åðáöÞ ôïõ ìå ôï åëáôÞñéï, ôï m2
åðéâñáäýíåôáé, åíþ ôï m3 åðéôá÷ýíåôáé. Óôéãìé-
áßá ôá äýï óþìáôá áðïêôïýí êïéíÞ ôá÷ýôçôá.
Áðü ÁÄÏ: m2 = (m2 + m3) õê Þ õê = 0,5m/s

ã) Ôç ÷ñïíéêÞ óôéãìÞ ðïõ ôá m2, m3 áðïêôïýí êïé-
íÞ ôá÷ýôçôá Ý÷ïõìå ìÝãéóôç óõóðåßñùóç ôïõ åëá-
ôçñßïõ, Üñá êáé ìÝãéóôç åíÝñãåéá ôïõ åëáôçñßïõ.
Áðü ÁÄÌÅ ãéá ôï óýóôçìá:

1. 3 á) Þ õ1 = 2m/s

êáé

â) ÌåôÜ ôç óýãêñïõóÞ ôïõ ìå ôï m2, ôï óþìá
m1 êéíåßôáé óôçí áíôßèåôç êáôåýèõíóç.

Þ hmax = 0,05m

ã) m2 = m3, Üñá = = 1 m/s êáé = 0
Eöáñìüæïíôáò ôï ÈÌÊÅ, Ý÷ïõìå:

Þ

Þ 

=max

3
x m

10

2 2
3 3 max

1 1
0 m õ 0 kx

2 2
′− = −

′ − =
åëôåë áñ÷ FK Ê W

2õ′′2õ′3õ′

2
1 1 1 max

1
m õ m gh

2
′ =

1
2 1

1 2

2m
õ õ 1m / s

m m
′ = =

+

1 2
1 1

1 2

m m
õ õ 1m / s

m m

−′ = =−
+

2
1 1 1

1
m õ m gsçì30

2
= °

2 2
2 2 2 3 ê max max

1 1
m õ (m m )õ U Þ U 1,75J

2 2
′ = + + =

2õ′

1
2 1

1 2

2m
õ õ 1m / s

m m
′ = =

+

1 2
1 1

1 2

m m
õ õ 3m/ s

m m

−′ = =−
+

2
1 1 1

1
m õ m g

2
= �

2
2 2 2 2

1
m gh m õ

2
′=

2õ′

1õ′

= 2
1

1
mgh mõ

2

maxåëU 32,66J=

max

2 2 2
1 1 2 2 1 2 ê åë

1 1 1
m õ m õ (m m )õ U

2 2 2
+ − + =

2
3

2
2 2 2

1
m g çìö m õ

2
=�

2
1 1 1

1
m gh m õ

2
=

( ) 2 2
2 ê 2 2

1 1
Ì m õ m õ 7,5J

2 2
′= + − =−

T ôåë áñ÷W K Ê= − =

2
2 ê

1
K (M m )õ 2,5J

2
= + =

2õ′

1
2 1

1 2

2m
õ õ 2m/ s

m m
′ = =

+

2 2
1 0 1 1 1

1 1
m õ m õ m g2

2 2
= + �

1Ê ′

1Ê ′2Ê ′2Ê ′1Ê ′

−
=−

+ +
1 2 1

1 1
1 2 1 2

m m 2m
õ õ

m m m m

1 2 1 2õ õ Þ õ õ Þ′ ′′ ′ ′= =−

Lyseis.indd   559 4/10/2015   11:22:05



A  –  

511

1. 4 á) êáé

êáé

â) 

ã) 

Ãéá : 

¢ñá ïé óöáßñåò áðÝ÷ïõí: 

ä) Þ Þ

êáé ãéá Ý÷ïõìå:

1. 5 á) Áðü ÈÌÊÅ Ý÷ïõìå:

Þ 

Þ 

â) 

Þ 

ã) 

Áðü ÈÌÊÅ ãéá ôï Ó1 áðü ôç èÝóç ôçò óýãêñïõ-

óçò ìÝ÷ñé íá óôáìáôÞóåé Ý÷ïõìå:

Þ 

ä) Þ Þ

Þ 

¼ôáí ç Ó2 óôáìáôÜ óôéãìéáßá, éó÷ýåé: 

Þ 

1. 6 á) Óôçí êáôáêüñõöç èÝóç:

Þ 

Áðü ÁÄÌÅ Ý÷ïõìå:

Þ 

â) ÅðåéäÞ m1 = m2 êáé ç êñïýóç åßíáé êåíôñéêÞ
êáé åëáóôéêÞ, ïé óöáßñåò áíôáëëÜóóïõí ôá-
÷ýôçôåò êáôÜ ôçí êñïýóç.  
¢ñá: êáé 

ã) Áðü ÈÌÊÅ áðü ôï óçìåßï Á ìÝ÷ñé íá óôáìá-
ôÞóåé ç Ó2 óôéãìéáßá Ý÷ïõìå: 

Þ 

ä) Áðü ÈÌÊÅ áðü ôç èÝóç ôçò óýãêñïõóçò
ìÝ÷ñé ôï óçìåßï Á Ý÷ïõìå:

Þ 
A

2 2
2 2 2 2 2 T

1 1
m õ m õ m gR W

2 2
′− = − −

A2õ 3m s=( )
A

2
2 2 2 2

1
0 m õ m g h R

2
− = − −

2
2 2

2
1 0 1 1

1
m õ

2ð% 100% 100%
1

m õ m gh
2

′
= ⋅ =

+

2õ 6m s′ =1õ 0′ =

0õ 4m s=2 2
1 0 1 1 1 1

1 1
m õ m gh m õ

2 2
+ =

1õ 6m s=
2

1 1
1

m õ
T m g− =

�

m
2
g

2T 10N′ =2 2T m góõíö 0′ − =

ö 60= °
h 1

óõíö
2

−
= =
�
�

h 0,2m=

2
2 2 2

1
0 m õ m gh

2
′− = −ôåë áñ÷ BK K W− =

1s 0,5m=2
1 1 1

1
0 m õ Ts

2
′− = −

1 2
1 1

1 2

m m
õ õ 1m s

m m
−′ = = −
+

2T 40N=
2

2
2 2 2

õ
T m g m

′
− =

�

1
2 1

1 2

2m
õ õ 2m s

m m
′ = =

+

1õ 3m s=

2
1 1 1

1
m õ Fd ìm gd

2
= −2

1 1

1
m õ 0 Fd Td

2
− = −

Äs 1m=

Ät 1s=2 1Äs õ Ät õ Ät′ ′′= −

1õ 4m s′′ =

2 2
1 1 1 1

1 64 1
m õ m õ

2 100 2
′′ ′= ⋅1 1

64
K K

100
′′ ′=

2d d s 10m′ = + =

2 2 1s õ t 5m′= =1t 1s=

1
1

d
t 1s

õ
= =

′

2
2 2

2
1 1

1
m õ

2ð% 100% 75%
1

m õ
2

′
= ⋅ =

2 2 2p m õ 45kg m s′ ′= = ⋅

1
2 1

1 2

2m
õ õ 5m s

m m
′ = =

+

1 1 1p m õ 15kg m s′ ′= = − ⋅

1 2
1 1

1 2

m m
õ õ 5m s

m m
−′ = = −
+
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1. 7 á) Þ

â) 

ã)  ¸óôù üôé ç Ó2 óôáìáôÜ óôéãìéáßá óå ýøïò
h áðü ôï ïñéæüíôéï åðßðåäï.

Ãéá ôçí êåíôñéêÞ åëáóôéêÞ êñïýóç ôùí óöáé-
ñþí Ý÷ïõìå:

Áðü (1) êáé (2): 

ä) Áðü (2): 

1. 8 á) Ç êñïýóç åßíáé êåíôñéêÞ åëáóôéêÞ êáé
ôï óþìá ìÜæáò m2 åßíáé áñ÷éêÜ áêßíçôï.

Þ Þ

â) 

ã) 

ä) ÈÌÊÅ (m1): Þ

ÈÌÊÅ (m2): Þ

1. 9 á)  Áðü ôï ÈÌÊÅ Ý÷ïõìå:

Þ

Þ   

Þ   Þ

â) ,

ã) Ãéá ôï Ó1 éó÷ýåé:

Þ   Þ

ä) Ãéá ôçí êñïýóç ôùí óùìÜôùí Ó2 êáé Ó3

Ý÷ïõìå:

Þ   Þ

2 2
ê

2 3

m õ
õ 0,25m s

m m

′
= =

+

( )2 2 2 3 êm õ m m õ′ = +áñ÷ ôåëp p=
� �

2
1

1 1

õ
T m g m 12,5N

′
= + =

�

2
1

1 1

õ
T w m

′
− =

�
êÓF F=

1
2 1

1 2

2m
õ õ 1m s

m m
′ = =

+

1 2
1 1

1 2

m m
õ õ 1m s

m m
−′ = = −
+

1õ 2m s=

1õ g= �2
1 1 1

1
m õ m g

2 2
=

�

( )2
1 1 1

1
m õ 0 m g óõíö

2
− = −� �

ôåë áñ÷ wK K W− =

1 2d s s 58,5m= + =

2s 18m=

2
2 2 2 2

1
0 m õ ìm gs

2
′− = −

1s 40,5m=

2
1 1 1 1

1
0 m õ ìm gs

2
′− = −

2
2 2

2
1 1

1
m õ

2ð% 100% 64%
1

m õ
2

′
= ⋅ =

1
2 1

1 2

2m
õ õ 6m s

m m
′ = =

+

1

2

m 1
m 4

=

1 2

1 2

m m
9 15

m m
−

− = ⋅
+

1 2
1 1

1 2

m m
õ õ

m m
−′ =
+

2 2

2

T T
ð% 100% 640%

T

′ −
= ⋅ =

2
2

2 2 2

õ
T m g m 222N

′
′ = + =

�

2 2T m g 30N= =

2õ 8m s′ =

2m 3kg=

1
2 1

1 2

2m
õ õ (2)

m m
′ =

+

2
2 2 2 2

1
W m gh m õ 96J (1)

2
′= − = =

y1 1y 1 1
1

2m õÄp 2m õ óõí60
F 100N

Ät Ät Ät
°

= = = =

2 2
1 1 1 1

1 1 1

Äp p p 2p p óõí120

p m õ 20kg m s

′ ′= + + ° =

= = = ⋅

( )1 1 1 1Äp p p p p′ ′= − = + −
� � � � �

TQ W 1,5J= =

TW 1,5J=
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1. 0 á1) êáé

¢ñá, ôá óþìáôá áðÝ÷ïõí áðüóôáóç:

á2) Þ  Þ

Þ

Þ   

¢ñá: (áðïññßðôåôáé)   Þ   

Ãéá Ý÷ïõìå: 

â1) 

â2) 

1. 1 á) Ôï óþìá Ó1 åêôåëåß êáôáêüñõöç âïëÞ

ðñïò ôá åðÜíù:

Þ   Þ

Áðü ôçí åðßëõóç ôçò äåõôåñïâÜèìéáò åîßóù-
óçò ðñïêýðôåé:

Þ   

Ôï óþìá äéÝñ÷åôáé áðü ôç èÝóç Á ôç ÷ñïíéêÞ

óôéãìÞ êáôÜ ôçí áíïäéêÞ ôïõ êßíçóç.

Ç ôá÷ýôçôá ôïõ Ó1 ôç ÷ñïíéêÞ óôéãìÞ t1 åßíáé:

Þ   

â) Þ   

Þ   

ã) Ç ìç÷áíéêÞ åíÝñãåéá ôïõ Ó2 äéáôçñåßôáé
ìåôÜ ôç óýãêñïõóç. 
ÅðïìÝíùò, ç ìç÷áíéêÞ åíÝñãåéá ôïõ Ó2 óôï
óçìåßï ðïõ óôáìáôÜ óôéãìéáßá åßíáé ßóç ìå
áõôÞ ðïõ Ý÷åé óôï óçìåßï Á.

Þ   Þ

ä) Åöáñìüæïõìå ôï èåþñçìá ìåôáâïëÞò ôçò
êéíçôéêÞò åíÝñãåéáò ãéá ôï óþìá Ó1 áðü ôï
ýøïò h1 Ýùò ôï Ýäáöïò:

Þ   

Þ   

1. 2 á) 

â) 

ã) 

ä) Åöáñìüæïõìå ôï èåþñçìá ìåôáâïëÞò ôçò
êéíçôéêÞò åíÝñãåéáò ãéá ôï óþìá Ó4 áðü ôç
èÝóç Ä ìÝ÷ñé ôç èÝóç óôçí ïðïßá èá óôá-
ìáôÞóåé:

3 3 3 3
3

Äp p 0 m õ
F 900N

Ät Ät Ät

′ ′−
= = = =

′
= = =

2
4 4

4
Ê

21
1 1

1
m õK 2ð % 100% 100% 42,18%

1K m õ
2

3
4 3

3 4

2m
õ õ 5m/s

m m
′ ′= =

+

2
3 2

2 3

2m
õ õ 10m/s,

m m
′ ′= =

+

1
2 1

1 2

2m
õ õ 20m/s,

m m
′ = =

+

=ôåëK 650J

′− =2
ôåë 1 1 1 1

1
K m õ m gh

2
ôåë áñ÷ wK K W− =

=E 1.950J

′= +2
2 2 2 1

1
E m õ m gh

2
= +A AE K U

2õ 10m/s′ =′ =
+

1
2 1

1 2

2m
õ õ

m m

1õ 10m/s′ = −
−′ =
+

1 2
1 1

1 2

m m
õ õ

m m

1õ 20m/s== −1 0 1õ õ gt

=1t 2s

′ =1t 6s=1t 2s

− + =2
1 1t 8t 12 0

− + =2
1 15t 40t 60 0= − 2

1 0 1 1

1
h õ t gt

2

2 2
1 1 1 1

2
1 1

1 1
m õ m õ

2 2 100% 98,43%
1

m õ
2

′ −
= ⋅ = −

1

1 1
K

1

K K
ð % 100%

K

′ −
= ⋅ =

1 2 1
2 1 2

1 2 1 2

2m m m
õ õ õ 17m s

m m m m
−′ = + =

+ +

2 1 2
1 2 1

1 2 1 2

2m m m
õ õ õ 3m s

m m m m
−′ = + =

+ +

1 1 2õ á t 24m s= =2t 6s=

2t 6s=2t 1s= −

2
2t 5t 6 0− − =2

22t 10t 12 0− − =

2
2 2 2

1

1 F
t õ t d

2 m
− =

2
1 2 2 2

1
á t õ t d

2
− =1 2s s d′ ′− =

1 2 1d d= + s − s = 0m

2 2 1s õ t= = 0m

2 2
1 1 1 1

1

1 1 F
s á t t 2m

2 2 m
= = =

2

2 2
K

2

2 2
2 ê 2 2

2
2 2

K K
ð % 100%

K

1 1
m õ m õ

2 2 100% 93,75%
1

m õ
2

′′ ′−
= ⋅ =

′

′−
= ⋅ = −

′
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Þ   Þ   

Þ   

1. 3 á) Þ   Þ

Þ   

Þ   Þ   

Þ   

â) êáé

ã) 

ä) Ôï óþìá Ó2 áðü ôï óçìåßï Â Ýùò ôï Ã åêôåëåß
åõèýãñáììç ïìáëÞ êßíçóç êáé äåîéÜ áðü ôï
óçìåßï Ã ìÝ÷ñé ôï óçìåßï Ä ðïõ èá óôáìáôÞóåé
åêôåëåß åõèýãñáììç ïìáëÜ åðéâñáäõíüìåíç
êßíçóç.

Áðü Â Ýùò Ã: Þ   Þ

Áðü Ã Ýùò Ä: Þ

êáé ãéá õ = 0 Ý÷ïõìå:

Ôï óþìá óôáìáôÜ ôç ÷ñïíéêÞ óôéãìÞ:

Þ   

Ôï óçìåßï Ä áðÝ÷åé áðü ôï Á áðüóôáóç:

1. 4 á) Þ   Þ

Þ   

â) 

Åöáñìüæïõìå ôï èåþñçìá ìåôáâïëÞò ôçò
êéíçôéêÞò åíÝñãåéáò ãéá ôï Ó1 áðü ôï Á Ýùò ôï
Â:

Þ   Þ

Þ   

ã) êáé

ä) Ôá óþìáôá êéíïýíôáé ðñïò ôçí ßäéá êáôåý-
èõíóç. ÅðïìÝíùò:

Þ   Þ   

1. 5 á) Þ   Þ

Þ   

Þ   1õ 20m/s== +1 0 1 1õ õ á t

2
1á 2m/s=

−
= 1 2

1
1

F F
á

m

=1
1

ÓF
á

m
= 1 1ÓF m á

=d 20m′ ′= −2 1d õ Ät õ Ät= −2 1d s s

1
2 1

1 2

2m
õ õ 12m/s

m m
′ = =

+

1 2
1 1

1 2

m m
õ õ 2m/s

m m

−
′ = =

+

1õ 10m/s== F
1

1

2W
õ

m

− =2
1 1 F

1
m õ 0 W

2
− =B A FK K W

+
= = ⋅ =F

10 20
W (E) 10 150J

2

2
1á 5m/s=

+
= 1

1
1

10 x
á

m

= 1
1

1

F
á

m
=1 1 1ÓF m á

= + + =d ÁÂ ÂÃ ÃÄ 13m

ÃÄ 1m=
′

=
2

2

2

õ
ÃÄ

2 á

′= + + =2 1t t Ät Ät 7s

′
′ = =2

2

õ
Ät 1s

á

′ ′= −2 2õ õ á Ät

22 2
2

2 2

T ìm g
á ìg 2m/s

m m

−
= = = − = −

= 2 2ÓF m á

=Ät 4s

=
′2

ÂÃ
Ät

õ
′= 2ÂÃ õ Ät

2 2
1 1 1 1

2
1 1

1 1
m õ m õ

2 2 100% 75%
1

m õ
2

′ −
= = −

1 1
Ê

1

K K
ð % 100%

K

′ −
= =

1
2 1

1 2

2m
õ õ 2m/s

m m
′ = =

+

1 2
1 1

1 2

m m
õ õ 2m/s

m m

−
′ = = −

+

1õ 4m/s==1 1 1õ á t

=1t 2s=1
1

2AB
t

á
= 2

1 1

1
AB á t

2

2
1á 2m/s=

−
= 1

1
1

F ìm g
á

m

−
=1

1

F T
á

m
= 1 1ÓF m á

=s 2,5m
′

=

2
4 4

4

1
m õ

2s
ìm g

′− = −2
4 4

1
0 m õ Ts

2
− =ôåë Ä TK K W

Lyseis.indd 563 4/10/2015 11:22:16



A  –  

515

â) êáé

ã) 

ä) Þ   Þ

1. 6 á) Åöáñìüæïõìå ôï èåþñçìá ìåôáâïëÞò
ôçò êéíçôéêÞò åíÝñãåéáò ãéá ôï óþìá Ó1 áðü
ôï Á Ýùò ôï Â:

Þ   

Þ   

â) Þ   Þ

Þ   

ã) Ôï óþìá Ó2 åêôåëåß ïñéæüíôéá âïëÞ.

Þ   Þ   

ÅðïìÝíùò: Þ

Þ   

ä) Ôï óþìá Ó1 åêôåëåß ìåôÜ ôçí êñïýóç åõèý-
ãñáììç ïìáëÜ åðéâñáäõíüìåíç êßíçóç ìå áñ-
÷éêÞ ôá÷ýôçôá:

(ìÝôñï)

Þ   Þ

êáé ãéá Ý÷ïõìå:

ÅðåéäÞ ôï óþìá Ó1 óôáìáôÜ ðñéí ôï

óþìá Ó2 öôÜóåé óôï Ýäáöïò. Ç áðüóôáóç ðïõ

äéáíýåé ôï Ó1 åßíáé:

Þ   

¢ñá: Þ   

1. 7 á1) ¸óôù üôé ìåôÜ ôçí êñïýóç ôï Ó1
öôÜíåé óôï óçìåßï Â óå ýøïò hmax.
Åöáñìüæïõìå ôï èåþñçìá ìåôáâïëÞò ôçò êé-
íçôéêÞò åíÝñãåéáò áðü ôï Á Ýùò ôï Â:

Þ   Þ

Þ   

Þ   

á2) Åöáñìüæïõìå ôï èåþñçìá ìåôáâïëÞò ôçò
êéíçôéêÞò åíÝñãåéáò áðü ôï Á Ýùò ôçí êáôþ-
ôåñç èÝóç:

Þ

Þ   

Þ   

â1) ÅðåéäÞ , ôá óþìáôá Ó1, Ó2 áíôáë-

ëÜóóïõí ôá÷ýôçôåò.

¢ñá: êáé 

Ãéá ôçí êñïýóç ìåôáîý ôùí Ó2, Ó3 éó÷ýåé:

Þ   3õ 3m/s′ =′ ′=
+

2
3 2

2 3

2m
õ õ

m m

2 1õ õ 6m/s′ = =′ =1õ 0

=1 2m m

1õ 6m/s== + −�2
1 0õ õ 2g (1 óõíö)

− = −�2 2
1 1 1 0 1

1 1
m õ m õ m g (1 óõíö)

2 2

− =ôåë AK K W

=maxh 1,8m( )= + −� �maxh Äy óõíö

=Äy 0,45m=
2
0õ

Äy
2g

− = −2
1 0 1

1
0 m õ m gÄy

2B A wK K W− =

′ =d 21,15m′ = + +2 2
1 2d (d x ) h

′= =2 2x õ Ät 6m

=1d 0,9m′ ′ ′= − 2
1 1

1
d õ Ät á Ät

2

′ <Ät Ät,

′
′ = =1õ

Ät 0,6s
á

′′ =1õ 0′′ ′ ′= −1 1õ õ á Ät

2á 5m/s=

1

1 1

ìm gT
á

m m
= == 1ÓF m á

1 2
1 1

1 2

m m
õ õ 3m/s

m m

−
′ = =

+

=õ 20,22 m/s= +2 2
x yõ õ õ

yõ 20m/s=

x 2 yõ õ 3m/s, õ gÄt′= = =

=Ät 2s=
2h

Ät
g

= 21
h gÄt

2

=2m 12kg= −
′
1

2 1 1
2

õ
m 2m m

õ

+ =
′

1
1 2 1

2

2m
m m õ

õ
′ =

+
1

2 1
1 2

2m
õ õ

m m

2
1 0õ õ 2ìgd 6m/s= − =

− = −2 2
1 1 1 0 1

1 1
m õ m õ ìm gd

2 2
− =B A TK K W

=F 3.000N

′ −
= 1 1 1 1m õ m õ

F
Ät

=
Äp

F
Ät

2
1 1

1
Ê

21
1 1

1
m õK 2ð % 100% 100% 25%

1K m õ
2

′′
= = =

1
2 1

1 2

2m
õ õ 10m/s

m m
′ = =

+

1 2
1 1

1 2

m m
õ õ 10m/s

m m

−
′ = = −

+
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1.98 ) p1 = p1  – p1  p1 = m1 1 – (m1 1) 

p1 = 2 m1 1 = 70 kg · m/s 

)   , : 

 1          1 –– m1 1
2 – –– m1 1

2 = –m1gd1   
 2               2 

1  =  1
2 – 2gd1     1 = 4 m/s

                m1 – m2 ) 1  = ––––––––– 1   1  = 3 m/s
               m1 + m2 

 1                1 –– m1 1
2 – –– m1 1 

2

               2                 2 % = ––––––––––––––––––– 100%  
 1 –– m1 1

2

 2 

% = –43,75% 

                 2m1 ) 2 = ––––––––– 1   2  = 7 m/s
             m1 + m2 

F1 = m1| 1|  m1g  = m1| 1|  | 1| = 5 m/s2 

: | 2| = 5 m/s2 

                   1 d2 = 2 t1 – –– | 2|t1
2   2,5t1

2 – 7t1+ 4,5 = 0, :
               2 

t1 = 1,8 s  t1 = 1 s 

   : t1 = 1 s 

                   1 s1 = 1 t1 – –– | 1|t1
2   s1 = 0,5 m

                2 

(     ) 

d = d2 – s1  d = 4 m 

)    2    -

    (2) : 

2  = 2  – | 2|t1  2  = 2 m/s

A    : 2 = –2 m/s
T     : 

1 = 1  – | 1|t1  1 = –2 m/s

p  = p1 + p2  p  = m1 1 + m2 2  

p  = –16 kg · m/s 

1.99 )    2 : 

                             FF = m2| |  | | = –––  | | = 7,5 m/s2

                             m2 

                1d = 2t – –– | |t 2   3,75t 2 – 10t + 5 = 0 
      2 

: t1 = 0,666s  t2 = 2s 

)    1 : 

1x
 = 1   1y

 = 1

   1    

 ,      - 

                                                                      –– – . 
        2 

                                                           d d = 1x
t2  d = 1 t2   = –––– 

                                                         1t2 

              1  = ––   = 60
 2 

) p = p1  – p1  

p =  p1
2 + p1

2+2p1p1  

p =  2p1
2 + 2p1

2     p =  3p1
2  

p =  3(m1 1)2   p = 5  3 kg · m/s

To  p     . 

   

516

â2) Þ   Þ

Ôï äéÜíõóìá Ý÷åé áíôßèåôç êáôåýèõíóç

áðü ôï äéÜíõóìá .
�

0õ

�
Äp

= − ⋅Äp 12kg m/s

= − 1 0Äp m õ′= −1 1 1 0Äp m õ m õ

3

1

2
3 3

2
1 1 0

K
ð% 100%

E

1
m õ

2 100% 75%
1

m g (1 óõíö) m õ
2

= ⋅ =

′
= =

− +�
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            p 
) F = –––     F = 50   3 N 

             t 
 

1.100 )    1 : 

                               F1             F1 60  
F1 = m1 1  1 = ––––  1 = –––––––––                                 m1                  m1 

1 = 5 m/s2 

                       1 s1 + s2 = d  –– 1t1
2 + | 2|t1 = d  

                       2 

2,5t1
2 + 10t1 – 30 = 0  t1 = 2 s 

         1 s1 = –– 1t1
2   s1 = 10 m  

         2 
(     ) 

)      : 

1 = 1t1 = 10 m/s  2 = –10 m/s 

            2m2              m1 – m2 
1 = ––––––––– 2 + ––––––––– 1  1 = –20  m/s 

         m1 + m2         m1 + m2 

             2m1              m2 – m1 
2 = ––––––––– 1 + ––––––––– 2  2 = 0 

         m1 + m2          m1 + m2 

                 1 – K1 ) % = –––––––– 100% = 
                     K1 

      1               1       –– m1 1
2 – –– m1 1

2  
      2                2 = –––––––––––––––––– 100% = 
              1                  –– m1 1

2 
              2 

     1 2 – 1
2

 = ––––––––– 100% = 300% 
         1

2 
 

)       1  

     : 

                                    1 K  – K  = WT  0 – –– m1 1 2 = –Ts  
                                    2 

 1                                       1 2 –– m1 1 2 = m1gs  s = ––––  s = 50 m 
 2                                      2 g 

 s  = s + s1 = 60 m 

 

1.101 ) E      1  

    B: 

KB – K  = Ww1
  

 1               1 –– m1
2 – –– m1 1

2 = –m1g s1  
 2               2 

 =   1
2  – 2g s1    = 2 m/s 

K     1    : 

           25          1                  25   1 
K1  = –––– K1  –– m1  2 = –––– –– m1  2  
         100          2                100  2 

  = 0,5     = 1 m/s 

p1 = m1   – (–m1 ) = 3 kg · m/s 
 

)      1       

: 

KA – KB = Ww1
  

 1               1 –– m1 1
2 – –– m1  2 = m1g s  

 2                2 

       1 2 –  2 s = –––––––––  s = 1,5 m 
         2g  
 

)      1   

   2      : 

K  – K  = Ww1
  

       1 0 – –– m1 1
2 = –m1g A   

       2 

1  =   2g    1  = ±2 m/s  

1  = –2 m/s 

           m1 – m2 
1  = ––––––––– 1   m2 = 3 kg 

           m1 + m2 

                 2m1 ) 2  = ––––––––– 1   2  = 2 m/s 
              m1 + m2 

                       2 2                                2 2 T  – w2 = m2 ––––  T  = m2g + m2 ––––   
                         �                                    � 

T  = 60 N 
 

)      2   

       -

 : 

A  –  

517



                                     1 K – K  = Ww2
  0 – –– m2 2 2 = –m2gh 

                             2 

2 2h = ––––   h = 0,2 m 
        2g 

             � – h                     1  = –––––    = –––    = 60o

� 2

1.102 ) A        : 

 1            –– m1 0
2 = m1gR  0 =  2gR  0 = 10 m/s

 2  

) E         . 

                        1               1 K1 – K0 = W   –– m1 1
2 – –– m1 0

2 = – m1gs1  
 2              2 

1 = 0
2  – 2 gs1   1 = 8 m/s

         (m2 – m1) 1 – 2m2 2 
1 = ––––––––––––––––––––  1 = –10  m/s

                  m1 + m2 

         –(m2 – m1) 2 + 2m1 1 
2 = ––––––––––––––––––––––  2 = 2  m/s

                   m1 + m2 

) p2 = p2 – p2   p2 = m2 2  – (–m2 2)

 p2 = 18 kg · m/s 

 1               1 –– m1 1
2 – –– m1 1 

2

                   2                2 ) 
1
% = –––––––––––––––––– 100%  

   1 –– m1 1 
2

    2 

% = 56,25% 

1.103 )  x0 = 0 m : F0 = 4 N 

 x1 = 1 m :  F1 = 12 N 

                    4 + 12 WF = (E) = ––––––– · 1 J = 8 J 
   2 

E o      1  x0  

x1, : 

                        1 
1 – K0 = WF  –– m1 1

2 – 0 = WF  2 

  2WF 
1 =    –––––   1 = 4 m/s 

 m1 

              m1 – m2 ) 1 = ––––––––– 1  1 = –2  m/s
             m1 + m2  

            2m1 
2 = ––––––––– 1  2 = 2  m/s

         m1 + m2  

1       –– m2 2
2

2  2 
) % = ––– 100% = –––––––– 100% = 75% 

  WF   WF

) 

   

518



            1 Umax = –– m2 2 2    Umax = 6 J
         2 

Umax Umax = mgh    h = ––––     h = 0,2 m 
                                 mg 

             � – h                     1  = –––––    = –– 
� 2

Fy = 0  T = m2g   T = 15N

A  –  
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ÊÅÖÁËÁÉÏ 2ï

ÁÍÅËÁÓÔÉÊÇ ÊÁÉ 
ÐËÁÓÔÉÊÇ ÊÑÏÕÓÇ

ÅñùôÞóåéò ðïëëáðëÞò åðéëïãÞò
2.5â, 2.6â, 2.7ä, 2.8á, 2.9â, 2.10â, 2.11ã, 2.12â,
2.13â, 2.14á, 2.15ä, 2.16â, 2.17á, 2.18ã, 2.19ã

ÅñùôÞóåéò êáôáíüçóçò

2.2  â: Þ

Þ

Þ    

2.2  ã: Þ  

Þ   

ôåë áñ÷
K

áñ÷

2 2
1 ê 1 0

2
1 0

2
20
0

2
0

K K
ð % 100%

K

1 1
3m õ m õ

2 2 100%
1

m õ
2

õ
3 õ

9 100% 66,66%
õ

−
= ⋅ =

−
= ⋅ =

⋅ −
= ⋅ = −

0
ê

õ
õ

3
=

( )1 0 1 1 êm õ m 2m õ= +áñ÷ ôåëp p=
� �

0 êõ 4õ=1 0
1 ê

m õ
2m õ

2
=

( )1 0 1 2 êm õ óõí60 m m õ° = +

x xáñ÷ ôåëp p=
� �
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2.2  â: Áðü ôï ÈÌÊÅ ãéá ôç óöáßñá ìÜæáò m1

Ý÷ïõìå:

Þ  Þ

Áðü ôï ÈÌÊÅ ãéá ôç óöáßñá ìÜæáò m2  Ý÷ïõìå:

Þ  Þ

Óôçí ðëáóôéêÞ êñïýóç Ý÷ïõìå äéáôÞñçóç ôçò
ïñìÞò:

Þ  Þ

Þ  Þ

2.2  á: Óôïí Üîïíá x´x Ý÷ïõìå: 

Þ

Þ     

Þ  Þ

2. â: Áðü ôçí áñ÷Þ äéáôÞñçóçò ôçò ïñìÞò
ãéá ôï óýóôçìá Ý÷ïõìå:

Þ    Þ

Þ    

ÅëÝã÷ïõìå áí éó÷ýåé ç áñ÷Þ äéáôÞñçóçò ôçò
êéíçôéêÞò åíÝñãåéáò: 

êáé   

ÅðåéäÞ Káñ÷ ≠ Kôåë, ç êñïýóç åßíáé áíåëáóôéêÞ.

2 2
ôåë 1 1 2 2

1 1 1

1 1
K m õ m õ

2 2
12,5m 112,5m 125m

′ ′= + =

= + =

2
áñ÷ 1 1 1

1
K m õ 200m

2
= =

1õ 5m s′ =1 1 2õ õ õ′ ′= +

1 1 1 1 2 2m õ m õ m õ′ ′= +áñ÷ ôåëp p=
� �

2

1

õ
3

õ
=

1 2

3 1
õ õ

2 2
=1 2õ óõí30 õ óõí60° = °

1 1 2 2m õ óõí30 m õ óõí60 0° − ° =

x xáñ÷ ôåëp p=
� �

h 9R=

h 3 R=1 1m 2gh 3m 2gR=

1 1 2 2m õ m õ 0− =áñ÷ ôåëp p=
� �

2õ 2gR=

2
2 2 2

1
m õ m gR

2
=

22ôåë 2áñ÷ wK K W− =

1õ 2gh=

2
1 1 1

1
m õ m gh

2
=

11ôåë 1áñ÷ wK K W− =
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2. â: Ãéá ôï óýóôçìá ôùí óùìÜôùí Á êáé Â
Ý÷ïõìå:

Þ  Þ   

Ãéá ôï óýóôçìá ôùí óùìÜôùí Á-Â êáé Ã
Ý÷ïõìå:

Þ  Þ  

¢ñá:

2.  ã: Áðü ôï ÈÌÊÅ ãéá ôç óöáßñá Á áðü ôçí
áñ÷éêÞ ôçò èÝóç ìÝ÷ñé áêñéâþò ðñéí áðü ôç
óýãêñïõóç Ý÷ïõìå: 

Þ Þ

Áðü ôçí áñ÷Þ äéáôÞñçóçò ôçò ïñìÞò ãéá ôçí
êñïýóç Ý÷ïõìå:

Þ  Þ

Áðü ôï ÈÌÊÅ ãéá ôï óõóóùìÜôùìá áðü ôç
óôéãìÞ ôçò óýãêñïõóçò ìÝ÷ñé íá óôáìáôÞóåé
óôéãìéáßá Ý÷ïõìå:

Þ

Þ

2. â: Áðü ôï ÈÌÊÅ áðü ôçí áñ÷éêÞ èÝóç
ìÝ÷ñé áêñéâþò ðñéí áðü ôç óýãêñïõóç Ý-
÷ïõìå: 

Þ  

Áðü ôï ÈÌÊÅ áêñéâþò ìåôÜ ôç óýãêñïõóç

ìÝ÷ñé ôï ýøïò h2 Ý÷ïõìå: Þ

Þ  

Áðü ôéò (1) êáé (2) ðñïêýðôåé: 

2. â: Áðü ôçí áñ÷Þ äéáôÞñçóçò ôçò ïñìÞò
ãéá ôï óýóôçìá âëÞìá-êéâþôéï Ý÷ïõìå: 

Þ    Þ

2.  á: Áðü ôçí áñ÷Þ äéáôÞñçóçò ôçò ïñìÞò
ãéá ôï óýóôçìá ôùí óùìÜôùí Á êáé Â Ý÷ïõìå:

Þ  Þ  

( )1 1 0
ê 0

1

2
22 0

B 0
2

2B ê
2 ê

4m m õ 3
õ õ

5m 5

1
m õK õ 252

1K 9õm õ
2

−
= =

= = =
′

( )2 0 1 0 1 2 êm õ m õ m m õ− = +áñ÷ ôåëp p=
� �

0
ê ê

mõ
Äp p 0

2
= − =

0
ê

mõ
p

2
=

0
0 ê

õ
mõ m p

2
= +áñ÷ ôåëp p=

� �

1 1
K

1

K K
ð % 100% 33,33%

K

′ −
= ⋅ = −

1
1

2K
K

3
′ =

( )1
1 1

2h
K m g 2

3
′ =1 1 2K m gh′− = −

ôåë áñ÷ wK K W′ ′− =

( )1 1 1K m gh 1=ôåë áñ÷ wK K W− =

A

A A
U

A

A 1 A

A

1

U U
ð % 100%

U

m gh m gh
100%

m gh

h h
100% 75%

h

′ −
= ⋅ =

−
= ⋅ =

−
= ⋅ = −

2 2
ê A

1

õ õ 2gh h
h

2g 8g 8g 4
= = = =

( ) ( )2
A B ê A B 1

1
0 m m õ m m gh

2
− + = − +

êôåë áñ÷ wK K W− =

A
ê

õ
õ

2
=

( )A A A B êm õ m m õ= +áñ÷ ôåëp p=
� �

Aõ 2gh=

2
A A A

1
m õ 0 m gh

2
− =

Aôåë áñ÷ wK K W− =

A

2
1 ê

A
K

2A
1 1

2
1

2
1

1
m õK 2ð % 100% 100%

1K m õ
2

õ
16 6,25%
õ

′′
= ⋅ = ⋅ =

= =

1
ê

õ
õ

4
=1 1,2 1 ê2m õ 4m õ=áñ÷ ôåëp p=

� �

1
1,2

õ
õ

2
=1 1 1 1,2m õ 2m õ=áñ÷ ôåëp p=

� �

Lyseis.indd 566 4/10/2015 11:22:24

100%



A  –  

521

2.3  ã: Áðü ôçí áñ÷Þ äéáôÞñçóçò ôçò ïñìÞò
óôïí Üîïíá x´x êáé óôïí Üîïíá y´y Ý÷ïõìå:

Þ 

Þ   

Þ    

Þ   

¢ñá: Þ  

2.3  á: Áðü ôçí áñ÷Þ äéáôÞñçóçò ôçò ïñìÞò
ãéá ôï óýóôçìá Ý÷ïõìå:

Þ   Þ

2.3  ã: Áðü ôçí áñ÷Þ äéáôÞñçóçò ôçò ïñìÞò
ãéá ôï óýóôçìá ôùí óùìÜôùí Á êáé Â Ý÷ïõìå:

Þ   Þ    

¢ñá: 

2.3  â: Áðü ÁÄÏ ãéá ôïí Üîïíá x´x Ý÷ïõìå:

Þ

Áðü ÁÄÏ ãéá ôïí Üîïíá y´y Ý÷ïõìå:

Þ

Þ

Ê = 10J

2.  ã: Áðü ôçí áñ÷Þ äéáôÞñçóçò ôçò ïñìÞò
ãéá ôï óýóôçìá Ý÷ïõìå:

Þ    Þ

2.  ã: Áðü ôçí áñ÷Þ äéáôÞñçóçò ôçò ïñìÞò
ãéá ôï óýóôçìá ôùí äýï óùìÜôùí Ý÷ïõìå:

Þ    

Þ    Þ    

2. ã: Áðü ôçí áñ÷Þ äéáôÞñçóçò ôçò ïñìÞò
óôïí Üîïíá y´y Ý÷ïõìå:

Þ  

Þ  Þ   

Þ

Þ  

Þ  

Þ    

Þ ( )
y2 2 1 2 êm õ m m õ= +

y yáñ÷ ôåëp p=
� �

x

0
ê

õ
õ

4
=

x

0
ê

õ
m 2mõ

2
=

( )
x1 1 1 2 êm õ m m õ= +

x xáñ÷ ôåëp p=
� �

1 2m m 3=

2 1

3 1
m m

2 2
=

1 0 2 0m õ çì30 m õ çì60 0− ° + ° =

y yáñ÷ ôåëp p=
� �

2

ê 2
õ

2

õ õ 3õ 2õ
ð % 100% 100% 50%

õ 2õ
− −

= ⋅ = ⋅ =

êõ 3õ=ê4mõ 2mõ 2mõ+ =

( )1 1 2 2 1 2 êm õ m õ m m õ+ = +áñ÷ ôåëp p=
� �

ê

õ
õ

3
=

( ) êmõ m 2m õ= +áñ÷ ôåëp p=
� �

x y

2 2 2
1 2 K 1 2 K K

1 1
K (m m )õ (m m )(õ õ )

2 2
= + = + +

y

2 2
K

1 2

m õ
õ 1,2m/s

m m
= =

+

y2 2 1 2 Km õ (m m )õ= +

x

1 1
K

1 2

m õ
õ 1,6 m/s

m m
= =

+

x1 1 1 2 Km õ (m m )õ= +

A

B

p
1

p
=

A Bp p= −
� � 2.  â: Åöáñìüæïõìå ôçí áñ÷Þ äéáôÞñçóçò

ôçò ïñìÞò ãéá ôï óýóôçìá ôùí óùìÜôùí
óôïõò Üîïíåò x´x êáé y´y: 

A Bp p 0+ =
� �

áñ÷ ôåëp p=
� �

ìç÷ ôåë áñ÷

2
2 1
1

ÄE K K

õ1 1 K 5K
0 mõ 4m K

2 2 16 4 4

= − =

= − − ⋅ = − − =

1
2

õ
õ

4
=

1 2mõ 4mõ 0− =áñ÷ ôåëp p=
� �

ôåë áñ÷

2
2 2 2
ê

ÄK K K

1 1 1 3mõ
2mõ mõ mõ

2 2 2 4

= − =

= ⋅ − − =

2
2
ê

õ
õ

4
=

x y

2 2 2
ê ê êõ õ õ= +

yê

õ 3
õ

4
=

yêmõçì60 2mõ° =

y yáñ÷ ôåëp p=
� �

xê

õ
õ

4
=

xêmõ mõóõí60 2mõ− ° =

x xáñ÷ ôåëp p=
� �
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Þ   

êáé

Þ    

1

2.  á:  ̧ óôù K1 ç êéíçôéêÞ åíÝñãåéá ôçò óöáß-
ñáò áêñéâþò ðñéí áðü ôçí ðñþôç óýãêñïõóç
êáé K´ ç êéíçôéêÞ ôçò åíÝñãåéá áìÝóùò ìåôÜ. 

Éó÷ýåé: 

Åöáñìüæïõìå ôçí ÁÄÌÅ ãéá ôçí êßíçóç ôçò
óöáßñáò áðü ôï ýøïò h ìÝ÷ñé íá ÷ôõðÞóåé ãéá
ðñþôç öïñÜ óôï Ýäáöïò êáé ôçí ÁÄÌÅ ãéá
ôçí êßíçóç ôçò óöáßñáò áìÝóùò ìåôÜ ôçí
ðñþôç êñïýóç ìÝ÷ñé ôï ýøïò h1:

êáé  

Áðü ôéò ó÷Ýóåéò (1), (2) êáé (3) Ý÷ïõìå:

Þ  

Åñãáæüìáóôå ïìïßùò ãéá ôç äåýôåñç êáé ôçí
ôñßôç êñïýóç êáé Ý÷ïõìå:

êáé     

ÐïëëáðëáóéÜæïíôáò êáôÜ ìÝëç ôéò ó÷Ýóåéò
(4), (5), (6), Ý÷ïõìå:  

2.  â: Áðü ôçí áñ÷Þ äéáôÞñçóçò ôçò ïñìÞò
ãéá ôá óõóôÞìáôá âëÞìá-óþìá Á êáé âëÞìá-
óþìá Â Ý÷ïõìå: 

Þ    Þ

Þ    Þ

( )0
B

mõ
p 2

4
=

0 0
B

mõ mõ
p

2 4
= +áñ÷ ôåëp p=

� �

( )0
A

mõ
p 1

2
=

0
0 A

õ
mõ m p

2
= +áñ÷ ôåëp p=

� �

( )33h 0,9 h=

( )3 2h 0,9h 6=( )2 1h 0,9h 5=

( )1h 0,9h 4=1mgh 0,9mgh=

( )1 1K mgh 3′ =( )1K mgh 2=

( )1 1

90
K K 1

100
′ =

è 30= °x

y

0

ê

ê 0

õ
õ 34åöè
õ 3õ 3

4

= = =

y

0
ê

õ 3
õ

4
=

y

0
ê

õ 3
m 2mõ

4
=
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-

Áðü ôéò ó÷Ýóåéò (1) êáé (2) Ý÷ïõìå: 

2.4  á: Óôçí ðñþôç ðåñßðôùóç:

Óôç äåýôåñç ðåñßðôùóç: 

Þ   Þ

Þ   

2.4 ã: ÁìÝóùò ìåôÜ ôçí êñïýóç éó÷ýåé: 

Þ Þ      

2.4  â: Óôïí Üîïíá x´x Ý÷ïõìå äéáôÞñçóç ôçò
ïñìÞò ãéá ôï óýóôçìá, åíþ óôïí Üîïíá y´y
Ý÷ïõìå ìåôáâïëÞ ôçò ïñìÞò. 

¢ñá: Þ    Þ

2 0 0Äp 0 m õ mõ= − =

yÄp Äp=
� �

x yÄp Äp Äp= +
� � �

( ) ( )
2
ê

1 2 1 2

õ
T m m m m g= + + +

�

( ) 2
1 2 ê

1 2

m m õ
T w w

+
− − =

�
êÓF F=

2 1Q Q<2 1 óõóôQ Q K= −

2Q K K= −óõóô 2Ê Ê Q= +

2
1 0

1
Q ÄK K mõ

2
= = =

A Bp 2p=
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2.49 : p  = p   m1 1 = (m1 + m2)    

           m1 1  = –––––––––  (1) 
         m1 + m2  

A  : 

 1 –– (m1 + m2) 2 = (m1 + m2)gh 
 2 

 1 –– (m1 + m2) 2 = (m1 + m2)g�(1 – ) 
 2 

2 = 2g�(1 – ) (2) 

 = wy  T = (m1 + m2)g   

m2g = (m1 + m2)g   

                   m2  = –––––––––  (3) 
 m1 + m2 

A    (1), (2)  (3) : 

m1 = m2
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2.50 :     -  1: 

p  = p   m  = m1 1 + m    

                                           2 
m  = 3m –– + m    = ––  
                 9                          3 

    -  2: 

p  = p   m  = m2 2 + m   

     2                                           
m ––– = 5m ––– + m    = ––  
      3            10                           6 

              – K % = –––––––– 100% = 
                 K 

      1               1       –– m 2 – –– m 2  
      2                2 = –––––––––––––––– 100% = –97,22% 
              1                  –– m 2 
              2 
 

2.51 :     1: 

 1 –– m1 1
2 = m1gh1  1

2 = 2gh1  
 2 

                                                                3  
1
2 = 2g(� – � 30 )  1

2 = 2g�(1 – –––––)                                                                2 

    2: 

 1 –– m2 2
2 = m2gh2  2

2 = 2gh2  
 2 

2
2 = 2g(� – � 2)  2

2 = 2g�(1 – 2) 

   : 

p  = p   m1 1 – m2 2 = 0   m1 1 = m2 2 

 m1
2

1
2 = m2

2
2
2 

                         3  m1
2 · 2g�(1 – –––––) = 

                        2 

= m1
2(2 –   3 ) · 2g�(1 – 2) 

                        1                    1  1 – 2 = ––  2 = ––  2 = 60  
                        2                    2 
 

2.52 :     1: 

 1 –– m1 1
2 = m1gh1  1 =   2gh1  2 

  : 

p  = p   m1 1 = (m1 + m2)   

                                   2gh1 m 1 = 5m    =  ––––––– 
                                      5 

   : 

 1 –– (m1 + m2) 2 = (m1 + m2)gh2  h1 = 25h2  2 
 

2.53 :    1   : 

                                      1 
1
 – 

1
 = WT  0 – –– m1 1

2 = – m1gs1  
                                      2 

         1 2      2        1 2                   
s1 = ––––  –––– = ––––  1  = – –– 
        2 g    8 g      2 g                 2 

   : 

p  = p   m1  = m1 1 + m2 2   

              m                               
m  = – –––– + 3m 2   2  = –– 
               2                               2 
                                    1  = 

1
 + 

2
 = –– m 1

2 
                                    2  

                                   1                 1  = 
1
 + 

2
 = –– m1 1 2 + –– m2 2 2                                    2                 2 

     1       2     1        2          1 = –– m –– + –– 3m –– = –– m 2 =  
     2       4      2        4       2  

1
 + 

2
 = 

1
 + 

2
  

1
 – 

1
 = –(

2
 – 

2
)  1 = – 2 
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                   1 2.54 : 0 – –– m2 2
2 = –m2gh  2

2 = 2gh 
                    2 

                 1
2              1 

2
2 = 2g ––––  2  = ––

                 32g               4 

p  = p  m1 1 = m1 1 + m2 2  

                              1               1 m 1 = m 1 + 5m ––  1  = – ––
                              4                 4 

            1                1                  1 | | = |–– m1 1
2 + –– m2 2

2 – –– m1 1
2|

  2                2                  2 

 1        1
2      1          1

2       1 
= |–– m ––– + –– 5m ––– – –– m 1

2|
 2       16     2         16         2 

  5m 1
2

 | | = ––––– 
 16 

px = px   m1 1 = m2 2 30  

                     3 m 1 = 2m 2 · ––––  1 = 2 3 (1)
                   2 

py = py   0 = m1 1 – m2 2 30  

                     1 
m 1 = 2m 2 · –––  1  = 2   (2)
                         2 

   (1)  (2): 

                                1 3 
1 = 1 3  1  = –––––– (3)

                                      3 

     -

    : 

2.55 :     

    x x  y y:

΄

΄

συν30ο΄

ημ30ο

30ο

΄

2.  á) mõâ = (m + M) õê Þ õê = 12m/s

â) ð% = 

ã) Áðü ÈÌÊÅ ãéá ôï óõóóùìÜôùìá:

Þ

Þ s = 18 m

2.  á) m1õ1 – m2õ2 = (Ì+ m1+m2)õê

Þ õê = 4 m/s

â) 

ã) Äp2 = m2õê – m2(–õ2) = 204kg . m/s

êÌõ 0Äp
ÓF 1.920N

Ät Ät

−
= = =

2
ê

1
(m M)õ ì(m M)gs

2
− + =− +

( ) 2
ê

1
0 m M õ Ôs

2
− + =−

2 2
ê â

2
â

1 1
(m M)õ mõ

2 2 100% 98%
1

mõ
2

+ −
=−
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−

−

p = p   m1 1 = (m1 + m3)

 m 1 = 2m  

 1 3 1 3
–––––– = 2    = –––––– 

  3      6 

 1                                    1 3 
              ––– (m1 + m3) 2      2m(––––––––)

2

         2                                        6          1 
––– = ––––––––––––––––– = ––––––––––––– = ––– 
 1               1          m 1

2  6                       ––– m1 1
2      

2 

ÁóêÞóåéò
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ä) ÓF = mïëá Þ ìmïëg = mïë|á| Þ |á|= 2m/s2

õ = õê – |á|t êáé ãéá õ = 0 : t = 2s

2.  á) Ãéá ôï ü÷çìá: pôåë = 1,5 páñ÷ Þ 
Ìõê = 1,5Ìõ Þ õê = 1,5õ

Ãéá ôï óýóôçìá: Þ
Ìõ3 + m1õ1 – m2õ2 = (Ì + m1 + m2)õê Þ 
Ìõ + 8mõ – 2mõ = (Ì + 3m)1,5õ Þ Ì = 3m

â) 

2.  á) Áðü ÁÄÏ: mõâ = (m + Ì) õê (1)

(2)

Äéáéñþíôáò ôç (2) ìå ôçí (1): õê = 10m/s
Áðü (1): Ì = 29kg

â) Ô–(Ì+m)g = (M+m) Þ Ô = 600Í

ã) 

ä) Umax=(Ì+m)gh Þ h = 5m

óõíö = , Üñá ö = 60ï

2.  á) Áðü ÈÌÊÅ ãéá ôï Ó1:

Þ õ1 = 

Áðü ÁÄÏ:

m1õ1 = (m1 +m2) õê  Þ õê = 

Áðü ÁÄÌÅ ãéá ôï óõóóùìÜôùìá:

Þ

â) 

ôçôá ôïõ Ó1 ðñéí áðü ôçí êñïýóç.

Þ = 3m/s ôï ìÝôñï ôçò ôá-

÷ýôçôáò ôïõ Ó1 áìÝóùò ìåôÜ ôçí êñïýóç.

Áðü ÁÄÏ:

m1õ1 = Ìõ – m1 Þ õ = 2m/s

â) 

Êôåë < Êáñ÷, Üñá ç êñïýóç åßíáé áíåëáóôéêÞ.

ã) Äp = – m1 – m1õ1 = – 36kg . m/s

|Äp| = 36kg . m/s

2.  á) m1õ1 = (m1 +m2) õê  Þ õê = 10m/s,
ìåôÜ ôçí ðñþôç êñïýóç.

(m1 +m2) õê – m3õ3 = (m1 +m2+ m3) Þ

= 5m/s

â) 

ã) 

2.  á) m1õ1 – m2õ2 = (m1 +m2) õê Þ 

õê = 

â) Áðü ÈÌÊÅ: Þ

Þ s = 0,854m

2
1 2 ê

1 2 1 2

1
0 (m m )õ

2
(m m )gçìös ì(m m )gsóõíö

− + =

=− + − +

Xw TÄÊ W W= +

10
m/ s

3

2 2
ïë 1 ê 1 1

1 1
W ÄÊ m õ m õ 787,5J

2 2
′= = − =−

2
1 ê

2
1 1

1
m õ

2ð% 100% 1,56%
1

m õ
2

′
= =

êõ′
êõ′

1õ′

2 2
ôåë 1 1

1 1
K Ìõ m õ 54J

2 2
′= + =

2
áñ÷ 1 1

1
K m õ 72J

2
= =

1õ′

1õ′2
1 1 1

1
m õ m gh

2
′ =

2
1 1 1

1
m g m õ

2
2.  �=á) Þ õ1 = 6m/s ç ôá÷ý-

2
2 1

2 ê 1

2
2 1 1

1 1

õ1
m õ 3m

2 16ð% 100% 100% 18,75%
1 m õm õ
2

= = =

2
ê

1

õ h
h

2g 16
= =

2
1 2 ê 1 2 1

1
(m m )õ (m m )gh

2
+ = +

1 2ghõ

4 4
=

2gh2
1 1 1

1
m gh m õ 0

2
= −

−
=

�
�

h
0,5

2
ê

2
â

1
mõ

2ð% 100% 0,11%
1

mõ
2

= =

2
êõ

�

2
max ê

1
U (m M)õ

2
= +

2 2
ê

2

1 1
Ìõ Ìõ

2 2ð% 100% 125%
1

Ìõ
2

−
= =

áñ÷ ôåëp p
� �
=
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h = sçìö = 0,427m
Umax = (m1+m2)gh = 25,62J

ã) 

ÐñïâëÞìáôá
2.  á) Áðü ÁÄÏ óôïí Üîïíá x´x:
m1õ1óõíö = (m1 + Ì)õê   Þ  õê = 10m/s

â) 

ã) Þ hmax = 5m

h = – óõí60ï = 

¸óôù h1 ôï ýøïò ôïõ óþìáôïò ìåôÜ ôçí ðñþôç
êñïýóç.
mgh1 = 0,8mgh Þ h1 = 0,8h

ÌåôÜ ôç äåýôåñç êñïýóç:
mgh2 = 0,8mgh1 = 0,64mgh Þ h2 = 0,64h

â) ÌåôÜ áðü í êñïýóåéò:
mghí = (0,8)í mgh Þ hí = (0,8)íh

2. á) Þ

m1õ1óõí30ï + m2õ2óõí60ï + m3õ3 =
= (m1 + m2 + m3) õx  Þ õx = 7,27m/s

Þ – m1õ1çì30ï + m2õ2çì60ï =

= (m1 + m2 + m3) õy   Þ   õy = 3,49m/s

õ = = 8,064m/s

åöö = = 0,48

â) 

= m1 çì60ï + Ìõ´  Þ   õ´ = 5,38m/s

â) 

Kôåë < Êáñ÷, Üñá ç êñïýóç åßíáé áíåëáóôéêÞ.

2.  á) mõ1 = (Ì +m) õê  Þ õê = 5m/s

2 2
ôåë 1 1

1 1
K m õ Ìõ 65,88J

2 2
′ ′= + =

2 2
áñ÷ 1 1

1 1
K m õ Ìõ 100J

2 2
= + =

1õ′

p
� �

2.  áñ÷ =÷ ÷ôåëpá) Þ m1õ1çì30ï + Ìõ =

( ) 2
1 2 3

1
m m m õ 209,88J

2
− + + =

2 2 2
1 1 2 2 3 3

1 1 1
ÄÊ m õ m õ m õ

2 2 2
= + + −

yõ

õ

2 2
x yõ õ+

y yáñ÷ ôåëp p
� �

=

÷ ÷áñ÷ ôåëp p
� �

=

í
í

í

í

í

h (0,8) h
óõíö

(0,8) 12 1 (0,8)
2

� �
� �
�

�

�

− −
= = =

−
= = −

2
2

h 0,64h
óõíö

0,64
2 0,68

� �
� �
�

�

�

− −
= = =

−
= =

�
2

��

ä) ÌåôáâïëÞ ôçò ïñìÞò ôïõ óõóôÞìáôïò Ý÷ïõìå
ìüíï óôïí Üîïíá y´y.
Ïñßæïõìå èåôéêÞ ôç öïñÜ ðñïò ôá êÜôù.
Äp = 0 – pyâë

= 0 – m1õ1çìö =

= –120 3 kg · m/s

2.  á) ¸óôù h ôï áñ÷éêü ýøïò ôïõ óþìáôïò.

( ) ( )2
1 ê 1 max

1
m M õ m M gh

2
+ = +

2 2
1 ê 1 1

2
1 1

1 1
(m M)õ m õ

2 2
ð% 100% 97,91%

1
m õ

2

+ −
= =

92,59%=

( ) 2 2 2
1 2 ê 1 1 2 2

2 2
1 1 2 2

1 1 1
m m õ m õ m õ

2 2 2
ð% 100%

1 1
m õ m õ

2 2

+ − −
= =

+
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â) 

2.  á) mõ = (Ì+m)õê Þ õê = 2m/s

â) 

ã) Áðü ÈÌÊÅ ãéá ôçí êßíçóç ôïõ óõóóùìáôþ-
ìáôïò ìÝ÷ñé íá óôáìáôÞóåé:

Þ

Þ ì = 0,5

2.  á) Þ ç ôá÷ý-

ôçôá ôïõ íåáñïý ðñéí áðü ôç óýãêñïõóç.

Þ ç êïéíÞ ôá÷ý-
ôçôá ôïõ íåáñïý êáé ôïõ ðáéäéïý áìÝóùò ìåôÜ  
ôç óýãêñïõóç.

Þ h´ = 1,6m

â) 

(M+m)gh = (M+m) Þ  õê = 3m/s

mõ0 = (Ì+m)õê Þ õ0 = 60m/s

â) 

2.  á) m1õ1 – m2õ2 = m1 + m2 Þ

= 1m/s

â) 

ã) 

Kôåë < Êáñ÷, Üñá ç êñïýóç åßíáé áíåëáóôéêÞ.

2.  á) êáé, åðåéäÞ ,

éó÷ýåé  

â) ÌÝñïò ôçò êéíçôéêÞò åíÝñãåéáò ôïõ óþìáôïò
Ó1 ãßíåôáé èåñìüôçôá êáôÜ ôç äéÜñêåéá ôçò
êñïýóçò.
ã) m1õ1 = (m1+m2)õê Þ õ1 = 4õê

ä) ¸óôù = 2õ1.

m1 = (m1+m2) Þ = 4

¢ñá, , ï ëüãïò äå ìåôáâÜëëåôáé.

2. á) Ç ôá÷ýôçôá ôïõ Ó1 ìåôÜ ôç óýãêñïõóÞ
ôïõ ìå ôï Ó2 åßíáé:

(1)

ÅðåéäÞ ç êéíçôéêÞ åíÝñãåéá ôïõ Ó1 êáôÜ ôç
äéÜñêåéá ôçò êñïýóçò ìåéþíåôáé êáôÜ 64%,
Ý÷ïõìå:

Þ   Þ

Þ   

Þ   Þ
′
=

2
1
2
1

õ
0,36

õ

2
1
2
1

õ
1 100% 64%

õ

⎛ ⎞′
− ⋅ = −⎜ ⎟

⎝ ⎠

2 2
1 1 1 1

2
1 1

1 1
m õ m õ

2 2 100% 64%
1

m õ
2

′ −
⋅ = −

′ −
⋅ = −1 1

1

K K
100% 64%

K
= −Êð % 64%

−′ =
+

1 2
1 1

1 2

m m
õ õ

m m

2

1

K 1
K 4

′
=
′

êõ′1õ′êõ′1õ′
1õ′

( ) 2
21 2 ê

2 ê
2

21 ê
1 1

1
m m õK 4õ 12

1K 416õm õ
2

+
= = =

yôåëp 0=
yáñ÷p 0=áñ÷ ôåëp p

� �
=

2 2
ôåë 1 1 2 2

1 1
K m õ m õ 9J

2 2
′ ′= + =

2 2
áñ÷ 1 1 2 2

1 1
K m õ m õ 54J

2 2
= + =

2õ′
2õ′1õ′

2 2
ê 0

2
0

1 1
(M m)õ mõ

2 2ð% 100% 95%
1

mõ
2

+ −
= = −

2
êõ

1
2

= + − =ÄÅ (Ì m)gh´ Ìgh 200J

2
ê

1
(M m)õ (Ì m)gh´

2
+ = +

=êõ 4 2m/ s= + êÌõ (Ì m)õ

=õ 5 2m/ s= 21
Mgh Mõ

2

( ) 2
ê

1
M m õ ì(Ì m)gx

2
− + =− +

2
ê T

1
0 (M m)õ W

2
− + =

2 2
ê

1 1
ÄÊ (M m)õ mõ 19.800J

2 2
= + − =

2 2
ê 1

1 1
(Ì m)õ mõ 475J

2 2
= + − =

ôåë áñ÷ÄÊ Ê Ê= − =
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(2)

Áðü ôéò ó÷Ýóåéò (1) êáé (2) êáé åðåéäÞ

, ðñïêýðôåé:

Þ   Þ   

Þ   

â) ÁìÝóùò ìåôÜ ôç óýãêñïõóç ôùí óùìÜôùí
Ó1, Ó2 éó÷ýåé:

Þ   

Åöáñìüæïõìå ôï èåþñçìá ìå-
ôáâïëÞò ôçò êéíçôéêÞò åíÝñ-
ãåéáò ãéá ôï óþìá Ó2 áðü ôï
êáôþôåñï Ýùò ôï áíþôåñï óç-
ìåßï:

Þ

Þ   

¼ôáí ôï Ó2 öôÜíåé óôçí áíþôåñç èÝóç, éó÷ýåé:

Þ   Þ

ã) Þ   

ÊáôÜ ôçí ðëáóôéêÞ êñïýóç ôùí Ó1, Ó3 éó÷ýåé:

Þ   Þ

ä) Áðü ôï èåþñçìá ìåôáâïëÞò ôçò êéíçôéêÞò
åíÝñãåéáò ôïõ óþìáôïò Ó1 êáôÜ ôç äéÜñêåéá

ôçò óýãêñïõóÞò ôïõ ìå ôï Ó3 Ý÷ïõìå:

Þ   Þ

2.  á) Óôçí ðëáóôéêÞ êñïýóç éó÷ýåé:

Þ   Þ

Þ   

â) 

ã) Åöáñìüæïõìå ôï èåþñçìá ìåôáâïëÞò ôçò
êéíçôéêÞò åíÝñãåéáò ãéá ôï óõóóùìÜôùìá áðü
ôï Á Ýùò ôï Â:

Þ

Þ   Þ   

ä) ̧ óôù üôé ôï óõóóùìÜôùìá óôáìáôÜ óå Ýíá
óçìåßï Ã ðïõ âñßóêåôáé óå ýøïò hmax. Åöáñ-
ìüæïõìå ôï èåþñçìá ìåôáâïëÞò ôçò êéíçôéêÞò
åíÝñãåéáò áðü ôï Â Ýùò ôï Ã:

Þ

Þ   

Þ   

2.  á) Ôï óþìá Ó1 êéíåßôáé åõèýãñáììá ïìá-

ëÜ.

Þ   Þ   Þ

=1t 1s

=1
1

AO
t

õ
=1 1õ t AO=1s AO

=maxh 0,45m= +
2
Â

max

õ
h R

2g

− + = − + −2
1 2 Â 1 2 max

1
0 (m m )õ (m m )g(h R)

2

− =Ã B wK K W

Âõ 1m/s== −2
B Êõ õ 2gR

+ − + = − +2 2
1 2 Â 1 2 Ê 1 2

1 1
(m m )õ (m m )õ (m m )gR

2 2

− =B A wK K W

2
Ê
2
2

õ
1 100% 43,75%

õ

⎛ ⎞
= − ⋅ = −⎜ ⎟
⎝ ⎠

2 2
2 Ê 2 2

2 2
Ê

22
2 2

1 1
m õ m õK K 2 2ð % 100% 100%

1K m õ
2

−′ −
= ⋅ = ⋅ =

Êõ 3m/s=
−

=
+

1 1 2 2
Ê

1 2

m õ m õ
õ

m m

− = +1 1 2 2 1 2 Êm õ m õ (m m )õ=
� �

áñ÷ ôåëp p

= −ÓFW 112,64J

′= −2 2
ÓF 1 Ê 1 1

1 1
W m õ m õ

2 2
′′ ′− =1 1 ÓFK K W

ó 1 3
Ê

1 3

2 2 2
1 3 Ê 1 1 3 3

2 2
1 1 3 3

K K K
ð % 100%

K K

1 1 1
(m m )õ m õ m õ

2 2 2 100%
1 1

m õ m õ
2 2

24,61%

′− −
= =

′ +

′+ − −
= =

′ +

= −

1 1 3 3
Ê

1 3

m õ m õ
õ 5,6m/s

m m

′ −
= = −

+

′ − = +1 1 3 3 1 3 Êm õ m õ (m m )õ=
� �

áñ÷ ôåëp p

1õ 12m/s′ = −′ = −1 1õ 0,6õ

T 331N=

′′
= − +

�

2
2 2

2

m õ
T m g

′′
+ =

�

2
2 2

2

m õ
T w

2õ 6m/s′′ =

′′ ′− = − ⋅ �2 2
2 2 2 2 2

1 1
m õ m õ m g 2

2 2

22 2 wK K W′′ ′− =

2õ 8m/s′ =′ =
+

1
2 1

1 2

2m
õ õ

m m

=2m 8kg
−

= −
+

2

2

2 m
0,6

2 m

−
= −

+
1 2

1 1
1 2

m m
õ 0,6õ

m m
′ = −1 1õ 0,6õ

>2 1m m

′ = ±1 1õ 0,6õ
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Ôï óþìá Ó2 êéíåßôáé åõèýãñáììá ïìáëÜ

åðéâñáäõíüìåíï.

Þ   Þ

Þ   Þ

Þ   

â) Áðü ôçí áñ÷Þ äéáôÞñçóçò ôçò ïñìÞò Ý÷ïõ-
ìå:

Óôïí Üîïíá x´x: Þ

Þ   

Þ   

Óôïí Üîïíá y´y: Þ

Þ   

Þ   

Þ   

ã) Óôïí Üîïíá x´x: Þ

Þ   

Óôïí Üîïíá y´y: Þ

Þ   

Þ   

ä) 

2.  á) Åöáñìüæïõìå ôï èåþñçìá ìåôáâïëÞò
ôçò êéíçôéêÞò åíÝñãåéáò ãéá ôçí êßíçóç ôïõ

óõóóùìáôþìáôïò áðü ôç èÝóç óýãêñïõóçò
ôùí Ó1, Ó3 ìÝ÷ñéò üôïõ ôï íÞìá ãßíåé ïñéæüíôéï.

Þ

Þ   

Þ   

â) Åöáñìüæïõìå ôçí áñ÷Þ äéáôÞñçóçò ôçò
ïñìÞò ãéá ôç óýãêñïõóç ôùí Ó1, Ó3:

Þ   Þ

Þ   

ã) Åöáñìüæïõìå ôçí áñ÷Þ äéáôÞñçóçò ôçò
ïñìÞò ãéá ôç óýãêñïõóç ôùí Ó1, Ó2:

Þ   Þ

Þ   

ä) Þ   Þ

2.  á) 

Åöáñìüæïõìå ôï èåþñçìá ìåôáâïëÞò ôçò
êéíçôéêÞò åíÝñãåéáò áðü ôç èÝóç x0 Ýùò ôç
èÝóç x1.

Þ   Þ

Þ   

â) Åöáñìüæïõìå ôçí áñ÷Þ äéáôÞñçóçò ôçò
ïñìÞò ãéá ôç óýãêñïõóç ôùí Ó1, Ó2:

Þ   Þ= +1 1 1 2 Km õ (m m )õ=
� �

áñ÷ ôåëp p

1õ 4m/s== F
1

1

2W
õ

m

− =2
1 1 F

1
m õ 0 W

2
− =1 0 FK K W

+
= = ⋅ =F

20 40
W (E) 2J 60J

2

= −ÄK 216J

′= −2 2
1 1 1 1

1 1
ÄK m õ m õ

2 2
′= −1 1ÄK K K

=2m 3kg
′−

=
′

1 1 1 1
2

2

m õ m õ
m

õ

′ ′= +1 1 1 1 2 2m õ m õ m õ=
� �

áñ÷ ôåëp p

1õ 12m/s′ =1 3 K
1

1

(m m )õ
õ

m

+
′ =

1 1 1 3 Km õ (m m )õ′ = +=
� �

áñ÷ ôåëp p

=� 0,45m=�
2
Kõ

2g

− + = − + �2
1 3 K 1 3

1
0 (m m )õ (m m )g

2

− =ôåë áñ÷ wK K W

⎛ ⎞
= − ⋅ = −⎜ ⎟
⎝ ⎠

2
K
2
2

õ
1 100% 30,55%

õ

2 2
2 K 2 2

2
2 2

1 1
m õ m õ

2 2 100%
1

m õ
2

−
= ⋅ =

2 2
K

2

K K
ð % 100%

K

′ −
= ⋅ =

1

8
Äp 13kg m/s

3
= ⋅= +

x y

2 2
1 1 1Äp Äp Äp

y1

16
Äp kg m/s

3
= ⋅= −

y y1 1 KÄp m õ 0

′= −
y y y1 1 1Äp p p

x1Äp 8kg m/s= − ⋅= −
x x1 1 K 1 1Äp m õ m õ

′= −
x x x1 1 1Äp p p

=K

5
õ m/s

3
= +

x y

2 2
K K Kõ õ õ

=
yK

4
õ m/s

3
=

+y

2 2
K

1 2

m õ
õ

m m

= +
y2 2 1 2 Km õ (m m )õ

=
� �

y yáñ÷ ôåëp p

xKõ 1m/s==
+x

1 1
K

1 2

m õ
õ

m m

= +
x1 1 1 2 Km õ (m m )õ

=
� �

x xáñ÷ ôåëp p

2õ 2m/s=
21 0 2 1õ õ á t= −

2
2á 2m/s=

=2á ìg=2 2 2ìm g m á

= 2 2T m á=2 2 2ÓF m á
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Þ   

Þ

ã) 

ä) Åöáñìüæïõìå ôï èåþñçìá ìåôáâïëÞò ôçò
êéíçôéêÞò åíÝñãåéáò ãéá ôï óõóóùìÜôùìá áðü
ôç óôéãìÞ ðïõ åãêáôáëåßðåé ôï ïñéæüíôéï ôñá-
ðÝæé ìÝ÷ñé íá öôÜóåé óôï Ýäáöïò:

Þ

Þ   

Þ   

2.  á) Åöáñìüæïõìå ôï èåþñçìá ìåôáâïëÞò
ôçò êéíçôéêÞò åíÝñãåéáò ãéá ôï óþìá Ó1 áðü
ôç âÜóç ôïõ êåêëéìÝíïõ åðéðÝäïõ ìÝ÷ñé íá
äéáíýóåé äéÜóôçìá s1:

Þ

Þ   

Þ   

â) Åöáñìüæïõìå ôçí áñ÷Þ äéáôÞñçóçò ôçò
ïñìÞò ãéá ôç óýãêñïõóç ôùí Ó1, Ó2:

Þ   Þ

Þ   

ã) 

ä) Åöáñìüæïõìå ôï èåþñçìá ìåôáâïëÞò ôçò
êéíçôéêÞò åíÝñãåéáò ãéá ôï óõóóùìÜôùìá áðü
ôç èÝóç ôçò óýãêñïõóçò Ýùò ôï ìÝãéóôï
ýøïò:

Þ

Þ   

Þ   

Þ   êáé Þ

2.  á) Åöáñìüæïõìå ôçí áñ÷Þ äéáôÞñçóçò
ôçò ïñìÞò ãéá ôç óýãêñïõóç âëÞìáôïò-Ó1:

Þ   Þ

Þ   

â) Åöáñìüæïõìå ôçí áñ÷Þ äéáôÞñçóçò ôçò
ïñìÞò ãéá ôç óýãêñïõóç âëÞìáôïò-Ó2:

Þ   Þ

Þ   

ã) Ãéá íá åêôåëÝóåé ôï óõóóùìÜôùìá ïñéáêÜ
áíáêýêëùóç, ðñÝðåé óôï áíþôåñï óçìåßï ç
ôá÷ýôçôÜ ôïõ íá åßíáé ìçäÝí. Åöáñìüæïõìå ôï
èåþñçìá ìåôáâïëÞò ôçò êéíçôéêÞò åíÝñãåéáò
ãéá ôï óõóóùìÜôùìá áðü ôçí áñ÷éêÞ èÝóç ôçò
óýãêñïõóçò Ýùò ôï áíþôåñï óçìåßï:

Þ

Þ   

Þ   

ä) Þ

Þ

=Q 155J

2 2 2
â 2 K 1 1 â â

1 1 1
Q (m m )õ m õ m õ

2 2 2
′= + + −

ó 1 âQ K K K′= + −

=� 0,4m=�
2
Kõ

4g

2
â 2 K â 2

1
0 (m m )õ (m m )g 2

2
− + = − + ⋅ �

ôåë áñ÷ wK K W− =

Kõ 4m/s=â â
K

â 2

m õ
õ

m m

′
=

+

â â â 2 Km õ (m m )õ′ = +=
� �

áñ÷ ôåëp p

âõ 10m/s′ =â â 1 1
â

â

m õ m õ
õ

m

′−
′ =

â â â â 1 1m õ m õ m õ′ ′= +=
� �

áñ÷ ôåëp p

=maxh 4m

=maxh sçìö=s 8m= +1 2s s s

=2s 1,6m=
2
K

2

õ
s

2gçìö

− + = − +2
1 2 K 1 2 2

1
0 (m m )õ (m m )gçìös

2

− =
ïëôåë áñ÷ wK K W

= =
2
K
2
1

õ
100% 44,44%

õ

′
= ⋅ = =

1

2
1 K

1
K

21
1 1

1
m õK 2ð % 100% 100%

1K m õ
2

Kõ 4m/s=
−

=
+

1 1 2 2
K

1 2

m õ m õ
õ

m m

− = +1 1 2 2 1 2 Km õ m õ (m m )õáñ÷ ôåëp p=
� �

1õ 6m/s== −2
1 0 1õ õ 2gçìös

2 2
1 1 1 0 1 1

1 1
m õ m õ m gçìös

2 2
− = −

11 0 wK K W− =

õ 6m/s== +2
Kõ õ 2gh

+ − + = +2 2
1 2 1 2 K 1 2

1 1
(m m )õ (m m )õ (m m )gh

2 2

− =ôåë áñ÷ wK K W

⎛ ⎞
= − = −⎜ ⎟
⎝ ⎠

2
K
2
1

õ
1 100% 75%

õ

2 2
1 K 1 1

2
1 1

1 1
m õ m õ

2 2 100%
1

m õ
2

−
= ⋅ =

1 1
K

1

K K
ð % 100%

K

′ −
= ⋅ =

1Äp 15kg m/s= − ⋅

′= − = −1 1 1 1 K 1 1Äp p p m õ m õ

Kõ 2m/s==
+
1 1

K
1 2

m õ
õ

m m
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2.81 )     . 

                        1                                      1 x1 = 1t1, y1 = –– gt1
2  x2 = 2t1, y2 = –– gt1

2 
                        2                                      2 

       

: 
                                                                d 
x1 + |x2| = d  1t1 + 2t1 = d  t1 = –––––––– 
                                                           1 + 2 

 t1 = 0,1 s 

x1 = 1t1 = 1 m  y1 = 0,05 m 

) p  = p   m1 1 – m2 2 = (m1 + m2) x 
   

x 
 = 0 

p
y
 = p

y
  m1gt1 + m2gt1 = (m1 + m2) y 

   

         m1gt1 + m2gt1 

y
 = ––––––––––––––  

y
 = 1 m/s 

              m1 + m2 

:  = 
y
 = 1 m/s 

) p  = m1 1 – m1 2 = 0 

p  = (m1 + m2)   p  = 4 kg · m/s 

: p = 4 kg · m/s (   -

     ) 

)        

     -

  , : 

K  –  = Ww  

 1                            1 –– (m1 + m2) 2 – –– (m1 + m2) 2 = 
 2                           2 

= (m1 + m2)g(h – y1)  

 =  2  + 2g(h – y1)    = 4 m/s 

2.82 1) A  : 

K  – K  = Ww1
 + WT  

      1 0 – –– m1 0
2 = –m1g s – m1g s  

       2  

            3 
  = ––––  

             4  

2)  wx > T  mg  > mg   

                               3 
 >     3 > ––––,  . 

                                4   

1)       1   

      -

   : 

 1               1 –– m1 1
2 – –– m1 0

2 = –2 m1g s  
 2               2 

1  7,745 m/s  

2) p x
 = p

x
  m1 1 60  = (m1 + m2)    

  1,936 m/s 

    : 

 1 –– (m1 + m2) 2
  = (m1 + m2)gh  h  0,187 m 

 2 
 

2.83 ) p
x
 = p

x
   

m2 2 – m3 3 = (m1 + m2 + m3) x 
   

x 
 = 3 m/s 

p
y
 = p

y
   

m1 1 = (m1 + m2 + m3) y 
   

y 
 = 4 m/s 

                                                          
y
      4 

 =  2
x
 + 2

y
 = 5 m/s   = ––– = –– 

                                                          
x
      3 

                1              1 ) WF1
 = –– m1

2 – –– m1 1
2 = –187,5 J 

                2              2 

                 1              1                     –– m3
2 – –– m3 3

2 
                 2              2 
) % = –––––––––––––––––– 100%  = 300% 

                        1                              –– m3 3
2 

                        2 

2.84 ) p
x
 = p

x
   

                                                          m1 1 m1 1 = (m1 + m2 + m3)     = –––––––––––––– 
                                                    m1 + m2 + m3 

   = 1 m/s 

) p3 = p 3 – p3   

p = p 3 + (–p3)   

p3 =  p3
2 + p3

2   

p3 =  (m3 )2 + (m3 3)2  

p3 = 8 kg · m/s  

            p3       m3 3        3  = ––– = –––––– = ––– =   3      = 60  
             p3       m3         

p  = px + py    p  = py    

p = 0 – m3 3  p = –4   3  kg · m/s 

y

x

–p3 p3

p3
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            1                     2h ) h = –– gt2
1  t1 =     ––– 

   2                      g 

 t1 = 0,1  3 s

y
 = gt1  

y
 =  3 m/s  

x
 =  = 1 m/s

:  = 2
x
 + 2

y
    = 2 m/s

            
y  = –––   =  3   = 60            
x

)        

 x x :

(m1 + m2 + m3) x
 = (m1 + m2 + m3 + m4)  

 
  
 = 0,5 m/s

| | =

      1             1             1 = |––m1
2
1 + –– m3

2
3 – –– (m1+m2+m3+m4)   

2| 2          2             2 

 | | = 36 J 

) p1x
 = m1 x 

– m1 1 = –7 kg · m/s  

p1y
 = m1 y 

– 0 =   3 kg · m/s 

p1 = p2
1x 

+ p2
1y 

  p1 = 2  13 kg · m/s

                     2.85 ) t1 = –––  t1 = 1 s                      1 
 = 2t1   = 3 m 

  2 = 2 + 2, : A = 90o 

) p  = p   p2
1 + p2

2 = p  

(m1 1)2 + (m2 2)2 = (m1 + m2)    

       (m1 1)2 + (m2 2)2 

 = –––––––––––––––––––––   
                 m1 + m2 

 = 2,5 m/s 

) WF = 1 

           1             1  WF = –– m1
2 – –– m1

2
1    WF = –9,75 J 

        2             2  

                    p1 m1 1            4 
)  = –––– = –––––––––––– = –– 

p   (m1 + m2)       5 

p1 = p1 – p1   

p1 = p1 + (–p1)   

p1 = p1
2 + p2

1 + 2p1 p1  =

     =    (m1 )2+(m1 1)2+2m1 m1 1 (180– ) 

 p = 5 kg · m/s 

                        m1 – m2 2.86 1) 1  = ––––––––– 1 (1)                         m1 + m2 

               9                                      9 p1 = – –– p1  m1 1  – m1 1 = – –– m1 1         5                                      5 

            4 
1 = – –– 1  (2)
          5 

   (1)  (2) : 

    4          m1 – m2 – –– 1 = ––––––––– 1  –4m1 – 4m2 = 5m1 – 5m2    5         m1 + m2 

 9m1 = m2 

 1              1 –– m1 1
2 – –– m1 1

2

  2               2 
2) 1

% = ––––––––––––––––––– 100% = 
                         1 –– m1 1

2

   2 
  1

2  = (–––– – 1)100% = –36%
   1

2 

1) p  = p   m1 1 = (m1 + m2)   

         m1       1  = ––––––––– 1   = ––– 
         m1 + m2 10 

                                     m1 1                     9  
p1  = m1  – m1 1 = ––––– – m1 1 = – ––– p1                                      10                     10 

2) WF
1
 = 1  – K1 

             1              1                             99 WF
1
 = –– m1

2 – –– m1
2
1  WF

1
 = – –––– 1         2             2                           100 

.    : 

  | p1 |      9p1 
F1 = –––––– = –––– 
           t         5 t     

   : 

| p1 |        9p1
F1  = –––––– = ––––– 
             t         10 t  

          F1 
: ––– = 2 

F1
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Iï ÊÑÉÔÇÑÉÏ ÁÎÉÏËÏÃÇÓÇÓ
ÅËÁÓÔÉÊÇ ÊÑÏÕÓÇ

ÈÝìá 1ï 
1ã, 2 , 3â, 4á, 5: á-Ë, â-Ë, ã-Ë, ä-Ë, å-Ë

ÈÝìá 2ï 

1) á: ÈÌÊÅ áðü ôï Á Ýùò ôï Â:

Þ 

Ãéá ôçí åëáóôéêÞ êñïýóç: Þ

ÈÌÊÅ áðü ôï Â Ýùò ôï Ã:

Þ

ÁëëÜ óôï Ã éó÷ýåé: Ô = 0 êáé Þ

Þ 

Áðü ôéò ó÷Ýóåéò (1), (2), (3) ðñïêýðôåé:

2) ã:

Þ Þ Þ

(ÅÜí , ç êñïýóç èá Þôáí ðëáóôéêÞ.)

Þ 2m1 = –m1 + m2 Þ

m2 = 3m1

3) â: êáé

¢ñá: 

ÈÝìá 3ï
á) êáé  

Þ  Þ  

â) 

ã)  

ä) 

ÈÝìá 4ï

á) 

Þ 

â) Áðü ôï ÈÌÊÅ ãéá ôï Ó1 áðü Ýùò

Ý÷ïõìå:

Þ

Þ 

Ôï Ýñãï WF åßíáé ßóï ìå ôï åìâáäüí óôï äéÜ-

ãñáììá .

¢ñá: F

40 50 1
W 4 4 50 280J

2 2
+

= ⋅ + ⋅ ⋅ =

F f(x)=

F
1

1

2W 2TÄx
õ

m
−

=

2
1 1 F

1
m õ 0 W TÄx

2
− = −

ôåë áñ÷ F TK K W W− = +

2x 8m=

0x 0m=

21
1

1 1

F TÓF
á 10m s

m m
−

= = =1 1ÓF m á=

1 1 1T ìN ìm g 10N= = =

2 ôåë áñ÷

2
F 2 2 2 2

1
W K K 0 m õ 90J

2
= − = − = −

1 1 1 1 1
1

Äp m õ m õ
F 600N

Ät Ät

′ −
= = = −

( )1 2 1
2 1 2

1 2 1 2

2m m m
õ õ õ 0

m m m m
−′ = + − =

+ +

( )2 1 2
1 2 1

1 2 1 2

2m m m
õ õ õ 18m s

m m m m
−′ = − + = −

+ +

t 1s=1 2õ t õ t d+ =1 2s s d+ =

2 2s õ t=1 1s õ t=

1

2

õ 3
õ 2

′
= −

′

1
2 1 1

1 2

2m 2
õ õ õ

m m 5
′ = =

+

1 2
1 1 1

1 2

m m 3
õ õ õ

m m 5
−′ = = −
+

1 1 2
1 1

1 2 1 2

2m m m
õ õ

m m m m
−

= −
+ +

1 2õ õ′ ′=

2 1õ õ′ ′= −

1 2õ õ′ ′=1 2õ t õ t′ ′=1 2x x=

2 1

2h
t t t

g
= = =

45
R

32g
=

�

( )2
2õ g 3′′ = �

2
2

2 2

õ
m m g

′′
=

�

ê 2F w=

( )2 2
2 2õ õ 4g 2′′ ′= − �

2 2
2 2 2 2 2

1 1
m õ m õ m g 2

2 2
′′ ′− = − ⋅ �

( )2

4
õ 2gR 1

3
′ =

1
2 1

1 2

2m
õ õ

m m
′ =

+

1õ 2gR=2
1 1 1

1
m õ 0 m gR

2
− =
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êáé 

ã) ,

ä) Þ 

Þ 

Ïìïßùò ãéá ôï Ó2 ðñïêýðôåé: 

Ïìïßùò ãéá ôï Ó2 ðñïêýðôåé: 

¢ñá: 

2ï ÊÑÉÔÇÑÉÏ ÁÎÉÏËÏÃÇÓÇÓ
ÅÐÁÍÁËÇÐÔÉÊÏ ÊÑÏÕÓÅÙÍ

ÈÝìá 1ï 
1â, 2â, 3ä, 4ã, 5: á-Ë, â-Ë, ã-Ë, ä-Ë, å-Ó

ÈÝìá 2ï 

1á: 

2á: 

3â: 

ÈÝìá 3ï  

á) 

Ç páñ÷ Ý÷åé ôç 
äéåýèõíóç ôïõ x´x.

ã) p1 = m1õ1 = êáé

= m1õê

ÈÝìá 4ï
á) Ïé áðþëåéåò ôçò ìç÷áíéêÞò åíÝñãåéáò ïöåß-

ëïíôáé óôçí ôñéâÞ. Áðü ÁÄÅ: 

â) 

ã) 

ä) Áðü ÁÄÌÅ:

ÓFy = 0 Þ 
Í = wóõíö =
= (m1+m2)góõíö =
= 15Í

R h´
óõíö

R
1

Þ ö 60
2

−
= =

= = °

( ) ( ) 2
1 2 1 2 ê

1
m m gh´ m m õ Þ h´ 0,05m

2
+ = + =

2 2
1 2 ê 1 1

1

1 1
(m m )õ m õ

2 2ð% 100% 60%
m gh

+ −
= =

( )1 1 1 2 ê êm õ m m õ Þ õ 1m / s= + =

2
1 1 1 1

1
m õ 0,9m gh Þ õ 3m/ s

2
= =

1 1

10
m gh ìm góõíö(ÁÂ) Þ ÁÂ 0,2m

100
= =

ìç÷ TÄÅ W Þ=

1 1 1

2 2
1 1 1 1 1

1

Äp p p Þ

Äp p p 2p p óõí150

Þ Äp 20kg m / s

� � �
′= −

′ ′= + + °

= ⋅

20 3kg m/ s= ⋅1p′

40kg m/ s⋅

2 2
1 ê 1 1

2
1 1

1 1
m õ m õ

2 2ð% 100% 25%
1

m õ
2

−
= =−

áñ÷ ôåë

áñ÷ 1 ê

ê

â) p p Þ
p 2m õ Þ
õ 10 3m / s

� �
=

=
=

2 2
áñ÷ 1 2 1 2p p p 2p p óõí60 40 3kg m / s= + + ° = ⋅

Á Á

Á

Ê Ê
ð% 100%

Ê

′ −
=

A A Á
A Á

A

m 3m õ
õ õ ,

4m 2

−′ = =

2 2
A Â

A Â Á Â

p p
K , K êáé p p

2m 3m
= = =

2 2
A

A Á

p p
K , K êáé p p

m m
= = =

1 2d s s 10m= + =
2s 5m=

2
1 1 1 1 1

1
s õ Ät á Ät 5m

2
′ ′= − =

2Ät 2s=

1
1

1

õ
Ät 2s

á

′
= =

′1 1 10 õ á Ät′ ′= −

21
1

1

ìm g
á 2,5m s

m
′ = =1 1 1T m á′ ′=

1
2 1

1 2

2m
õ õ 5m s

m m
′ = =

+

1 2
1 1

1 2

m m
õ õ 5m s

m m
−′ = − = −
+

1õ 10m s=
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3ï ÊÑÉÔÇÑÉÏ ÁÎÉÏËÏÃÇÓÇÓ
ÅÐÁÍÁËÇÐÔÉÊÏ ÊÑÏÕÓÅÙÍ

ÈÝìá 1ï 
1ä, 2ä, 3â, 4ã, 5: á-Ë, â-Ó, ã-Ó, ä-Ë, å-Ë

ÈÝìá 2ï 

1á: px = 0  Þ  Þ

2â: 

3á: êáé 

ÈÝìá 3ï 
á) Ãéá ôçí êñïýóç ôùí Á, Â:
mAõ0 = (mA + mB)õ1 Þ õ1 = 10m/s

Ãéá ôï óýóôçìá ôùí ôñéþí óùìÜôùí Á, Â, Ã:
(mA + mB)õ1 = (mA + mB + mÃ)õê Þ õê = 5m/s

â) 

ã) ÌåôÜ ôç óýãêñïõóç ôùí Á, Â ôï åëáôÞñéï óõ-
ìðéÝæåôáé. Ôï óõóóùìÜôùìá ôùí Á, Â åðéâñáäý-
íåôáé, åíþ ôï Ã åðéôá÷ýíåôáé.
¼ôáí áðïêôïýí êïéíÞ ôá÷ýôçôá, ç óõóðåßñùóç
êáé ç äõíáìéêÞ åíÝñãåéá ôïõ åëáôçñßïõ åßíáé ìÝ-
ãéóôåò.
Áðü ÁÄÅ:

ä) Áí Êáñ÷ ç êéíçôéêÞ åíÝñãåéá ôïõ óõóóùìáôþ-

ìáôïò áìÝóùò ìåôÜ ôçí êñïýóç ôùí Á êáé Â, áðü
ÁÄÅ Ý÷ïõìå: Êáñ÷ = Ê + Uåë

ÈÝìá 4ï 
á) Áí Êó ç êéíçôéêÞ åíÝñãåéá ôïõ óõóóùìáôþ-
ìáôïò, éó÷ýåé:
ÄÅ = Êâ-Êó < 100J, Üñá ôï âëÞìá äå óöçíþíå-
ôáé åî ïëïêëÞñïõ.

â) 

Ãéá íá óöçíùèåß ôï âëÞìá åî ïëïêëÞñïõ:

¢ñá: 

ã) Áðü ôçí (1): 

ÐñÝðåé: 
m

0 Þ M m
M
= �

â

m M m
K 100 100 1

M M

⎛ ⎞ ⎛ ⎞+ ⎟ ⎟⎜ ⎜= = +⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎝ ⎠ ⎝ ⎠

minâK 120J=

( )

2
â

â â

1 m
Þ Ê 100J mõ Þ

2 m M
m

Ê 100J Ê 1
m M

≥ +
+

≥ +
+

( )

â ó

2

â

Ê 100J K Þ

1 m
Ê 100J m M õ

2 m M

≥ +

⎛ ⎞⎟⎜≥ + + ⎟⎜ ⎟⎜⎝ ⎠+

Ê

m
Þ õ õ

m M
=

+

áñ÷ ôåë êp p Þ mõ (m M)õ
� �
= = +

( ) 2 2
A B 1

1 1
m m õ kx Ê Þ Ê 87,5J

2 2
+ = + =

2
max max max

1
U kx Þ x 0,5m

2
= =

( ) 2
A B Ã ê max

2
A B 1 max

1
m m m õ U

2
1

(m m )õ Þ U 50J
2

+ + + =

= + =

2 2
Á B 1 A 0

2
A 0

1 1
(m m )õ m õ

2 2ð% 100% 50%
1

m õ
2

+ −
= =−

1
óõíö

2
=

2 2 2p 3 p p 2p óõíö= + +

2
2 2 A Á

A ê A Á

m õ1 1
ÄÊ 3m õ m õ Þ ÄÊ

2 2 3
= − =−

Á
A Á A B ê ê

õ
m õ (m m )õ Þ õ

3
= + =

1 1 2 2m õ çì30 m õ çì60° = °

1x 2xp p=
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4    
 K

 1  

1 , 2 , 3 , 4 , 5: - , - , - , - , -  

 2  

                                            1 1 :    : 0 – –– m 2
0 = – mg2d

           2 

           2
0   = ––––  

 4dg 

2 :      1   

   : 

KB – KA = WW1
    

 1 –– m1 1
2 – 0 = m1g(R – R ) 

 2    

1 = 2g(R – R )   1 = gR

  : 

         m1 – m2                    2                    2 
1 = –––––––– 1  1 = – –– 1  1 = – ––  gR

         m1 + m2                   3                    3 

p1 = m1 1 – m1 1   

                    2 p1 = m1(– ––  gR  – gR )                  3 

              5 p1 = – –– m1 gR    R = 0,9 m
        3 

                                                        3 :  : m  = 2m    = ––  
               2 

    3 
Q = K  –  = –– m 2 

  4 

 3  

)    2     

    : 

K  – K  = WW2
    

 1 –– m2 2
2 – 0 = m2gh 

 2    

2 = 2gh    2 = 4 m/s

2x = 2 30   2x = 2 m/s  

2y = 2 30   2y = 2   3  m/s

 

  x x :

p
x
 = p

x
  m1 1 – m2 2x

 = (m1 + m2)   

         m1 1 – m2 2x
 

 = –––––––––––––      = 0 
             m1 + m2

) p1 = m1  – m1 1  p1 = –8 kg · m/s 

p2 = p2x
+ p2y 

p2x = 0 – (–m2 2x) = +8 kg · m/s  

p2y = 0 – m2 2y = –8   3 kg · m/s

p2 = p2
2x – p2

2y  p2 = 16 kg · m/s 

   p2y  = |––––––| =   3   = 60
   p2x 

| p1| 
) F1 = ––––––   F1 = 80  

                t

) F = (m1 + m2)   

(m1 + m2)g  = (m1 + m2)   

 = g    = 5 m/s2 

       1                    2s s = –– t2  t =    –––    t = 0,4 s
        2                      

p = (m1 + m2)   p = (m1 + m2) t 

p = 10 kg · m/s    

 4  

)      1   

       : 

 1              1–– m1
2 – –– m1

2
0 = m1g�   

 2 2 

 = 2
0 + 2g�      = 6 m/s 
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)       1  

    : 

KB – KA = WW1x
    

 1              1 –– m1
2
1 – –– m1

2 = m1g s  
 2              2     

1 =  2 + 2g s    1 = 8 m/s 

   : 

          m1 – m2 
1 = ––––––––– 1    1 = –4 m/s 

         m1 + m2 

             2m1 
2 = ––––––––– 1    2 = 4 m/s 

         m1 + m2  

                                       1                                                –– m2 2
2 

                 2                  2 
) % = –––– 100% = ––––––––– 100% = 75% 

                 1                   1                                                 –– m1 1
2 

                                       2 

 

)       1 : 

F1 = m1 1  m1g  = m1 1  1 = 5 m/s2 

1  = 1 + 1t1  1  = –3 m/s 

p1 = p1  – p0 = p1  + (– p0)  

p1 =  p1 2 + p0
2 + 2p1 p0 · 60    

p1 = 148 kg · m/s 

  

 

 

 

 

)   1     

     : 

                                             1  
1   = 1 + 1 t     t = ––––    t = 0,8 s                                             – 1 

 

   2 : 

2y = 2   2y = 2 m/s 

                       1 h = 2y t + –– g t 2    h = 4,8 m 
                       2 

2y = 2y + g t     2y = 10 m/s 

2x = 2  = 2   3 m/s 

2 = 2y
2 + 2x

2 = 112 m/s 

 

 



ÊÅÖÁËÁÉÏ 16ï

ÊÉÍÇÓÅÉÓ ÔÙÍ 
ÓÔÅÑÅÙÍ ÓÙÌÁÔÙÍ

ÅñùôÞóåéò ðïëëáðëÞò åðéëïãÞò
16.6ã, 16.7á, 16.8ã, 16.9â, 16.10â, 16.11â,
16.12ã, 16.13ä, 16.14â, 16.15ä, 16.16á, 16.17ä,
16.18â, 16.19â, 16.20ä, 16.21á, 16.22á, 16.23ä,
16.24â, 16.25ä, 16.26â, 16.27â, 16.28á, 16.29â,
16.30á, 16.31á, 16.32â, 16.33ã, 16.34ä, 16.35â

ÅñùôÞóåéò êáôáíüçóçò
16.36â, 16.37â, 16.38á, 16.39ã, 16.40ã, 16.41â,
16.42ã, 16.43ã, 16.44á, 16.45ã, 16.46â, 16.47â,
16 48â 16 49 16 50â 16 51 16 52 16 53

á) Áðü t = 0 Ýùò t2 = 2s: ù = áãùí1
t, êáé

ãéá t1 = 1s, ù1 = 20rad/s

Ãéá t2 = 2s: ù2 = 40rad/s

Aðü t2 = 2s Ýùò t4 = 4s: 

êáé ãéá t3 = 3s, ù3 = 50rad/s
Aðü t4 = 4s Ýùò t6 = 6s: ù5 = ù4 = 60rad/s
â)

ã) Ç ãùíßá ðïõ äéáãñÜöåé ç óöáßñá åßíáé á-

( )
22 ãùí

ù ù á t 2= + −

MHXANIKH ÓÔÅÑÅÏÕ ÓÙÌÁÔÏÓ

Lyseis2.indd 652 16/12/2015 14:29:17

3.6ã, 3.7á, 3.8ã, 3.9â, 3.10â, 3.11â, 3.12ã, 3.13ä, 
3.14â, 3.15ä, 3.16á, 3.17ä, 3.18â, 3.19â, 3.20ä, 
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3.60 =

R
R
4

R
R
5

=

3
4
R

4
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R

=
15
16

3.61 0 0 0
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α
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 · dA

2

0,25m
2
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3.65

1
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1 0 1 4 0 1

3

8 6

8 6
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7 6 3 7 6
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3.66 N
θ θ

2π

1
2
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α t
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−

=
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=
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= 2 +
cm
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cm

2 +2
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=
cm
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= 2 +
cm

2 +2
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= 2
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2
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2 =
cm

= 3
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cm
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cm

+ ( )

=
cm

=
cm

( )

+ = 2
cm

+
3

= 2
cm

=
3
2 cm

3.69  =
t

=
8 4
2

rad / s = 2rad / s

0
= 4rad, =

0
+ t = 4+2t

3.70 =
cm

+ 1,8
cm

=
cm

+ ( )

0,8
cm

= ( ) 0,8 R = ( )  = 0,8R  

d =R+(AK)

120°

A
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3.71 =
cm

+ =
cm

+
R
2

=

=
cm

+ cm

2
=
3
2 cm

3.72  = 0
cm

= 0
cm

= r

=
cm

+ = r+3 r = 4 r = 4
cm

3.73 =
cm

+ =
cm

+
R
3

=
4
3 cm

=
cm

=
cm

R
4

=
3
4 cm

 9 =16

3.74 =
cm

+ 8 2 =
cm

+
R
7

8 2 =
8
7 cm cm

= 7 2m / s

=
cm

2 + 2 =
cm

2 =14m / s

3.75 = 2R = ( t)2R = 2 Rt2

3.76 = r =
R
3

=
s
3

3.77 =
cm

2 + 2 +2
cm

60° =
cm

3

 12 3 =
cm

3
cm

=12m / s

= R
R
6

=
5
6

R =
5
6 cm

=10m / s

s = t s = 20m

3.78 υ
ωR
4

υ

4
,

γρΓ

cm

α
υ

R
4

υ
16
R
4

υ

4R

α t

4RκΓ

γρ

2

Γ

cm

2

cm

2

cm

2 2

υ υ υ
3υ

4
 και α

3α

4Γ cm γρΓ

cm
Γ1

cm= − = =

α α α
9α

16

α t

16RΓ Γ

2

1 κ

2

Γ

cm

2

cm

4 4

2
= + = +

3.79 cm B cm

cm – cm

cm

B cm

3.80 cm – cm 2

cm – 
1

3
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cm

2 + 2 =
cm

2 +
R
3

2

=

10υ

9

υ 10

3
   ή   υ 6m / scm

2

cm
cm

=
cm

2 + 2 +2
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120° =

= 2
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2 +2
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2 1
2

=
cm

= 6m / s

3.82 A -

-

υ ω(ΑΒ) ωR 2  και υ ω(ΑΓ) ωR 3
B Γ

υ

υ
ωR 2

ωR 3

6
3

B

Γ

3.83 B
=
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2 + 2  
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17

4
=

cm

2 + 2( )2    

17
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2

16
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cm

2 + cm

2
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3.84 cm  cm

cm cm

A cm

cm

1

2
2

1

2 cm
2

cm

A cm cm

 ÁóêÞóåéò
á) Ãéá Ät1 = (10 – 0)s, Äù1= 0, Üñá

Ïìïßùò,

êáé 

â)

ã) Ôç ÷ñïíéêÞ óôéãìÞ 

t2 = 24s ôï óþìá Ý÷åé ãùíéáêÞ ôá÷ýôçôá: 

Óôç äéÜñêåéá ôïõ 25ïõ äåõôåñïëÝðôïõ:

ìå Ät = 1s, Üñá:

Äè25 = 29rad

3

2
25 24 ãùí

1
Äè ù Ät á Ät ,

2
= +

( )
324 15 ãùí 2ù ù á t 15 28rad / s= + − =

8Äè ùÄt 20rad.= =

( )
316 15 ãùí 1ù ù á t 15 12rad / s= + − =

3

2
ãùíá 2rad / s .=

2

2
ãùíá 2rad / s=−

1

1
ãùí

1

Äù
á 0.

Ät
= =

Lyseis2.indd 652 16/12/2015 14:29:17

á) Áðü t = 0 Ýùò t2 = 2s: ù = áãùí1
t, êáé

ãéá t1 = 1s, ù1 = 20rad/s

Ãéá t2 = 2s: ù2 = 40rad/s

Aðü t2 = 2s Ýùò t4 = 4s: 

êáé ãéá t3 = 3s, ù3 = 50rad/s
Aðü t4 = 4s Ýùò t6 = 6s: ù5 = ù4 = 60rad/s

( )
22 ãùí

ù ù á t 2= + −

Lyseis2.indd 652 16/12/2015 14:29:17

â)

ã) Ç ãùíßá ðïõ äéáãñÜöåé ç óöáßñá åßíáé á-
ñéèìçôéêÜ ßóç ìå ôï åìâáäüí ðïõ ðñïêýðôåé áðü
ôç ãñáöéêÞ ðáñÜóôáóç ù = f(t).

á)

â) Ãéá ù = 0 ðñïêýðôåé t1 = 10s

ã) Áðü t0 = 0 Ýùò t1 = 10s: 

Áðü t1 = 10s Ýùò t2 = 15s:

2

2
ãùí

Äù
á 2rad / s

Ät
= =

1

2
ãùíá 1 rad/ s=

10 ãùíù ù á t.= +

( )
1

2
ãùí

7 10Äù
á 1 rad/ s

Ät 3

− − −
= = =

3 3Äè Å 60 2rad 120rad= = ⋅ =

2 2

40 60
Äè Å 2 rad 100rad,

2
+

= = ⋅ =

1 1

40 2
Äè Å rad 40rad,

2
⋅

= = =

Lyseis2.indd 652 16/12/2015 14:29:17

 3.85 

 3.86 

3.87 

.

541



ä) Ãéá t = 2s: ù = –8rad/s

áê = ù2d=6,4m/s2 êáé

á) Ãéá t2 = 2s: ù2 = áãùít2 = 20rad/s

êáé

â) ù3 = áãùít3 = 30rad/s

êáé 

ã) Ãéá è  = 180rad ðñïêýðôåé t = 6s 

ù6 = 60rad/s êáé 

Á

3
A ãñp mõ 12 10 kg m / s−= = ⋅ ⋅

Áãñõ 12m/ s=

2
ãùí

1
è á t .

2
=

Ã

2 2
ê 3

3R
á ù 270m/ s

4
= =

Á

2 2
ê 3

R
á ù 180m/ s

2
= =

Ããñ 2

3R
õ ù 6m/ s

4
= =

Áãñ 2

R
õ ù 4m/ s

2
= =

ãñõ ùd 0,8m / s= =

á)

Áðü t0 = 0 Ýùò t1 = 2s: ù = 12rad/s

0
0

2ð
ù 12rad / s

Ô
= =

Ãéá t > t1: 

( )12 2 t 2 SI= − −

( )0 ãùí 1ù ù á t t= − − =

â) Äè1 = Å1 = 24rad êáé Äè2 = Å2 = 36rad

ðåñéóôñïöÝò

ã)

ä)

Ãéá t2 = 1 s: áå2
= 0 êáé ãéá t3 = 4s: áå3

= 0,4m/s2

á)

Ãéá t1 = 1s: 

Ãéá t2 = 2s: 

Áðü (1), (2), (3): 

â)

Ãéá ù = – 10rad/s ðñïêýðôåé t = 10s

ã)

Ãéá t = 0: õãñ = 1m/s
Ãéá t = 5s: õãñ = 0 êáé ãéá t = 10s: õãñ = –1m/s

( )ãñõ ùR 10 2t R 1 0,2t SI= = − = −

0 ãùíù ù á t 10 2t SI= − = −

0 ãùíù ù á t= −

2
ãùíá 2rad / s=

( )2 1Äè è è 7rad 3= − =

( )2 ãùíè 20 2 á 2= −

( )ãùí

1

á
è 10 1

2
= −

2
0 ãùí

1
è ù t á t

2
= −

å ãùíá á R=

( ) ( )23 0 ãùí

1
Äè ù t 2 á t 2 11rad

2
= − − − =

1 2Äè Äè 30
N

2ð ð

+
= =

 3.89 

 3.90 

.
.

 3.88 
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á) Áðü ôç ó÷Ýóç è = 20t + t2, ãéá t1 = 1s:
è1 = 21rad êáé ãéá t2 = 2s: è2 = 44rad
Äè = è2 – è1 = 23rad

â) êáé è = 20 t + t2. ¢ñá: 

ù0 = 20rad/s êáé áãùí = 2rad/s2

ù = ù0 + áãùít, Üñá ãéá t = 2s Ý÷ïõìå: ù = 24rad/s
õãñ = ùR = 9,6m/s êáé

ã) áå = áãùíR = 0,8m/s2

á)

Þ ù1 = 32rad/s

â) ù1 = ù0 + áãùít1 Þ   áãùí = 4rad/s2

ã)

SI

Ãéá t = 0: 

Ãéá t = 4s: 

á) Þ è = 58rad

â) ÌÝ÷ñé ôç óôéãìÞ t1 = 3s: è1 = ù0t1 = 30rad, Ü-
ñá áðü t1 = 3s Ýùò t2 = 5s ï êýëéíäñïò äéáãñÜ-
öåé ãùíßá: è2 = è – è1 = 28rad

Þ 

áãùí = 4rad/s2

ã) Áðü t = 0 Ýùò t1 = 3s: è = ù0t=10t êáé 

Áðü t1 = 3s Ýùò t2 = 5s:

êáé

á) Ï äßóêïò áñ÷éêÜ êéíåßôáé ìå ôç ìÝãéóôç
åðéôÜ÷õíóç ìÝ÷ñé íá áðïêôÞóåé ù = 20rad/s êáé
óôç óõíÝ÷åéá óôñÝöåôáé ïìáëÜ.
ù = áãùít  Þ  t1 = 4s

è2 = è – è1 = 60rad
è2 = ùÄt2 Þ Ät2 = 3s
t = t1 + Ät2 = 7s

â) Ãéá 

Ãéá 

ã) Ãéá 

Ãéá ( )4s t 7s: è 40 20 t 4 SI≤ ≤ = + −

20 t 4s: è 2,5t SI≤ < =

4s t 7s: ù 20rad / s≤ ≤ =

0 t 4s: ù 5t SI≤ < =

2
1 ãùí 1

1
è á t 40rad

2
= =

( )
( )2t 3Äè 5

N t 3
2ð ð ð

−
= = − +

( ) ( )210 t 3 2 t 3= − + −

( ) ( )20 1 ãùí 1

1
Äè ù t t á t t

2
= − + − =

è 5t
N .

2ð ð
= =

( ) ( )22 0 2 1 ãùí 2 1

1
è ù t t á t t

2
= − + −

è
N

2ð
=

3p 2,25 10 kg m / s−= ⋅ ⋅

3p 1,25 10 kg m / s−= ⋅ ⋅

3 35 1
10 10 t

4 4
− −= +

( )
Â

ãñ 0 ãùíp mõ mùR mR ù á t= = = + =

Â
ãñ 1õ ù R=

Â Â

2
B B ãñ ãñ

1
K m õ Þ õ 2m / s

2
= =

4
ãñp mõ 9,6 10 kg m / s−= = ⋅ ⋅

2
0 ãùí

1
è ù t á t

2
= +

Äè 11,5
N ðåñéóôñïöÝò

2ð ð
= =

 3.91 

 3.92 

 3.93 

 3.94 
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á) Áðü 0 Ýùò t1 = 2s: 

Áðü t1 = 2s Ýùò t2 = 4s:
Äè2 = ù1Ät2 = 40rad
è1 + Äè2 = 60rad

â) èïë = 2ðÍïë = 80rad
Äè3 = èïë – (è1 + Äè2) = 20rad

êáé ãéá ù = 0 Ý÷ïõìå 

Áðü (1) êáé (2): Ät3 = 2s

tïë = t1 + Ät2 + Ät3 = 6s

ã) Áðü ôç ó÷Ýóç (2) Ý÷ïõìå: 

ä) Ãéá t3 = 1s: êáé 

õ3 = ùR = 10R

Ãéá t4 = 5s: 

êáé õ4 = ùR = 10R

á)

Ãéá t1 = 10ð s, ù = 0, Üñá

â) Áðü ôç ó÷Ýóç (1), ãéá t = 2ðs: 
ù = 72ðrad/s

êáé    

õË = ùR = 10,8ðm/s

ã) êáé ãéá t = 1s, èÊ = 278,1rad

á)

êáé ãéá t = 2s: è = 80rad

â)

ù = áãùít êáé ãéá t = 3s: ù = 120rad/s

ã)

áå = áãùíR=20m/s2

ácm = áå = 20m/s2

á) ù0 = 2ðf0 = 20ðrad/s

Ãéá t = 2ðs: ù = 0, Üñá: 

â)

ã) Ãéá t = ð s: ù = 10ðrad/s
áÊ = ù2R = 100 m/s2

á) 2cm
ãùí

á 25
á rad / s

R 3
= =

è 100
N ðåñéóôñïöÝò

2ð ð
= =

2 2
0 ãùí

1
è ù t á t 20ð rad 200rad

2
= − = =

2
ãùíá 10rad / s=

0 ãùíù ù á t= −

2 2 ï 2
Â cm å cm åá á á 2á á óõí60 20 3 m / s= + + =

A

2 2
Á ãñ cmõ õ õ 60 2 m / s= + =

cm ãñõ õ 60m / s= =

Á
ãñõ ùR 60m / s= =

è 40
N ðåñéóôñïöÝò

2ð ð
= =

2
ãùí

1
è á t

2
=

2cm
ãùí

á
á 40rad / s

R
= =

Ê Ê

R
s è 13,905m

3
= =

2
0 ãùí

1
è ù t á t

2
= −

Ê

R
õ ù 3,6ðm / s

3
= =

20
ãùí

1

ù
á 9rad / s

t
= =

( )0 ãùíù ù á t 1 .= −

0
0

2ð
ù 90ðrad / s

Ô
= =

2
3

3

24
4

1
mõK 2 1

1K mõ
2

= =

( )
31 ãùí 4 2ù ù á t t 10rad / s= − − =

1ãùí 3ù á t 10rad / s= =

3

2
ãùíá 10rad/ s=

( )
31 ãùí 3ù á Ät 2 .=

31 ãùí 3ù ù á Ät= −

( )
3

2
3 1 3 ãùí 3

1
Äè ù Ät á Ät 1

2
= −

1 2
1, 2

è Äè 30
Í ðåñéóôñïöÝò

2ð ð

+
= =

1

2
1 ãùí 1

1
è á t 20rad

2
= =

11 ãùí 1ù á t 20rad / s= =

 3.95 

 3.96 

 3.97 

áå = áãùíR=20m/s2

ácm = áå = 20m/s2

á) ù0 = 2ðf0 = 20ðrad/s

Ãéá t = 2ðs: ù = 0, Üñá: 

â)

ã) Ãéá t = ð s: ù = 10ðrad/s
áÊ = ù2R = 100 m/s2

è 100
N ðåñéóôñïöÝò

2ð ð
= =

2 2
0 ãùí

1
è ù t á t 20ð rad 200rad

2
= − = =

2
ãùíá 10rad / s=

0 ãùíù ù á t= −

2 2 ï 2
Â cm å cm åá á á 2á á óõí60 20 3 m / s= + + =

ù = áãùít êáé ãéá t = 3s: ù = 120rad/s

ã)
A

2 2
Á ãñ cmõ õ õ 60 2 m / s= + =

cm ãñõ õ 60m / s= =

Á
ãñõ ùR 60m / s= =

 3.98 

êáé ãéá õcm = 10m/s: t1 = 4s

êáé ãéá õcm = – 10 m/s: t2 = 12s
â) Áðü ôç ó÷Ýóç (1) ãéá õcm = 0: t3 = 8s

( )
0cm cm cmõ õ á t 1= −

ÐñïâëÞìáôá
á) 2

cm ãùíá á R 2,5m / s= = 3.99 

êáé ãéá t = 2s: è = 80rad2
ãùí

1
è á t

2
=

â)

è 40
N ðåñéóôñïöÝò

2ð ð
= =
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ã) Þ ù = 40 – 5t  SI

ä) êáé ãéá t3 = 8s: s = 80m

á) Ãéá t = 2s: õcm = ácmt = 10m/s

2 2 ï
Â cm ãñ ãñ cm

cm

õ õ õ 2õ õ óõí120

õ 10m / s

= + + =

= =

s 80
N ðåñéóôñïöÝò

2ðR ð
= =

0

2
cm cm

1
s õ t á t

2
= −

0 ãùíù ù á t= −

Â

2
ãñ 2

Ê

õ
á 13,33 ðm / s

R
= =

â) 2cm
ãùí

á 5ð
á rad/ s

R 7,5
= =

êáé ãéá 
ð

è rad : t 1s
3

= =( )2
ãùí

1
è á t 1

2
=

ã) Áðü ôç ó÷Ýóç (1), ãéá è = 6ðrad: t 3 2 s=

á)

êáé ãéá 2t 6 s :=2
cm

1
s á t

2
=

1 2
o

h h
s 10m

çì30

−
= =

2
cm

10
á m / s

3
=

â) Ãéá t1 = 2s: 

ã)

á)

â) êáé 

êáé 2
2

è
N

2ð
=

2

2
2 ãùí

1
è á t

2
=

1
1

è
N

2ð
=

1

2
1 ãùí

1
è á t

2
=

2

2cm
ãùí

2

á
á 5rad / s

R
= =

1

2cm
ãùí

1

á
á 10rad / s

R
= =

ïës 100
N ðåñéóôñïöÝò

2ðR ð
= =

1
ïë o

h
s 20m

çì30
= =

Á cm

40
õ 2õ m/ s

3
= =

cm cm 1

20
õ á t m/ s

3
= =

êáé ãéá Í1 = 5 Ý÷ïõìå Í2 = 2,5 ðå-

ñéóôñïöÝò
ã) ù = áãùít
Ãéá t = 4s: ù1 = 40rad/s êáé ù2 = 20rad/s

á)

¼ôáí Ýñ÷ïíôáé óå åðáöÞ ïé äýï ôñï÷ïß, Ý÷ïõí äéá-
íýóåé áðïóôÜóåéò sA êáé sB áíôßóôïé÷á êáé éó÷ý-
åé: sA + sB = d – 2R = 10m (1)

Aðü (1), (2), (3): t = 1s

â) Ãéá t = 1s: 

BB cmõ á t 2m / s= =

AA 0 cmõ õ á t 8m / s= − =

( )

( )

A

B

2
A 0 cm

2
B cm

1
s õ t á t 2

2
1

s á t 3
2

= −

=

1

2

ãùí1

2 ãùí

áÍ
Í á
=

ñéóôñïöÝòÍ2 = 2,5 ðå

 3.100 

 3.101 

 3.102 

 3.103 
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ã)

ðåñéóôñïöÝò

ÊÅÖÁËÁÉÏ 17ï

ÑÏÐÇ ÄÕÍÁÌÇÓ – 
ÉÓÏÑÑÏÐÉÁ ÓÔÅÑÅÏÕ

ÅñùôÞóåéò ðïëëáðëÞò åðéëïãÞò
17.9â, 17.10ã, 17.11â, 17.12â, 17.13ä, 17.14á,
17.15ã, 17.16ã, 17.17â, 17.18á, 17.19ã, 17.20â,
17.21ã, 17.22ã, 17.23ä, 17.24â, 17.25â 

A B A Bs s s s 10
N

2ðR 2ðR 2ðR ð

+
= + = =

4.31  1-

2

( )
= 0 w

1

3L
10

w
2
L

L
5

3L
10

= 0

m
1
g
3L
10

=m
2
g
L
2

m
1

m
2

=
5
3

4.32  
( )

= 0 F
1
r
1
+F

2

r
1

2
F

3

r
1

2
= 0

F
3

= 3F
1
 

4.33 
( )

= 0 w
1
R w

2
r = 0

m
1
g2r =m

2
gr m

2
= 2m

1
 

4.34  
( )

= w
1

L
1
μö
2

w
2

L
2
μö
2

=

=m
1
gL

2
μö 2m

1
g
L

2
μö
2

= 0

4.35 

( )
= 0 F

3R
1

2
w

1
R

1
w

2

3R
1

2
= 0

3F
2

=m
1
g+6m

1
g F =

14m
1
g

3

4.36  -

F
x

= 0

4.37  

=
3

Fd =
Fd
3

d =
d
3

4.38  
( )

= 0 F
L
2

2F ö
L
2

= 0

ö =
1
2

ö =
3
rad  

4.39  
( )

= 0 F
1
R F

2
R 60° = 0

F
2

= 2F
1
 

4.40  FK F
= (5t+2)R (4t+6)

R
3

=

= 5tR+2R
4tR
3

2R = t 5R
4R
3

=
11R
3

t 0  

t = 0
FK

=
F

t 0
FK

>
F

4.41 

( )
= 0 w

L
2

w
1
x+ TL μö = 0

=
w
L
2

+w
1
x

L μö

-

4.42  
( )

= 0 F
B
x F

A

L
2

= 0

2F
A
x =F

A

L
2

x =
L
4

4.43  
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4.44  
( )

= 0 w
+

F
= 0

F
=

w
.  

4.45  ( )
= 0 FL ö w

L
2

μö = 0  

w 3
6

ö =
w
2

μö öö =
3
3

ö =
6
rad  

4.46  
( )

= 0 Fx wR = 0 4wx = wR    

x =
R
4

 

4.47 

=
3

2
.  -

( )
=F

2 ( )
=
F 3
2

 

4.48  
-

( )
= 0 w

L
2

d w
1
x = 0

x =
w
w

1

L
2

d x =
m
m

1

L
2

d  

4.49  
-

( )
= 0

L
2

μ30° wx 30° = 0

w
4
L
2
1
2

= wx
3
2

x =
L 3
24

 

4.50  F
1
=F

2
5+2t =1+3t t = 4s  

4.51 ( )
= 0

2L
3

μ30° w
L
2

μ30° = 0  

w =
4T
3

 

4.52 

( )
= 0 Fr T

2
2r = 0 F = 2T

2

1 T
2

= w
1
+ T

3

T
3

=
F
2

mg

( )
= 0

T
3

3L
4

w
L
2

w
2
L = 0

3
4

F
2

mg =
mg
2

+mg

4.53 ( )
= 0 F

L
2

T ö
L
2

= 0

F = T ö
mg
4

= T ö

T =
mg

4 ö
=
mg
2  

1 F
x

= 0 w
1

ö+F =
mg
2

+F =
mg
2

F = 0  

4.54

1 1 2 2

m 2m 3
1 2

4.55

2 2
 – w1 1

4.56 1

1 1

2 1 1

w
2
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w
2

3
2

w

4.57

1 2
– w2

w 3
3
2

1
2

·
2

– 4w
1
2

7
8

4.58

B
A

F

Γ
wρ

Τσ

Τ1

Τ1

Τ́σ

O

w1

Ν

Ν΄

1

1 1 1

1

2 2

N
1
3

4.59

4.60

2

4.61 1

1 1

m1 1 m1

2

2 2

1 2 1 2

8m2 1

4.62 1y2
– w2y2

2 2
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4.63 1 2

2

R
2

 = 0  2

x = 0   1 2

2

4.64 1 1 = T1

2 2 2

2 1 2 1

2 1

2 1 1

4.65

3 12

22 4
 + 

2

ÁóêÞóåéò

á) 

â) 

Ïé äýï äõíÜìåéò áðïôåëïýí æåýãïò äõ-
íÜìåùí. 

á) 

â) 

2
2 á á 3 á 3

ÃÄ á êáé ÊÄ
4 2 6

= − = =

2
Fá 1

2

⎛ ⎞⎟⎜ ⎟⎜= + ⎟⎜ ⎟⎟⎜⎝ ⎠

3 4

ï
(Ä ) F F 3 4Óô ô ô F çì45 á F á= + = + =

1 4(ê) F F 1 4

á á
Óô ô ô F F Fá

2 2
= + = + =

( )1 2Óô F r r 60N m= + = ⋅

ï
2 30 F ÃÊ F çì30 BÊ w OK

100N m

= − ⋅ − + ⋅ =

=− ⋅

1 2 3(ê) F F F wÓô ô ô ô ô= + + + =

1 2 x 2 y 3(ê) F F F FÓô ô ô ô ô 1,339N m= + + + =− ⋅

1 2 x

2 y

3

F F

ï
F 2

F 3

ô 0, ô 0,

ô F óõí30 L 5 3 N m,

ô F L 10N m

= =

= = ⋅

=− =− ⋅

 4.66 

 4.67 

 4.68 

 4.69 

 4.70 

549



á) 

â) 

ã) 

Ãéá íá éóïññïðåß ç ñÜâäïò, ðñÝðåé 
Óô(Á) = 0.

Þ

Þ 

9w
F

4
=

ï ï
1

L L
w çì30 w Lçì30 F 0

2 3
− − + =

1(A) w w FÓô ô ô ô 0= + + =

ï
1 2 3

L L 13w
w w çì30 w L L

2 3 12
= − + =

1 2 3(Ï) w w wÓô ô ô ô= + + =

o ï ïw L L w 2L
çì60 w çì60 çì60

2 3 6 2 3

wL 3
6

= − − =

=−

A B(Ï) w w wÓô ô ô ô= + + =

2Fr 4Fr Fr Fr=− + − =

1 2 3(ê) F F F 1 2 3Óô ô ô ô FR F R F r= + + =− + − =

(Ã )Óô Fâ=

(Â)Óô 2Fâ=−

(Ï)

â â â
Óô F 2F F

2 2 2
= − =−

â
ÄÏ ÏÅ

2
= =

1 2 3(ê) F F F

1 2 3

Óô ô ô ô

á 3 á 3 á 3 Fá 3
F F F

6 6 6 2

= + + =

=− − − =−

á) Ç ñÜâäïò éóïññïðåß, Üñá Óô(Ï) = 0 (1)
êáé ÓF = 0 (2). Áðü ôç ó÷Ýóç (1):

Þ 

Þ

Þ w = 40Í

â) Áðü ôç ó÷Ýóç (2): w1 + w2 + w = F Þ F = 70N

1 2

3L L 2L
w w w 0

10 10 10
− − =

1 2w (AO) w(KO) w (BO) 0− − =

1 2w w wô ô ô 0+ + =

á) Óô(Á) = 0 Þ Þ

F = 360N

Ëüãù äñÜóçò – áíôßäñáóçò: 

â) ÓFy = 0 Þ T = F – w – w1 = 210N

F F 360N′ = =

1

L L L
F w w L 0

4 2 5

⎛ ⎞⎟⎜− − − =⎟⎜ ⎟⎜⎝ ⎠

Óô(Ï) = 0 Þ Þ 

Þ Ô2 = 55Í

ÓF = 0 Þ 
1 1 2T w w T 175N= + + =

1 2

3L 3L L 2L
w w T 0

5 5 2 5

⎛ ⎞⎟⎜+ − − =⎟⎜ ⎟⎜⎝ ⎠

1 2w w Tô ô ô 0+ + =

 4.71 

 4.72 

 4.73 

 4.74 

 4.75 

 4.76 

 4.77 

 4.78 
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4.79 1

w
2 2

2

2

y

y

y
2

F
 

2

x
+F

 

2

y

2 1

4.80 1 3 2

3 3

2 3

2 2 2

 

–w12 1 4 1

2

2

y y 3

F
 x

2 +F
 y

2   206,15N

3

1 2

y y 1 1 y

F
 

2

x
+F

 

2

y
 

-

1

1 3
y y

F 2

x
+F 2

y
 

2

 
100%  35,59%

4.81 

2 3 3 3

1 1 3 1 1

1 2 1 2

2 2 2 2

3 3

4.82 3 3 2

2 1 2 1

1 2 2 1
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αy

αx

α

F
x

= 0 F
x

=F+ T
1
=100N

F
y

= 0 F
y

= w
1
+w

2
= 80N

F = F2 +F
y

2 F =128,06

4.83 

F
y

= 0 F+ T
2

= w
2

F = 50N

ÐñïâëÞìáôá

á) 

Þ 
1AN 373,33N=

1(Â) 2 1 A

L L L
Óô w w w L N L 0

5 2 6

⎛ ⎞⎟⎜= + + − − =⎟⎜ ⎟⎜⎝ ⎠

ÓFy = 0 Þ w1 + w + w2 – NA1
– NB1

= 0 Þ
ÍÂ1

= 426,67Í
Ëüãù äñÜóçò – áíôßäñáóçò ïé äõíÜìåéò ðïõ äÝ-
÷ïíôáé ôá óôçñßãìáôá áðü ôç ãÝöõñá åßíáé

â) s1 = õ1t êáé s2 = õ2t Þ s1 = 3,75õ2t Þ s1 = 3,75s2

Þ

Þ

Óô(Â) = 0 Þ Þ 

ÓFy = 0 Þ w + w1 + w2 – NA2
– NB2

= 0 Þ

ÍÂ2
= 450 Í êáé 

2BN 450N′ =

2 2A AN 350N êáé N 350N′= =

( )
21 2 A

L L
w w w N L 0

3 2
+ + − =

4L L L
ÃÂ

30 5 3
= + =2

4L
s

30
=

2 2 2

19L 19L
3,75s s Þ 4,75s

30 30
+ = =

1 2

L L 19L
s s L

5 6 30

⎛ ⎞⎟⎜+ = − + =⎟⎜ ⎟⎜⎝ ⎠

1 1A BN 373,33N êáé N 426,67N.′ ′= =

Óô(Ï) = 0 Þ Þ

êáé ãéá

ÓFx = 0 Þ T1x – T2x + Fx = 0 Þ xF 50 3N=−

22 èñ 1T T 100 3 Í : Ô 200Í= = =

ï ï
2 1

2L L L
T çì60 w T çì30 0

3 6 3
− + + =

2y 1y

2L L L L
T w T 0

3 2 3 3

⎛ ⎞⎟⎜− + − + =⎟⎜ ⎟⎜⎝ ⎠
  4.84 

  4.85 
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ÓFy = 0 Þ w – T1y – T2y – Fy = 0 Þ Fy = 150N

Ëüãù äñÜóçò – áíôßäñáóçò: 

Óô(Â) = 0 Þ 

Þ Ô = 180Í

ÓFx = 0 Þ Ôóõí30ï = Fx Þ 

ÓFy = 0 Þ w1 – Ôçì30ï – Fy = 0 Þ Fy = 10N

á) ÌÄ // ÃÂ êáé Ì ìÝóï ôïõ ÁÂ, Üñá ï öï-
ñÝáò ôïõ âÜñïõò w äéÝñ÷åôáé áðü ôï Ä.

2 2
x y

y

x

F F F 156,2N

F
åöö 0,06

F

= + =

= =

xF 90 3N=

o
1

2L L
w L Tçì30 L 0

5 3

⎛ ⎞ ⎛ ⎞⎟ ⎟⎜ ⎜− − − =⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎝ ⎠ ⎝ ⎠

F 173,2N′ =

2 2
x yF F F 173,2N= + =

ÅðåéäÞ óôç ñÜâäï áóêïýíôáé ôñåéò äõíÜìåéò ðïõ
äåí åßíáé ðáñÜëëçëåò ìåôáîý ôïõò, ç F äéÝñ÷å-
ôáé åðßóçò áðü ôï Ä (âëÝðå ðáñáôçñÞóåéò).

â) Óô(Â) = 0 Þ Þ

Þ 
w

T 200N
2

= =ï oL
wçì60 Tçì60 L

2
=

y y

L
T L w 0

2
− + =

ÓFx = 0 Þ Tx + wx = Fx Þ 

Ôóõí60ï + wóõí60ï = Fóõí30ï Þ 

Óô(Á) = 0 Þ Þ 

w = 400N

ÓFx = 0 Þ wx = Fx Þ Fx = wçì30° = 200Í

ÓFy = 0 Þ wy – T – Fy = 0 Þ 

2 2
x yF F F 264,57N= + =

yF 100 3N=

ï L
wóõí30 ÔL 0

2
− =

F 200 3N=

Óô(Á) = 0 Þ

Ô = ìsÍ 2,68Í
ÓFx = 0 Þ Fx = N = 22,32N
ÓFy = 0 Þ w1 – T – Fy = 0 Þ Fy = 97,32N

á) w1 = T1 êáé Ô1 = Ô2 = 400Í

Óô(Á) = 0 Þ Þ F = 900N2

L L
F w T L 0

3 2
− − + =

2 2
x yF F F 99,85N�= +

�

o ï ï
1

1
s

L
w óõí45 TLóõí45 ÍLçì45 0

4
w

ì Í N 0 Þ Í 22,32Í
4

− + + =

− + + = =

4.86 

 4.87 

 4.88 

4.89 

  4.90 
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â) ÓFy = 0  Þ  F + w – T2 – Fô = 0  Þ  Fô = 700Í

á) Óô(O) = 0 Þ –Fyd2 + Fåëd1 = 0 Þ 

w1 = Fåë = 80Í

â) Fåë = kx Þ x = 0,2m

ã) ÓFx = 0 Þ êáé 

ÓFy = 0 Þ Fy + Fåë = Íy Þ Íy = 180N

Óô(Â) = 0 Þ Þ

F2 = k2Äx2

Áðü (1) êáé (2): êáé

ÓFy = 0 Þ w – F1 – F2 – F = 0 Þ 

ÓFy = 0 Þ w = Ty = Ôóõí30ï

Þ 

ÓFx = 0 Þ N = Tx = Ôçì30ï =

N´ = Í = (äñÜóç –
áíôßäñáóç)

á1) Ãéá ôï óþìá: 

ÓFy = 0 Þ F = wóõí60ï Þ F = 30N
H ñÜâäïò äÝ÷åôáé áðü ôï óþìá äýíáìç:

Ãéá ôç ñÜâäï:

ÓFy = 0 Þ 

ÓFx = 0 Þ Þ

á2) Óô(Á) = 0 Þ Þ 

( ) ( )1N 3 6 10 x 1= −

ï
1N Lçì60 F (L x)′= −

1

105 3
Í Í 17,5 3Í

6
= =

ï
1 x s 2Í F T F çì60 ì Í′ ′= + = +

ï
2N F óõí60 15Í′= =

F F 30N′ = =

100 3N

100 3N=

T 200 3N=

w
F

6
=

1

2w
F

3
=

2 2

3w w
9F Þ F

2 6
= =

( )1 1 1 2 2 2 2 2F k Äx 2k 2Äx 4k Äx 4F 2= = = =

( )2 1

3w
F 2F 1

2
+ =

2 1

L L 2L
F w F 0

3 2 3
− + =

2 2
x y

y

x

N N N 249,8N

N
åöö 0,6 3

N

= + =

= =

ï
x xN F Fóõí30 100 3N= = =

ï2 2
åë y

1 1

d d
F F Fçì30 80N

d d
= = =

 4.91

  4.92 

4.93 

 4.94 
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Áðü ôç ó÷Ýóç (1): x = 1,25m
Â. Ãéá ôï óþìá: ÓFx = má

wçì60ï = má Þ 

ÓFx = 0 Þ Tx = N Þ Ôçì60ï = Í (1)
ÓFy = 0 Þ w = Ty + Fåë + Tñ Þ 

w = Tóõí60ï + kÄx + ìsÍ (2)

Áðü (1) êáé (2):
w = Ôóõí60ï + kÄx + ìsÔçì60ï Þ

á) Óô(Ã) = 0 Þ 

Þ Í = 80Í

â) Ãéá ôï m1: ÓF = 0 Þ êáé, åðåéäÞ

, Ý÷ïõìå Fåë = 120Í, äçëáäÞ ôï åëáôÞñéï
åßíáé åðéìçêõìÝíï.
Fåë = kx Þ x = 0,2m

Óô(Ï) = 0 Þ

Þ åöö = 4

Ãéá íá õðåñðçäÞóåé ï ôñï÷üò ôï åìðü-
äéï, ðñÝðåé |ôF(Ë)

|> |ôw(Ë)
| Þ F(h1 – h) > wd           (1)

Aðü (1), (2), (3):

Üôïðï, Üñá ï ôñï÷üò äå èá õðåñ-

ðçäÞóåé ôï åìðüäéï.

ÓFx = 0 Þ F = T = ìsÍ       (1)
ÓFy = 0 Þ w = N         (2)

Óô(Â) = 0 Þ êáé ëüãù ôùí

(1) êáé (2): Þ

Þ ö = 30ï

Ôï óýóôçìá éóïññïðåß, Üñá:
Óþìá m1: w1 = T1 (1)
Óþìá m2: w2 = T2 + N2 (2)

3
åöö

3
=

s

2L
Í óõíö ì ÍLçìö

3
=

2L
w óõíö FLçìö

3
=

2w R wR 5
5 3 3

>

( ) ( )22 2 R 5
R R h d Þ d 3

3
= − + =

( )1

2R R R
h h 2

3 3 3
− = − =

1 1
1 1

L 2L
w çìö 2w óõíö

2 2
=

( )ï1 2
1 2

L L
w çìö w çì 90 ö 0
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=
L

m
1
+m

2( )R2

4

    = 3,8rad / s

L
1
= m

1
d

A

2     L
1
= 0,45kg m2 / s

L
1

 = m
1

R2

4
    L

1
 = 0,68kg m2 / s 

L1
% =

L
1

 L
1

L
1

100%    
L1

% = 51,1%

5.57 L
A

= m
A 0

r
A

2     L
A

= 2kg m2 / s

L = L     L = L
A

 +L
B

 +L   

L = m r
A

2 +m
B

r
B

2 +m r2     

=
L

A

m
A
r
A

2 +m
B
r
B

2 +m r2
    =10rad / s

L
A

 = m r
A

2     L
A

 = 0,2kg m2 / s 

L = L
A

 L = 1,8kg m2 / s    

=
L
t

   = 18N m

LA
% =

L
A

 L
L

100%    
LA

% = 90%

5.58 
1
=

1
t    

2
=

2
t 

1
+

2
=

1
+

2( ) t  
2
3

=
1
+

2( )
15

 

 
1
+

2
=10rad / s  (1)

1
=16

2
  

1

2r =16
2

2r  
1

2 =16
2

2   
1
= 4

2
  (2)

2
= 2rad / s  

1
= 8rad / s

L
1

L
2

=
m

1 1
r2

m
2 2

r2
    

L
1

L
2

=
m

1
4

2

4m
1 2

    L
1
= L

2

L = L     L
1

L
2

= L      L = 0    

m
1
+m

2( ) r2 = 0    = 0 -

-

1ï ÊÑÉÔÇÑÉÏ ÁÎÉÏËÏÃÇÓÇÓ
ÊÉÍÇÓÅÉÓ ÓÔÅÑÅÙÍ ÓÙÌÁÔÙÍ –

ÑÏÐÇ ÄÕÍÁÌÇÓ – 
ÉÓÏÑÑÏÐÉÁ ÓÔÅÑÅÏÕ – 

1â, 2â, 3ã, 4ä, 5: á-Ë, â-Ë, ã-Ë, ä-Ë, å-Ë

1á: 

2ã: 

3â: 
1 2

2 2
ê ê

2R 3R
á ù , á ù

3 4

⎛ ⎞⎟⎜ = = ⎟⎜ ⎟⎜⎝ ⎠

( )
á(Ì) T FÓô 0, ô ô 0= + =

Á cm Â cm

5 1
õ õ , õ õ

3 3

⎛ ⎞⎟⎜ = = ⎟⎜ ⎟⎜⎝ ⎠

1â, 2â, 3ã, 4ä, 5: á-Ë, â-Ë, ã-Ë, ä-Ë, å-Ë

1á: 

2ã: 

3â: 
1 2

2 2
ê ê

2R 3R
á ù , á ù

3 4

⎛ ⎞⎟⎜ = = ⎟⎜ ⎟⎜⎝ ⎠

( )
á(Ì) T FÓô 0, ô ô 0= + =

Á cm Â cm

5 1
õ õ , õ õ

3 3

⎛ ⎞⎟⎜ = = ⎟⎜ ⎟⎜⎝ ⎠

á1) Óô(Á) = 0 Þ Þ 

á2) ÓFx = 0 Þ 

ÓFy = 0 Þ Fáy = w1 = 100N

2 2
á áx áyF F F 50 7N= + =

áxF T 50 3N= =

Ô 50 3Í=

ï ï
1w óõí30 Ô çì30

2
�

�=

3
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á1) 

Þ õcm = 2õÃ = 10m/s êáé 

õãñ
Â

= ùR = 10m/s

á2) 

â1) ÌÝ÷ñé ôç óôéãìÞ t1 = 2s: è1 = ùt1 = 40rad êáé 

1
1

è 20
N ðåñéóôñïöÝò

2ð ð
= =

Á

2
ãñ 2 2

ê

õ
á ù R 200m / s

R
= = =

cmõ
ù 20rad / s

R
= =

cmõ

2
=

cm
Ã cm ãñ cm cm

õR R
õ õ õ õ ù õ

2 R 2
= − = − = − =

Áðü ôç óôéãìÞ t1 ìÝ÷ñé íá óôáìáôÞóåé åêôåëåß Í2

ðåñéóôñïöÝò.

è2 = 2ðÍ2 = 25rad
Aí óôáìáôÜ ôç óôéãìÞ t2:

êáé

Áðü (1) êáé (2): Þ |áãùí| = 8rad/s2

â2) Þ t2 = 4,5s
2 1

ãùí

ù
t t

á
− =

2

2

ãùí

1 ù
è

2 á
=

( ) ( ) ( )2

2 2 1 ãùí 2 1

1
è ù t t á t t 2

2
= − − −

( ) ( )ãùí 2 10 ù á t t 1= − −

2 oë 1

12,5
Í Í Í ðåñéóôñïöÝò

ð
= − =

2o ÊÑÉÔÇÑÉÏ ÁÎÉÏËÏÃÇÓÇÓ

4

ÅÐÁÍÁËÇÐÔÉÊÏ ÓÔÅÑÅÏÕ ÓÙÌÁÔÏÓ

) T

1á: Ãéá íá õðåñðçäÞóåé ï äßóêïò ôï åìðüäéï,
ðñÝðåé íá éó÷ýåé:

Þ

Þ  

åöö > 1  Þ  ö > 45o

mgçìö
1,6R mgçìö 0,6R mgóõíö 0,8R

8
⋅ + ⋅ > ⋅

x yF (ÂÃ) w (ÂÄ) w (ÂÅ)⋅ + ⋅ > ⋅

(B ) x y(B ) (B )
F w wô ô ô+ >

á) 2cm
ãùí

á 25
á rad / s

R 3
= =

â) 

Ãéá t = 2s: õcm = ácmt = 10m/s

ã) Ãéá t = 3s: ù = áãùít = 25rad/s

2 2
K Ë

R
á á ù 125m / s

3
= = =

cm
Ë cm ãñ cm

2õùR 20
õ õ õ õ m / s

3 3 3
= − = − = =

cm
Ê cm ãñ cm

4õùR 40
õ õ õ õ m / s

3 3 3
= + = + = =

L = L     m
1
R

1
= m

2
2R

1
    

2
= 1

2

F
2

= m 2

2

R
2

= m
1

2

4
2R

1

=
1
8

m 1

2

R
1

=
1
8

F
1
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F = 0    F
A

+F
B

= mg+m
2
g    F

A
+F = 70  (1)

A
= 0  m

2
g( ) mg(MA)+F (BA) = 0  F =10

 (1): F
A

= 60N

1

2 -

(B)
= 0    mg(MB) = m

2
g(B )    = 0,75m

2 2
=

t
1

=1,2m / s

1

1
2

m
1 1

2 = m
1
g

1
    

1
= 6m / s

1 2

p = p    m
1 1

= m
1 1

+m
2 2

    
1
= 3,6m / s

3
K =

1
2

m
1 1

2 = 9J    

K =
1
2

m
1 1

2 +
1
2

m
2 2

2 = 6,12J

K > K

4

1
2

m
1 1

2 = m
1
gh    h = 0,648m
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ÊÅÖÁËÁÉÏ ï

AÐËÇ ÁÑÌÏÍÉÊÇ ÔÁËÁÍÔÙÓÇ
ÊÉÍÇÌÁÔÉÊÇ ÐÑÏÓÅÃÃÉÓÇ

ÅñùôÞóåéò ðïëëáðëÞò åðéëïãÞò

ÅñùôÞóåéò óùóôïý - ëÜèïõò
. Ó, Ë, 3. Ë, Ë, Ë, Ó, .4 Ó,

.4 Ë, Ó, Ë, Ë, . Ó, Ë, . Ë,

Ë, .5 Ó, .5 Ó, .5 Ó, .5 Ë, .5 Ë, . Ó

ÁóêÞóåéò

 

â) Óå ÷ñüíï 2Ô äéáíýåé Þ 

ã) êáé ãéá 

á) Ãéá t = 0:

â)

Ïé äýï áêñáßåò èÝóåéò áðÝ÷ïõí 2Á = 0,2m Þ 
Á = 0,1m. Ìå ÷ñÞóç ôïõ ðåñéóôñåöüìåíïõ äéáíý-

óìáôïò ðñïêýðôåé: 

êáé 

ã) 

ä) 

êáé

Äõ
á 80 3 m s

Ät
= =

Äx
õ= = 2m s

Ät
Þ x = 0,05 3m,

ð
Ãéá t

120
=

(2
0á ù Açì ùt ö=− +

2ð ð
T s

ù 20
= =

Þ ù 40rad s=2 1Äö ö ö ùÄt= − =

2

ð
Þ ö rad

3
=2

A 3
2çìö
A

=

1

ð
Þ ö rad

6
=1

A
2çìö
A

=

0 =ö .

0
0 Açìö

ð
t s,

60
=

ð
p 16óõí 20t

⎛ ⎞⎟⎜= + ⎟⎜ ⎟⎜⎝ ⎠

ðx 0,4çì 20t SI
⎛ ⎞⎟⎜= + ⎟⎜ ⎟⎜⎝ ⎠

N 10
f Þ f

t ð
= = Hz, Üñá: ù = 20rad s

A 0,4m=8A 3,2m=

0 0Açìö , Üñáö rad= =

ÔÁËÁÍÔÙÓÅÉÓ

2

s: x =0,1 çì
ð

6.8 , 6.9 , 6.10 , 6.11 , 6.12 , 6.13 , 6.14 , 

6.15 , 6.16 , 6.17 , 6.18 , 6.19 , 6.20 , 6.21 , 

6.22 , 6.23 , 6.24 , 6.25 , 6.26 , 6.27 , 6.28 , 

6.29 , 6.30 , 6.31 , 6.32 , 6.33 , 6.34  

6.35 , 6.36 , 6.37 , 6.38 , 6.39 , 6.40 , 6.41  

6.42 , 6.43 , 6.44 , 6.45 , 6.46 , 6.47 , 6.48 , 

6.49 , 6.50 , 6.51 , 6.52 , 6.53 , 6.54 , 6.55  

p = –8 3 kg · m/s

6.56

6.57

6.58

â)

Ïé äýï áêñáßåò èÝóåéò áðÝ÷ïõí 2Á = 0,2m Þ 
Á = 0,1m. Ìå ÷ñÞóç ôïõ ðåñéóôñåöüìåíïõ äéáíý-

óìáôïò ðñïêýðôåé: 

êáé 

ã) 

ä) 

êáé

2Äõ
á 80 3 m s

Ät
= =

= =−
Äx

õ 2m s
Ät

=−Þ x 0,05 3m,

( )ð
Ãéá t s: x 0,1 çì 40t ð

120
= = +

( )160çì 40t ð SI=− +( )2
0á ù Açì ùt ö=− +

2ð ð
T s

ù 20
= =

Þ ù 40rad s=2 1Äö ö ö ùÄt= − =

2

ð
Þ ö rad

3
=

2

A 3
2çìö
A

=

1

ð
Þ ö rad

6
=1

A
2çìö
A

=

– 280 3 m s )   2   8  = 3,2m   = 0,4m

ð

)  

 )  t = 0:

   > 0 : 0 = 0.

 –160 40t

ð
rad

3

êáé= =−
Äx

õ 2m s
Ät

−0,05 3m, êáé2m s



3.64 á) Áðü ôç ó÷Ýóç 

ù = ðrad/s

Üñá x = 0 ãéá t1 = 0 êáé t2 = 1s.

â) Üñá 

ã) ÐñÝðåé õ = 0 Þ óõíðt = 0, Üñá 

3.65 á) Áðü ðñïêýðôåé:

Á = 0,1 m, 

â) á = –ù2x. Ãéá x = 0,08m, 

3.66 á) Áðü ôï äéÜãñáììá á = f(t): Á = 0,2m

Þ  

Ãéá t = 0: 

êáé, åðåéäÞ õ < 0, éó÷ýåé

â) Üñá ôï óþìá êÜíåé äýï

ðëÞñåéò ôáëáíôþóåéò óå ÷ñüíï .

ã) 

3.67 á) Áðü ôï ðåñéóôñåöüìåíï äéÜíõóìá

ðñïêýðôåé:

â) 

ã) õ ùAóõí ùt=

3 4
1 1

2ð
ù 5rad / s

Ô
ö ö ð

Äö ùÄt Þ Ät s
ù 10

= =

+
= = =

4

ð
ö rad.

4
=

3 3

Á 2
ð2çìö Þ ö rad êáé ïìïßùò

Á 4
= =

1 5
f Hz

T 2ð
= =

1 2

ð 2ð 2ð
ö ö ùÄt Þ Ät Þ T s

3 Ô 5
+ = = ⋅ =

2

ð
ö rad.

6
=

1 1

A
ð2çìö Þ ö rad êáé ïìïßùò

Á 6
= =

2ð
õ 8óõí 40t SI

3

⎛ ⎞⎟⎜= + ⎟⎜ ⎟⎜⎝ ⎠

ð
2T s

10
=

2ð ð
Ô s,

ù 20
= =

0

2ð
ö rad.

3
=

00,1 3 0,2çìö=

ù 40rad s=2
maxù A á=

−= ± − = ± ⋅2 2 2õ ù Á x 1,5ð 10 m / s

21
á m/ s

20
=−

2
2

ð ð
õ óõí t êáé ãéá t 2s: õ 0 êáé p 0

40 4
ð ð 1

á çì t êáé ãéá t 2s: á m / s
160 4 16

= = = =

=− = =−

0

ð
ù rad/ s, ö 0

4
= =

=
ð

x 0,1çì t
4

6t 1,5s.=

5t 0,5s,=

4

11
t s.

6
=3

1
t s,

6
=10 3 20óõí ðt,=

=
20

x çì ðt,
ð

max

20
õ 20m s, Üñá Á m.

ð
= =

0ö 0,=( )õ f t :=

ð

ð
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á) Ãéá t = 0, x = 0 êáé õ  0, Üñá

â) êáé ãéá 

ã) á =−200

õ ðm s=±

x 0,1 3m:=−= ± −2 2õ ù A x

õ 2ðóõí10ð SI

4A 0,8m Þ A 0,2m= =

2ð
T 0,2s êáé ù 10ðrad s

Ô
= = =

0 =ö

2 2 1

ð
Ät t t s

60
= − =

2

ð
Üñá t s

20
=2

2
Ë: ùA ùAóõíùt ,

2
=

1

ð
Üñá t s

30
=1

3
K: ùA ùAóõíùt ,

2
=

 á) Áðü ôï äéÜãñáììá ðñïêýðôåé:

, Üñá: 

â) Áðü ôç ó÷Ýóç ãéá 

õ = 8m/s Ý÷ïõìå: 2á 6ðm s= ±

2 2
maxá ù õ õ ,= ± −

2á ù A çìùt 10ðçì ðt SI=− =−0ö 0=

max

10
õ ùA 10m s Þ Á m

ð
= = =

2ð
T 2s, Üñá ù ðrad s

Ô
= = =

( )õ f t=

ã) ¢ñá, ãéá 

á) Áðü ôéò ó÷Ýóåéò 

ðñïêýðôåé: Á = 0,2m

êáé ù 10rad s=

( )= −2 2 2 2
2 2êáé õ ù A x

( )= −2 2 2 2
1 1õ ù A x

1 5
t s : x m

6 ð
= ==

10
x çìð t.

ð

â) 

ã) maxõ ùA 2m s= =

1

ð
ö ùt Þ t s

60
= =

1 1

0,1 ð
çìö Þ ö rad

0,2 6
= =

á) Áðü ôï äéÜãñáììá x = f(t) ðñïêýðôïõí:

êáé ãéá t = 0,  x = 0,1m, Üñá 0,1 = 0,1çìö0

â) 

ã) Þ = ± −2 2õ ù A x

( )2
0

ðá ù A çì ùt ö 40çì 20t SI
2

⎛ ⎞⎟⎜=− + =− + ⎟⎜ ⎟⎜⎝ ⎠

ðõ 2óõí 20t SI
2

⎛ ⎞⎟⎜= + ⎟⎜ ⎟⎜⎝ ⎠

0
ðÞ ö rad.
2

=

( )0A 0,1m, Üñá x 0,1çì 20t ö= = +

ð
T s, Üñá ù 20rad s

10
= =
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á) Áðü ôç ó÷Ýóç

Üñá 

Þ Á=0,1m êáé 

â) 

, Üñá:

ã) Ãéá 

êáé ãéá 

¢ñá: 

á) Áðü ôç ó÷Ýóç 

ðñïêýðôïõí: 

â) êáé 22
max

4
á ù A m s

9
= =max

2ð
õ ùA m s

15
= =

0

ð
Üñá Ô 6s êáé ö rad= =

ð
Á 0,4m, ù rad s,

3
= =

⎛ ⎞⎟⎜= + ⎟⎜ ⎟⎜⎝ ⎠
ð ð

x 0,4çì t
3

sÄp = kg ⋅m

22

1
t s :

0
=

1

1
t

p 2ðóõí 10ðt SI
ð⎛ ⎞⎟⎜= + ⎟⎜ ⎟⎜⎝ ⎠

ð
õ ðóõí 10ðt

⎛ ⎞⎟⎜= + ⎟⎜ ⎟⎜⎝ ⎠

⎛ ⎞⎟⎜= + ⎟⎜ ⎟⎜⎝ ⎠
ð

x 0,1çì 10ðt SI

0

ð
ö rad=2 210ð ù A− =−

2ð
Ô 0,2s

ù
= =ù 10ðrad s,=

2 ð
á 10ð çì 10ðt :

⎛ ⎞⎟⎜=− + ⎟⎜ ⎟⎜⎝ ⎠

ã) 

ä) Áðü ôç ó÷Ýóç ðñïêýðôåé:

2 216 10
á õ

81 9
= −

2 2
maxá ù õ õ=± −

4 ð ð
á çì t SI

9 3

⎛ ⎞⎟⎜=− + ⎟⎜ ⎟⎜⎝ ⎠

2ð ð ð
õ óõí t SI

15 3

⎛ ⎞⎟⎜= + ⎟⎜ ⎟⎜⎝ ⎠

⎛ ⎞

á) ¼ôáí ôï óþìá âñßóêåôáé óôéò áêñáßåò
èÝóåéò ôçò ôáëÜíôùóçò, Ý÷åé ìÝãéóôç åðéôÜ-
÷õíóç. Áðü ôï äéÜãñáììá á = f(t) ðñïêýðôåé üôé
ôï óþìá âñßóêåôáé óôéò áêñáßåò èÝóåéò ôéò ÷ñï-
íéêÝò óôéãìÝò 

â) Áðü ôï äéÜãñáììá á = f(t) ðñïêýðôïõí:

ã) 

ð ð ð
õ óõí t SI

10 5 2

⎛ ⎞⎟⎜= + ⎟⎜ ⎟⎜⎝ ⎠

⎛ ⎞⎟⎜= + ⎟⎜ ⎟⎜⎝ ⎠
ð ðx 0,5çì t SI
5 2

max

ð
õ ùA m s

10
= =

2
maxá ù A Þ A 0,5m= =

0

2
2

max

ð ð
T 10s, Üñá ù rad s, ö rad

5 2
ð

êáé á m s
50

= = =

=

1 2t 0 êáé t 5s.= =
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á) 

Ãéá 

â) 

á) êáé

Áðü (1), (2) ìå äéáßñåóç êáôÜ ìÝëç:

¢ñá, óå ÷ñüíï ôï óþìá åêôåëåß

ôáëáíôþóåéò

â) maxõ ùA Þ Á 0,1m= =

N f t 50= ⋅ =

t ðs=

ù 50
f Hz

2ð ð
= =

maxõ 10m s êáé ù 100rad s= =

( ) ( )2 2 2 2
2 max 2á ù õ õ 2= −

( ) ( )2 2 2 2
1 max 1á ù õ õ 1= −

2 2
K Ëá 25,6m s êáé á 19,2m s=− =−

=− 2á ù x

Ë Ë

Ë Ë

Ãéá x 0,3m, õ 3,2m s

êáé p mõ 12,8kg m s

= =±

= = ⋅

Ê Kêáé p mõ 9,6kg m s= = ⋅

= = ±K Kx 0,4m : õ 2,4m s

= ± −2 2õ ù Á x

ð 2ð
T s, Üñá ù 8rad s

4 Ô
= = =

22 3
maxá ù A 10 m s= =

á) Ç áðüóôáóç ðïõ äéáíýåé ôï óþìá åßíáé
d = 3A Þ Á = 0,2m.

â) êáé

ã) 

êáé p mõ 4kg m s= = ⋅

2 2õ ù A x Þ õ 1m s= ± − =

ù 5
f Hz

2ð ð
= =

2
maxá ù A Þ ù 10rad s= =

( )max 0

0 0

á á çì ùt ö

ð20çìö Þ ö rad
2

=− +

Ã é á t = 0 : 20 =− =

Ãéá ôï Ë: 

Ãéá ôï óçìåßï Ê: 

¼ôáí ôï óþìá ðçãáßíåé áðü ôç èÝóç Ê óôç èÝóç
Ë, ôï ðåñéóôñåöüìåíï äéÜíõóìá äéáãñÜöåé ãù-
íßá Äö. 

1 max

3 3
õ ùA õ

2 2
= =

2 1

ð
Äö ùÄt Þ ö ö ù t

2
ð 2ð

Þ ù rad s, Üñá T 6s
3 ù

= + + = ⋅

= = =

2 2

Á
ð2óõíö Þ ö rad

Á 3
= =

1

ð
Þ ö rad

3
=1

3
Á

2çìö
Á

=

, Üñá ãéá ðñïêý-

ðôåé 2 2

1 T
óõí ùt Þ t .

2 6
= =

max
2

õ
õ

2
=2 max 2õ õ óõí ùt=

2 max
2 1

1
max

max
2

3
õ õõ õ 1 32ð% 100% Þ

õ 3 3
õ

2
õ

Þ õ
2

−− −
= ⋅ =

=

1t s=

A A
Ãéá x :

2 2
=− − = A çì

ð
2

 
–– 
2

                     
A (10 t + ––––) 

                    2



2

A 3 1
Ïìïßùò: Ãéá x : t s

2
=− =

Áðü ôç ó÷Ýóç ðñïêýðôåé:

â) ã) 

Áðü ôç ó÷Ýóç ðñïêýðôåé:

êáé 

SI

á) 

â) 

Áðü ôï äéÜãñáììá ðñïêýðôåé:

1 1 1

2

ö ù t Þ ù 42ðrad s êáé

ù 54ðrad/ s

= =

=

2Þ t s ãéá äåýôåñç öïñÜ
3

=

A A ðt ð
Ãéá x : Á çì

2 2 10

⎛ ⎞⎟⎜= = + ⎟⎜⎜⎝ ⎟⎠

1t s ãéá äåýôåñç öïñÜ=

ðt ð
Ãéá x A : Á Á çì Þ

10

⎛ ⎞⎟⎜=− − = + ⎟⎜ ⎟⎜⎝ ⎠

( )0
ðt ð

x A çì ùt ö A çì
10

⎛ ⎞⎟⎜= + = + ⎟⎜ ⎟⎜⎝ ⎠

0

ð
ö rad=ù 0,1ðrad s=

( )õ f t=

1á ð 3
s

õ 30
−=1á ð

s
õ 10

−=

1á ð
á) 3 s

õ 10
−=

=− = ± −2 2 2á ù x êáé õ ù A x

ð
ù rad s

10
=

( )=x f t

1

1 1

22 2

Í
f N 7t

Nf N 9
t

= = =

1
1 2

ù
f 21Hz êáé f 27Hz

2ð
= = =

Ôá óþìáôá âñßóêïíôáé óôçí áñ÷éêÞ ôïõò êáôÜ-
óôáóç ôáõôü÷ñïíá, üôáí ôï óþìá (1) Ý÷åé êÜíåé
7, 14, 21, ..., 7í ôáëáíôþóåéò êáé áíôßóôïé÷á ôï
óþìá (2) Ý÷åé êÜíåé 9, 18, 27, ..., 9í ôáëáíôþóåéò.

Ãéá ðñþôç öïñÜ: 

Ãéá äåýôåñç öïñÜ: 

ÄÕÍÁÌÉÊÇ ÐÑÏÓÅÃÃÉÓÇ

ÅñùôÞóåéò ðïëëáðëÞò åðéëïãÞò
. ä, . ã, ä, ã, ã, ã, ã, 

ä, â, â, â, ä, â, 

á, ã, â, , ä, á, 

ã

ÅñùôÞóåéò  óùóôïý - ëÜèïõò
Ë, Ó, Ó, Ó, Ë, Ë,

Ë, Ë, Ó, Ó, Ó, Ë,

Ó, Ó, Ó, Ó, Ë

ÁóêÞóåéò

2 1

1 2
t 14 Ô 14 s s

21 3
= ⋅ = =

1 1

1 1
t 7 Ô 7 s s

21 3
= ⋅ = =

á) 

â) 

ã) 

á) êáé( )2
maxF DA mù A 1= =

=− =2F mù x Þ F 25 2N

2
maxF mù A 50N= =

ù 5
f Hz

2ð 2ð
= =

maxõ ùA Þ ù 5rad s= =

Áðü (1) êáé (2): Á = 1m, , Üñá

2ð ð
T s

ù 5
= =

ù 10rad s=

( )maxõ ùA 2=
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â) 

ã) 
ð ð

5 2 10çì 10t , Üñá t s
⎛ ⎞⎟⎜− =− + =⎟⎜ ⎟⎜⎝ ⎠

⎛ ⎞⎟⎜=− =− + ⎟⎜ ⎟⎜⎝ ⎠
ð

F Dx 10 çì 10t SI

á) Ãéá t = 0, x = A, Üñá Þ

êáé 

â) Ãéá t = 0, x = A, Üñá

0 rad
2

2D k mù 800N m= = =

2ð
ù 20rad s

T
= =

ð
T s

10
=

T
Ät

2
=

ã) 

ä) êáé ãéá 

2 2
2

m ð
T 2ð s, ù 20rad s

k 10
= = =

1 2max 1 1 maxõ ù A 1m s õ= = =

1A 0,1m=

1 1
1

m ð 2ð
T 2ð s, ù 10rad s,

k 5 T
= = = =

T

ð
t s : F 0

40
= =T åë åðF F F= =

⎛ ⎞⎟⎜=− =− + ⎟⎜ ⎟⎜⎝ ⎠åð

ð
F Dx 160çì 20t SI

2

⎛ ⎞⎟⎜= + ⎟⎜ ⎟⎜⎝ ⎠
ð

x 0,2çì 20t SI
2

á) Áðü ôç èÝóç Á Ýùò ôç èÝóç Â: 

Áðü ôç èÝóç Â Ýùò ôç èÝóç Ã: 

Ç èÝóç Ã åßíáé ç È.É. ôçò ôáëÜíôùóçò ôïõ óþ-
ìáôïò ìå ôï äåýôåñï åëáôÞñéï. ¢ñá, ôï óþìá
åðáíÝñ÷åôáé óôç èÝóç Ã óå ÷ñüíï

. Ç ôá÷ýôçôá óôç È.É. åßíáé:

Áðü êáé áðü

¢ñá: 

â) 
2max 2 2 2õ ù A Þ A 0,05m= =

ïë 1 2 3 4 5

7ð
t t t t t t s

20
= + + + + =

1
5

Ô ð
Â Á :t s

4 20
→ = =

→ = =
2

4
max

Äx ð
Ã Â:t s

õ 10

2 1max maxõ õ 1m s= =

2
3

T ð
t s

2 20
= =

= =
1

2
max

Äx ð
t s

õ 10

1
1

T ð
t s

4 20
= =

á) ÂëÝðå âáóéêÞ Üóêçóç : D = k

Ãéá ôï óþìá Â: 

¢ñá: 

â) 

ã) È.É.: ( ) ( )+ = = +
1A B åë 1m m gçìö F k x A

A
A

m
T 2ð Þ k 20N m

k
= =

A A2T t Þ T 2s= =

21
s gçìö t Þ t 4s

2
= =

Bwçìö m á Þ á gçìö= =

0

 )  t = 0, x = +A, :
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È.É.Ô.: 

¢ñá, Á = 0,5m, ïðüôå d = 8A = 4m.

á) ÌåëåôÜìå ôï óýóôçìá ùò åíéáßï óþìá,
ïðüôå D = k.

= =
2A åë 1m gçìö F kx

êáé 

â) 

, Üñá: 

á) ÂëÝðå âáóéêÞ Üóêçóç : D = k

êáé 

0

ð
ã) ö rad, Üñá

2
ð

x 0,5çì 8t êáé ãéá
2

=

⎛ ⎞⎟⎜= + ⎟⎜ ⎟⎜⎝ ⎠

åë

åë

â) ÓF kx Þ w F kx Þ

F 100 640x ìå

0,5m x 0,5m

=− + =−

=− −

− ≤ ≤

2ð
ù 8rad s

T
= =

m ð
T 2ð s

k 4
= =

2

ð
F 20çì 5t SI

2

⎛ ⎞⎟⎜=− + ⎟⎜ ⎟⎜⎝ ⎠
⎛ ⎞⎟⎜= + ⎟⎜ ⎟⎜⎝ ⎠

ð
x 0,4çì 5t

2

=− =−2
2 2F m ù x 50x SI

2ð
ù 5rad s

T
= =1 2m m 2ð

T 2ð s
k 5
+

= =

Üñá: åëF 220Í=
ð

t s : x 0,5m,
8

= =−

â) Ãéá 

ã) Ãéá íá åßíáé ôï íÞìá ôåíôùìÝíï, ðñÝðåé:

ÅðåéäÞ ôï íÞìá äå ÷áëáñþ-

íåé ðïôÝ.

á) 

â) ÂëÝðå âáóéêÞ Üóêçóç : D = k

êáé 

ã) êáé Üñá

=− − + =−

⎛ ⎞⎟⎜=− − + ⎟⎜ ⎟⎜⎝ ⎠

1 2 åë

åë

ä) ÓF kx Þ F F F kx Þ

ðF 10 10çì 10t SI
2

⎛ ⎞⎟⎜= + ⎟⎜ ⎟⎜⎝ ⎠
ðx 0,1çì 10t SI
2

0
ðö rad,
2

=1Á x 0,1m= =

ù 10rad s=m ð
T 2ð s

k 5
= =

1 2 1 1ÓF 0 Þ F F kx Þ x 0,1m= = + =

Á 0,1m 2,5m,= <

> − > <F 0 Þ 10 4x 0 Þ x 2,5m

ð
t

2
= s, F 1= 0 N

                                           ) x = 0,1 (2t + –––),           2 

  = 0,1 m   = 2 rad/s 

F – w2 = –D2x   

F = w2 – m2
2x 

 F = 10 – 4x = 

                                    = 10 – 4[0,1 (2t + –––)] =            2 

                                = 10 – 0,4 (2t + –––)  SI
           2



A  –  

575

êáé ãéá , ãéá

á) È.É.Ô.: ÓF 0 Þ w= +F kx1 1= 1( )

22 åë

ð
t s : F

10
=

11 åë

ð
t s : F 10N

20
= =−

Ôõ÷áßá èÝóç: 

â) Áðü ó÷Ýóç 

Óôç È.É.: 

ã) 

(öïñÜ ðñïò ôá ðÜíù)

á) 

2
B BD m ù 10N m= ⋅ =

ù 2ðf ðrad s= =

= =−åë

1
êáé ãéá x m :F 17,5N

90

1 åëÓF kx Þ F w F kx=− + + =−

( )
1åë 1

1
F w F k Á x , Üñá Á m

45
+ = = + =

=1

15
(1) : x m

225

m 2ð
T 2ð s

k 15
= =

Aðü ôéò ó÷Ýóåéò (1) êáé (2): ÓF kx=−

( )( )1 1ÓF w F k x x 2= + − +

â) Þ 

ã) ×Üíåé åðáöÞ, üôáí F = 0, Üñá x = 1m,

ïðüôå åëÜ÷éóôï ðëÜôïò .minA 1m=

1 2 3F 9N, F 8N, F 12N= = =

B BÞ F m g D x 10 10x SI= − = −

B BF w D x− =−=−B BÓF D x

á) 

â1) ÂëÝðå âáóéêÞ Üóêçóç :

â2) 

â3) 

22
max maxõ ùA 3 1,5 m s, á ù A 45m s= = = =

2ð
ù 5 6 rad s

T
= =

( )2
2 1 2 2

Äp
ÓF k k x 30N

Ät
= =− + =−

( )1
1 1 2 1

Äp
ÓF k k ( x ) 15N

Ät
= =− + − =

m ð 6
T 2ð s

D 15
= =

1 2D k k 150N m= + =

= = =1 1 2 2 2ÓF 0 Þ k x k x Þ k 50N m

á) ( )=− − =− +1 2 1 2ÓF k x k x k k x

A.
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êáé 

â) Ôï óþìá îåêéíÜ áðü ôçí áêñáßá èÝóç, Üñá: 

Á = 0,1m, êáé 

ã)  

Ãéá t = t1: 1 2 2F 80N êáé ãéá t t : F 40 2N= = =

ôïé÷

ð
F 80çì 20t SI

2

⎛ ⎞⎟⎜=− + ⎟⎜ ⎟⎜⎝ ⎠

= = =−ôïé÷ ïë.åë. åðF F F Dx

⎛ ⎞⎟⎜= + ⎟⎜ ⎟⎜⎝ ⎠
ð

x 0,1çì 20t SI
20

ð
ö rad

2
=

2ð
ù 20rad s

T
= =

m ð
T 2ð s

D 10
= =

1 2D k k= +

1 8 á) È.É.Ô.: 

Ôõ÷áßá èÝóç:

Áðü (1) êáé (2): 

êáé 

â) , Á = 0,4m êáé rad

ð
õ 4óõí 10t SI

2

⎛ ⎞⎟⎜= + ⎟⎜ ⎟⎜⎝ ⎠

0

ð
ö

2
=ù 2ðf 10rad s= =

5
f Hz

ð
=

m ð
T 2ð s

D 5
= =

( )=− +1 2ÓF k k x

( ) ( ) ( )= − + − +1 1 2 1ÓF mgçìö k x x k x x 2

( )= +1 1 2 1mgçìö k x k x 1

ÓF 0 Þ=

ã)  Ãéá 

1 9 á) ÌåëåôÜìå ôï óýóôçìá ùò åíéáßï 
óþìá (âëÝðå âáóéêÞ Üóêçóç . ): D = k

êáé 

â) Ôï óýóôçìá îåêéíÜåé ôçí ôáëÜíôùóç áðü ôçí
áêñáßá èÝóç x = A.

5 2
ù rad s

2
=ïëm 2ð 2

T 2ð s
k 5

= =

( )2 1Äp p p 4 1 3 kg m s= − = − ⋅

2 2

ð
Ãéá t s : p 4 3kg m / s

30
= =− ⋅

1 1 1

ð
t s, p mõ 4kg m s

60
= = =− ⋅

È.É.: 

È.É.Ô.: 

Áðü (1) êáé (2): Á = 0,1m êáé 

ã) 

Ãéá At ð
2

=

( )A 1 0p m ùA óõí ùt ö= +

⎛ ⎞⎟⎜ ⎟⎜= + ⎟⎜ ⎟⎟⎜⎝ ⎠

5 2 ðx 0,1çì t SI
2 2

0
ðö rad
2

=

( ) ( ) ( )= + = +x 1 2 1ÓF 0 Þ m m gçìö k x A 2

( )= =x 1 1ÓF 0 Þ m gçìö kx 1
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ÅÍÅÑÃÅÉÁÊÇ ÐÑÏÓÅÃÃÉÓÇ

ÅñùôÞóåéò ðïëëáðëÞò åðéëïãÞò
5á, 6ã, 7â, 8á, 9ã, 0ã,

1á, 2á, 3ä, 4ã, 5á, 6ä,

7â, 8ä, 9ã, 0 , 1 , 2 ,

3 , 4 , 5 , 6

ÅñùôÞóåéò  óùóôïý - ëÜèïõò
Ë, Ó, Ó, Ó, Ë, Ó,

Ó, Ó, Ë, Ë, Ë, Ë,

Ó, Ó, Ë, Ë, Ë, Ë,

Ë, Ó

ÁóêÞóåéò

Ãéá 

Þ   

Áðü ôç ó÷Ýóç 

á2) 

â) 

êáé 
åðFW 0,06J=2D mù 48N/m= =

= − = −
åð

2 2
F áñ÷ ôåë 1 2

1 1
W U U Dx Dx

2 2

= = = ±2K 3U Þ 4U E Þ x 0,05m

= = = ⋅

= ±

2 2
1 1

1

E E 1 1 1
á ) K Þ U Þ Dx DA

2 2 2 2 2

2
Þ x m

20

ù 4rad s, A 0,1m= =

( )á f t :=

K 75%E êáé U 25%E= =21 3
K mõ E

2 4
= =

T 3
t , õ ùA

6 2
= =−

=±
2

x A
2

Áðü : , Á = 0,2m

á) 

â) 

ã) 

ä) êáé ãéá 

Áðü 

á) 

maxõ ùA 0,5m s= =

2
maxá ù Á Þ Á 0,1m= =

( )á f t : ù 5rad s= =

ð K
t s : 3

30 U
= =2K

åö 10t
U
=

2 2U E K 2 2çì 10t 2óõí 10t SI= − = − =

2 21
K mõ 2çì 10t SI

2
= =

2
max max

1
E K U DA 2J

2
= = = =

2D mù 100N/m= =

ù 10rad s=( )õ f t=

â) 

ã) 

á) êáé

â) 

ã) Ãéá x=0,05m:

= ⋅ = =2ÄK
ÓF õ mù xõ 25 15J / s

Ät

õ 0,5 15 m s== −2 2õ ù A x .

K E U
100 100 25%

E E
−

⋅ = ⋅ =

2ð ð 5
T s

ù 25
= =

max

E mA
Þ Á 0,1m êáé ù 10 5 rad s

á 2
= = =

22
maxá ù Á 50m s= =

21
E DA 5J

2
= =

K E U
1

U U
−

= =

2 2 21 1
E DA mù Á 0,25J

2 2
= = =
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á) 

â) 

ã) 
E

U Þ x 1m
9

= = ±

+ = =±
U 35

U E Þ x m
35 2

= = = ±K 15U Þ 16U E Þ x 0,75m

Áðü x = f(t): Á = 0,7m, 

á) 

â) 

ã) 2K E U 39,2 80x SI= − = −

21
U Dx 20J, Üñá Ê 19,2J

2
= = =

= =2á ù x Þ x 0,5m

21
E DA 39,2J

2
= =

ù 2ðrad s=

3.225 á) 

Áðü ôï äéÜãñáììá U = f(õ):

â) 

ã) Ê = 0,5J, Üñá U E K 1,5J= − =

max

2
max

1
K mõ Þ m 4kg

2
= =

maxõ ùA Þ Á 0,05m= =

maxõ 1m s, Å 2J= =

ð 2ð
T s, Üñá ù 20rad s

10 T
= = =

êáé SI

 Áðü ôï äéÜãñáììá 

á) 

â) maxõ ùA Þ Á 0,3m= =

2 2
max maxá ù A ù õ 30m/ s= = ⋅ =

max

2
max max

1
K mõ Þ õ 3m/ s

2
= =

ù 10rad s=

ð
K f(t): T s,

5
= =

2U E K 10 õ= − = −21
K mõ

2
=

ã) = =2 21
U Dx 18çì 10t SI

2
=x 0,3çì10t,

 á) 

êáé  

¢ñá: Å=100J êáé 

â) 

ã) = − = − = −2 21
K E U 100 Dx 100 4x SI

2

maxõ ùA Þ Á 5m= =

2
max max max

1
K mõ Þ õ 10m/ s

2
= =

m 2kg=

21
U Å mõ

2
= −2U 100 õ= −

T ð
s Þ Ô ðs êáé ù 2rad s

2 2
= = =

á) 

Þ   Á = 0,2 m

â) 2
max max max

1
K mõ Þ õ 10m/ s

2
= =

= = =2 21 1
K U Þ 2U E Þ 2 Dx DA

2 2
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 á) Áðü x = f(t):

êáé ãéá

â) Ìå ôç âïÞèåéá ôïõ ðåñéóôñåöüìåíïõ äéáíý-
óìáôïò:

32
2

Äp
x 0,2m, 8 10 N

Ät
−=− = ⋅

31
1 1

Äp
ÓF Dx 8 10 N

Ät
−= =− =− ⋅

A 0,4m êáé ù 2rad s= =

ã) 

 Áðü ôç ó÷Ýóç x = f(t):

êáé ù = 20ð rad/s

Ãéá : , Üñá:

1 2 3 4

1 2 4 5
t s, t s, t s, t s

60 60 60 60
= = = =

0,1 6 0,2 2 çì20ðt± ==±x 0,1 6m

= = = ±
1 3

K E Þ U E Þ x 0,1 6m
4 4

A 0,2 2m=

= − = − =
åð

2 2
F áñ÷ ôåë 1 2

1 1
W U U Dx Dx 0

2 2

1 2

ð ð
ö ö ùÄt Þ ù Ät Þ Ät s

3 6
+ = = ⋅ =

1 1

2

0,2 ð
çìö Þ ö rad

0,4 6
ð

êáé ïìïßùò ö rad
6

= =

=

 

êáé 

21
E DA Þ Á 0,1m

2
= =

ù 3
f Hz

2ð ð
= =2D mù Þ ù 6rad s= =

F Dx, Üñá: D 3,6N / m=− =

 á) Ôï Á åêôåëåß á.á.ô. ìå D = k = 100 N/m

êáé îåêéíÜ áðü ôç èÝóç ÓôáìáôÜ óôéãìé-

áßá óôç èÝóç ìåôÜ áðü ÷ñüíï .1

T
t

2
==−x A

=+x A.

, Üñá 

È.É.Ô.: 

ÌÝ÷ñé ôï óçìåßï óõíÜíôçóçò ôï Á Ý÷åé äéáíý-
óåé áðüóôáóç 2A=0,2m êáé ôï Â áðüóôáóç
s=d – 2A.

Ãéá ôï Â: 

Ãéá êáé õ=0: 

Üñá: d 0,7m=

0õ ðm / s, s 0,5m,= =1

ð
t s

10
=

2
0 0

1
s õ t gt (1) êáé õ õ gt (2)

2
= − = −

Am g kA Þ A 0,1m= =

1

ð
t s

10
=Am ð

T 2ð s
k 5

= =

F Dx, Üñá: D 3,6N / m=− =
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¢ñá: 

ã) 

¢ñá: 

 á) ÂëÝðå âáóéêÞ Üóêçóç 

êáé 

â) Ãéá ôçí áñ÷éêÞ ôáëÜíôùóç áðü ÁÄÅÔ:

Ãéá ôç íÝá ôáëÜíôùóç ç È.É. õðïëïãßæåôáé áðü ôç
ó÷Ýóç Þ   Þ   . Äç-
ëáäÞ, üôáí áóêåßôáé ç F, ôï óþìá âñßóêåôáé óôç
íÝá èÝóç éóïññïðßáò ôçò ôáëÜíôùóçò, Üñá: 

Þ 

ã) FW F A´ 16 3 J= ⋅ =

3
A´ m

5
=maxõ õ ùA´= =

=1x 0,2m= 1F kxÓF 0=

= − =2 2õ ù A x 2 3m / s

2ð
ù 10rad/ s

T
= =

m ð
T 2ð s

k 5
= =

1 2

k 24
D , D k

25 25
= =

( )2 2 2
1 1 2 2 1 2D m ù , D m ù , D m m ù k= = = + =

1

2

m 1
m 24
=

â) 

ã) Ôï óõóóùìÜôùìá îåêéíÜ ôçí ôáëÜíôùóç
÷ùñßò áñ÷éêÞ ôá÷ýôçôá áðü ôçí áêñáßá èÝóç 
x = +A´, üðïõ Á´ ôï ðëÜôïò ôáëÜíôùóçò ôïõ óõó-
óùìáôþìáôïò.

21
E DA´ 2J

2
= =

( )
2ïë åë A Bw F Þ (m m )g k A´ 2A

Þ A´ 0,2m

= + = +

=

A Bm m 2ð
T 2ð s

k 5
+

= =

 á) Â: Ê1 = 3U1 Þ   4U1 = Å   Þ   

Ã: U2 =
3K2 Þ  

â) Â: 

Ã : 

ã) 

 á) Ôï óýóôçìá åêôåëåß á.á.ô. ìå D =
k

Â: = =− =− 2
åð 2 2ÓF F D x m ù x

åð

2 2

F Ã B 2

mð A
W U U

T
= − =

min 2 1

T
t Ät t t

12
= = − =

2

Á 3 T
Açìùt Þ t

2 6
= =

1

A T
Açìùt Þ t

2 12
= =

= =2 Ã

4 Á 3
U E Þ x

3 2

=B

A
x

2

Ç äýíáìç åðáíáöïñÜò Fåð åßíáé ç äýíáìç

åðáöÞò ðïõ äÝ÷åôáé ôï Â áðü ôï Á. ¼ôáí

äçëáäÞ óôç èÝóç öõóéêïý ìÞ-

êïõò ôïõ åëáôçñßïõ, ôá óþìáôá ÷Üíïõí åðáöÞ.

â) Ãéá ôï óýóôçìá ôï ðëÜôïò åßíáé êáé

ãéá ôï óþìá Á ôï ðëÜôïò åßíáé: 

Þ   Þ

1 2 1

k k d
d

m m m 5
⋅ = ⋅

+

1 1 2 2ù A ù A=1 2max maxõ õ=

2

d
A

5
=

1A d=

= =åðF 0 Þ x 0,
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 á) 

êáé 

â) Áðü ôçí áñ÷Þ äéáôÞñçóçò ôçò ïñìÞò ãéá ôï

óýóôçìá: 

Þ õ 7,5m/ s=( )A A B B A Bm õ m õ m m õ+ = +

áñ÷ ôåëp p Þ
� �
=

As 200m=A Bs s 100m, Üñá: t 20s− = =

A Á B Âs õ t êáé s õ t= =

ã) 

ä) 2 2
B B

1
U m ù Á 28,125J

2
= =

ð
T s

5
=

max
A B

k
õ õ ùÁ A Þ A 0,75m

m m
= = = ⋅ =

+

 á) êáé 

Äéáéñþíôáò êáôÜ ìÝëç, Ý÷ïõìå: 
Á = 0,04m êáé D = k = 50 Í/m
â) 

ã) Ãéá 
ð ÄK

t s: 0
100 Ät
= == ⋅ =−

ÄK
ÓF õ Dxõ.

Ät

( )0
ð

õ ùAóõí ùt ö 2óõí 50t SI
2

⎛ ⎞⎟⎜= + = + ⎟⎜ ⎟⎜⎝ ⎠

2D mù Þ ù 50rad/ s= =

( )maxF DA 2=( )21
E DA 1

2
=

 Á. 

Ãéá :  

á1) á2) 

Â. Ïìïßùò: 
U 1 3

êáé
K 3 E 4
= =

U 3
E 4
=

K E U 1
U U 3

−
= =

=
3

x A
2

T
t

12
=

⎛ ⎞⎟⎜= + ⎟⎜ ⎟⎜⎝ ⎠
ð

x Açì ùt

 .

Ç óýãêñïõóç ãßíåôáé óå ÷ñüíï t =
T/4.
2

21 1 ð 1
h gt g m

2 2 20 8

⎛ ⎞⎟⎜= = =⎟⎜ ⎟⎜⎝ ⎠

ù 10rad/ s=1m ð
k 5

1 Ô 2ðá) êáé= = s

â) êáé 

Áðü äéáôÞñçóç ïñìÞò:

Þ  

ã) È.É.Ô.:  

ä) Å =
Ê + U  Þ   

ÄU ÄK
ÓF õ 0

Ät Ät
=− =− ⋅ =

ÄÅ ÄÊ ÄU
Þ

Ät Ät Ät
= +

( )1 2 1 1m m g kx Þ x 0,2m+ = =

êõ 0,535m / s=( )2 2 1 1 1 2 êm õ m õ m m õ− = +

2

ð
õ gt m/ s

2
= =1õ ùA 0,5m/ s= =
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.  á: 

Ïìïßùò , Üñá: 

3.247 ã: ,   
2max

2k
á Á

m
=

1

2
max 1

k
á ù A A

m
= = ⋅

1 2T T

2 2
<2T 2ðs=

1

2
max 1 1 1 1á ù A Þ ù 2rad/ s êáé T ðs= = =

â: 

Áðü (1), (2): 

¢ñá: A BT T=

B
B

B

m
T 2ð

k
=A

A
A

m
T 2ð ,

k
=

A A A B

B B A B

m k m m
Þ

m k k k
= =

( ) ( )= =A A B Bm g k x 1 êáé m g k x 2

ÓÕÍÄÕÁÓÔÉÊÁ ÈÅÌÁÔÁ
ÓÔÇÍ ÁÐËÇ ÁÑÌÏÍÉÊÇ ÔÁËÁÍÔÙÓÇ 

ÅñùôÞóåéò êáôáíüçóçò

 êáé

2

T T T
t

4 12 6
= − =

1

Á T
Áçìùt Þ t

2 12
 ã: = =

                                                              :  t = 0 : U = 2 –– 
 2 

 U = E   = 0. 

                t = ––– :
 12 

                 2                          3E U = 2(––– ––– + –––)  U = –––  U = 3K
    T  12      2                4 

                                                      T ,   [0, –––) :
       12 

U > 3K. 

:   1: 
2
1max = 2

1A2  1 = 2
1 · 10–2  1 = 10 rad/s 

  2: 
2
2max = 2

2A2  0,64 = 2
2 · 10–2  2 = 8 rad/s 

2  ––– 
    1      1        

: t1 = ––– = ––– = ––– s 
 4        4      20 

2  ––– 
   2      2        

 t2 = ––– = ––– = ––– s 
 4        4      16 

 2
: K = U  2U = E  x =± ––––––– 

      2 
 2

K = U  2  = E   =± ––––––– 
2 

dK  2   2
––– = F·  = –Dx·  =±m 2 ––––––  –––––––– = 
 dt                                               2           2 

        m 3 2 
=± –––––––– 
            2 

:   1: 2F = D1A (1) 

  2: F = D2 · 2  (2) 

 D1  (1), (2) : ––– = 4 
 D2 

         1              1                1 E1 = –– D1A2 = –– 4D2A2 = –– D24A2 = E2          2      2       2 

 2  2
: F = –Fmax –––––  –Dx = –DA ––––   

 2  2 

 2
x = ––––––– 

  2 
                                        2
p1  = m 1  = m  2 – x2 = pmax ––––– 

   2 

       mg 
: . . .: F = 0  mg = kx  x = ––– 

 k 

: t2 = 2t1

: max2
 = 2 max1

,      -

      x = +A   

              2  x = –––––  .
      2 



            1           1             1 A : –– kx2 + –– m 2 = –– kA2 
  2            2             2 

 m         mg 
 =     x2 + –– 2 > x   > –––  

   k      k 

: 

       mg 
. . .: mg = kx  x = ––– 

 k 

  d      d 
F

1
 = k ––, F

2
 = k(––– + x)               2                  2 

: F
1
 < F

2

: 

   mg 
. .: F = 0  F + F

1
 = mg  F

1
 = –––  

                                                               2 

  mg      mg 
kx1 = ––––   x1 = ––––  

  2        2k 

. .T.: F = 0  F
2
 = mg  

      mg 
k(x1 + A)= mg   = ––––  

      2k 

: F
3
 = F

max
 = k(x1 + A + A) = 3kA = 

  mg      3mg 
= 3k ––––  = ––––  

 2k        2 

: 8  = 2,4 m  A = 0,3 m   = 9 J 

                             1           1 WF  = U1 – U2 = –– kx1
2 – –– kx2

2 = 
2           2 

     1     A2     1     3A2     E     3E = –– k ––– – –– k –––– = –– – –––– = –4,5 J
  2      4     2     4    4      4 

                                     1                1 : . . .: E  = –– m 2
max + –– kx2 + UB 

  2  2 

           1  E  = –– m 2
max   2 

                                                    T :    t1 + –– :
2      

  2                           2 t1 x = A  –––(t1 + –––) = A (––––– + )    T           2                  T 

  2 t1   A 
x = –A  ––––– = – ––  

 T          3 

x2 
1  = 2  =     2 – –––, : 2 – 1 = 0

    9 

: :  =  + U = U
max

 

        1             1 E = –– m 2 + –– kx2 = 2mgR
  2             2 
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:    . .         . . .      x = +A 

 

 

 

 

 

 

 
 

                                                      mg 
. . .: F = 0  kx1 = mg  x1 = ––– 

                                                        k 
x = +A: F

max
 = k(A + x1)  

                       mg              2mg 
3mg = k(A + ––––)  A = ––––– 
                          k                 k 
                                     A  t0 = 0, x = –x1 = – –– 
                                      2 

 K      E – U            U            x1
2       3 –– = –––––– = 1 – –– = 1 – ––– = –– 

 E         E               E            A2       4 

 

: 

 

 

 

 

 

 

 

 

 

  

. . .: F = 0  kA = (m1 + m2)g  

 = 0,1 m 

  2    t1: 

F2 = –D2x  F2 + w2 = –m2
2x  

               w2 + F2 x = – –––––––––––––– = 0,05 m 
                      k 
           m2 ––––––––– 
                 m1 + m2 

 K      E – U      E            A2 –– = –––––– = –– – 1 = ––– – 1 = 3 
 U         U         U            A2 

                                      –– 
                                       4 

: To     

                                                k   D = k,  =    –––  
                                              2m 

               8mg 
A = d = ––––– . 
                  k 
 
 
 
 

 

 

 

 

 

 
 

                                                        2mg 
. . .: F = 0  kx1 = 2mg  x1 = ––––– 

                                                           k 

T         

     1  2 . 

  2: F2 = –D2x  –w2 = –m2
2x  

        2mg 
x = ––––– 
          k 

,       -

   . 

    2 : 

 1              1                             15m2g2 –– D2A2 = –– D2x2 + K2  K2 = ––––––– 
 2               2                                   k 

   2:  – K2 =  

                                    15mg 
0 – K2 = –m2gh  h = ––––––– 
                                         k  

                                      25mg       25d 
: s = d + x1 + h = ––––––– = ––––– 

                                           k            8 
 

                       1         k1       10 
: f1 = –––      –––– = ––– Hz 

                      2         m1             

        1          k2       15 
f2 = –––      –––– = ––– Hz 
       2         m2            2  

            N1           –––– 
 f1         t          1       4 
––– = –––––  –––– = ––– 
 f2         2             2        3 
          –––– 
             t 

   –   
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 : 

                                    4        3       2  
t1 = 4T1 = 3T2  t1 = ––– = ––– = ––– s 
                                   f1        f2        5 

 

: 

 

 

 

 

 

 

 

 

 

  

. . .:   : F = 0  

                                               (m1 + m2)g  
(m1 + m2)g  = kA   = –––––––––––––––– 
                                                           k 

                  k 
 =     –––––––––– 

             m1 + m2 

. . .:   2: F2 = 0  T2 = m2g  
x = +A:   2: F2 = –D2x  
m2g  – 2 = –m2

2   2 = 2 2 

 

: 
 
 
 
 
 

 

 

 

 

 

 
 

                                                        2mg 
. . .: F = 0  F  = 2mg  x1 = ––––– = x 

                                                           k 

, o       

    . 

                                          m 
 = max =    =     ––– 

                                          k 

 

: 

 

 

 

 

 

 

                                                      d 
. . .: F1 = 0  F

1
 = F1  x1 = –– 

                                                      2 

                       d            1              1    d2 
A1 = d – x1 = ––, E1 = –– k1A1

2 = –– k ––– (1) 
                       2            2              2      4    

 

 

 

 

 

 

                                                      d 
. . .: F2 = 0  F

2
 = F2  x2 = –– 

                                                      2 

                        3d            1              1    9d2 
A2 = d + x2 = –––, E2 = –– k2A2

2 = –– k –––– (2) 
                         2             2             2       4    

                     E1       1 
A  (1), (2): ––– = ––  
                     E2      9   

 

                                          m 
: 1 = 2 = 2       ––– 

                                           k 

T    t1 = T1  1   

      -

  . 

  2       

                   1 
 t = –––     - 

                   4 

     

                               2  
2 = max = 2  = ––– d. 

                                1 
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                                      3 1    ––––  : 
                                       4 

              3 1      3 d 
s2 = 2 –––– = –––– 
              4          2 

                                  3  
s = d + s2 = d(1 + ––––)                                    2 

:  t1 = T : 

  1: s1 = 4A = 4d 

                         1              1   2: s2 = –– 2t1
2 = –– 2 2 = 2 2d 

                         2             2   

          s2       2 : ––– = ––– 
          s1       2   

:  

 

 

 

 

 

 

 

 

 

 

. . .: F = 0  mg  = kx1  

         mg  
x1 = ––––––––– = 0,05 m 
              k 
 

A         

       -

 ’ , : 

 –  = Ww + WF   

       1                    1 
0 – –– m 2

0 = 0 – –– kd2  d = 0,2 m 
      2                    2    

A = d – x1 = 0,15 m 

:   1: 

                         k1 
x1
 = 1d =    ––– d, y1

 = gt1                         m1 

  2: 

                        4k1 
x2
 = 2d =    –––– d = x1

, y2
 = gt2                         4m1 

                               2h  t1 = t2 =    –––– , : y1
 = y2

 
                                 g 

: 1 = 2 = 2
x1
 + 2

y1
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= − =åë

5
F k(2A x) mg

2

åð

3mg 3
A , F kA mg,

2k 2
= = =

 â: È.É.Ô.: 

È.É. ãéá ôï óýóôçìá ôùí Ó1, Ó2:

¢ñá: 

maxåëF k 2A 2mgçìö= ⋅ =

mgçìö kÁ=

12m gçìö 2mg
Á êáé d 2A

k k
= = =

= +1 13m gçìö k(x Á)

=1 1m gçìö kx

  ã: È.É.Ô.: 

 á: 

          F         3 : ––––– = ––– 
          F        5  



A  –  

587

Óôç èÝóç öõóéêïý ìÞêïõò: 

 ã: È.É.Ô.: Þ  Þ

 â: 

 â: 

ã: Ãéá t = 0, 

Ãéá , Üñá: 

 ã: 1 1 1 1

A T
K 3U , Üñá: x êáé t

2 12
= = =

E
K U

2
= =

T A 2
t , x

8 2
= =

 á: x = Açìùt

Ãéá t =
0, x =
0, Üñá: Ê =
Å êáé U =
0

= − = − >
åð

2
2 2 2

F 0 1

1 1 1 1 A
W Dx Dx DA D 0

2 2 2 2 4

0x A=

= ⋅ =− =
ÄK

ÓF õ Dxõ 0
Ät

⎛ ⎞⎟⎜= ⋅ + =⎟⎜ ⎟⎜⎝ ⎠
2ð T ð

x Açì 0
T 4 2

2 2
1 2 1 2 1 2

mg 1 1
Á Á , E E kA kA

k 2 2
= = = = =

= =
4mg

s 8A
k

=
mg

A
2k

=
�

ÓF 0

åëF 0=

åëÓF F mg= + ä: 

2 1

T
Ät t t

12
= − =

2 2 2 2

A 3 T
U 3K , Üñá: x êáé t

2 6
= = =

 ã: Ãéá 

 ã: 

0
Á

0

Á Á
ð % 100% 33,33%

Á

−
= =

0

4
Þ Á Á

3
=

2 2
0

Å
2
0

1 1
DA DA 7002 2ð % 100%

1 9DA
2

−
= ⋅ =

= = =
2 E

x A , U K
2 2

 á: 

â:  (óôáèåñü)

 â: È.É.Ô.: Þ  qE = kA Þ 

= =
2 2

21 1 q E
E kA

2 2 k

=
qE

A
k

=
�

ÓF 0

k
ù

m
=

Äp Äp´ A
ÓF kA, k

Ät Ät 2
= = =

 ã: Þ 0 = m2õ2 – m1õ1 Þ

(1)

Ãéá íá óõíáíôçèïýí, ðñÝðåé óå ÷ñüíï ôï Ó

íá äéáíýóåé äéÜóôçìá ¢ñá:

(2)

Áðü 1

2

m 2
(1), (2) :

m 3ð
≤

1 1 1 1 1 2
2 2

1 1

3Ô õ 3Ô õ Ô õ 2
õ Þ õ Þ

4 ù 4 2ð õ 3ð
≤ ≤ ≤

≤2s A.

13Ô

4

=1 2

2 1

m õ

m õ

=
� �

áñ÷ ôåëp p

 ä: 

¢ñá: 

 ä: 1 1
1 1 2 2

2 2

F m
F D A, F D A, Üñá: 2

F m
= = = =

1 2

4k k
D êáé D

5 5
= =

( ) 2
1 2êáé D k m m ù= = +

2 2
1 1 2 2D m ù , D m ù= =

 á: 

−
= = − =

2

2

K E U A 1
1

U U 3x

= =−max

3 3
á á Þ x A

2 2

 ã: Þ   

K
1

U
=

E E
K êáé U , Üñá:

2 2
= =

max

2
õ õ

2
=max

2
p p

2
=

 F  = 0,  F = mg

F  = kA  
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 ä: 

Áðü áñ÷Þ äéáôÞñçóçò ôçò ïñìÞò óôïí Üîïíá x´x:

Áðü (1), (2), (4):  

 â: 

2 2
1 1

D 2
1

m ù´ m ù
ð % 100% 50%

m ù

−
= =−

1 1

k k ù
ù , ù´ , Üñá: 2

m 2m ù´
= = =

1

1

max

max

F
2 2

F´
=

( )Á 2
Á´ 4

2
=

( )
1 1max maxÁëëÜ õ ùA, õ´ ù´A´, Üñá ç 3 ãßíåôáé:

ùA 2ù´Á´ êáé ëüãù ôçò (2) Ý÷ïõìå:

= =

=

( )
1 11 max 1 maxm õ 2m õ´ 3=

( )
1 1

k k ù
ù , ù´ , Üñá: 2 2

m 2m ù´
= = =

( )1

1

2
max

2
max

F ù A
1

F´ ù´ A´
=

1

2
max 1F´ m ù´ A´=

1

2
max 1F m ù A,=

 á: È.É.Ô.

È.I.T. ( ) 1óõó.: M m g k(x A)+ = +

1M: Mg kx=

¢ñá: 

 á: (1)2 2 21 1 5
E kA k4A kA

2 2 2
= + =

2 2
2mg 1 1 m g

A êáé Å kA
k 2 2 k

= = =

Ôá óþìáôá Ý÷ïõí ßäéá ðåñßïäï 

Üñá öôÜíïõí ôáõôü÷ñïíá óôç èÝóç éóïññïðßáò,
üðïõ óõãêñïýïíôáé ðëáóôéêÜ.
Áðü áñ÷Þ äéáôÞñçóçò ïñìÞò:

(3), Üñá áðü (1)

êáé (3) Ý÷ïõìå: 

 â: È.É.(m ): 1

È.É.(m1+m2): åë 1 2ÓF 0 Þ F w w Þ′= = +

1
åë 1 1

m g
ÓF 0 Þ F w Þ Ä

k
�= = =

E
10

E´
=

2 2
21 1 A kA

E´ DA´ 2k
2 2 4 4

= = =

k 2k A
ù , ù´ ù, Üñá A´

m 2m 2
= = = =

( )êmùA mù2A 2mõ 2mù´A´ 2− + = =

1 2

m
T T 2ð ,

k
= =

2
1 2 1 2 2

m g
k(Ä Ä ) w w Þ Ä

k
� � �+ = + =
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¢ñá . Ïìïßùò .

 á: 

 â: 

 â: Åöáñìüæïíôáò ôï ÈÌÊÅ ãéá ôï óþìá
ìÜæáò m2, Ý÷ïõìå:

Þ   

ÅðåéäÞ ç êñïýóç åßíáé êåíôñéêÞ êáé åëáóôéêÞ

êáé éó÷ýåé , ôá óþìáôá áíôáëëÜóóïõí

ôá÷ýôçôåò.

¢ñá: 

ÅðåéäÞ ç ôáëÜíôùóç ôïõ óþìáôïò ìÜæáò m1

′ = =1 2õ õ 2gh

=1 2m m

=2õ 2gh=2
2 2 2

1
m õ m gh

2

2

2
2 max 2 2

mg
A êáé á ù Á g

2k
= = =

1

2
1 max 1 1

mg
A êáé á ù Á g

k
= = =

= = + = +
22 2 max 2

2mg
Ó : x , F k(x 2Á) 2mg 2kA

k

= = + = +
11 1 max 1

mg
Ó : x , F k(x Á) mg kA

k

2
21 1

1 2
2

2 2 1
2 2

1
E kA

E m2 Üñá:
1 E m

E kA
2

⎫⎪⎪= ⎪⎪⎪ =⎬⎪⎪= ⎪⎪⎪⎭

1
2

m g
A

k
=2

1

m g
A

k
=

îåêéíÜ áðü ôç èÝóç éóïññïðßáò ôçò ôáëÜ-
íôùóçò, éó÷ýåé:

 â: ÅðåéäÞ ç êñïýóç åßíáé êåíôñéêÞ êáé
åëáóôéêÞ êáé éó÷ýåé ãéá ôá ìÝôñá ôùí
ôá÷õôÞôùí ôùí óùìÜôùí ìåôÜ ôçí êñïýóç
Ý÷ïõìå:

Þ   (1)
ÅðåéäÞ ç êñïýóç ãßíåôáé óôç èÝóç éóïññïðßáò
ôçò ôáëÜíôùóçò, ïé ôá÷ýôçôåò õ1 êáé åßíáé
ìÝãéóôåò ãéá ôçí ôáëÜíôùóç ðñéí êáé ìåôÜ ôç
óýãêñïõóç.
¢ñá, áðü ôç ó÷Ýóç (1) Ý÷ïõìå:

Þ   ′ =Á 2Á′ =ùA 2ùÁ

′1õ

′ =1 1õ 2õ′ =1 2õ õ

=1 2m m ,

′ = =1 maxõ õ 2gh

 ã: ÅÜí õ ç ôá÷ýôçôá ôïõ óþìáôïò Ó1 1

áêñéâþò ðñéí áðü ôçí êñïýóç, ïé ôá÷ýôçôåò
ôùí óùìÜôùí áìÝóùò ìåôÜ ôçí êñïýóç åßíáé:

êáé

 á: Ãéá ôçí êåíôñéêÞ êáé åëáóôéêÞ êñïýóç
éó÷ýåé:

Þ

= = =1 1
max

kõ 3m õ
F kA 3km

22 k

= = =1 1 1

2

õ õ õ 3m
Á

2ù k 2 k
2

m

′ = =2 maxõ õ ùÁ

′ = = =
+

1
2 1 1 1

1 2

2m 2m 1
õ õ õ õ

m m 4m 2

′ ⋅′
= = =

′ ′ ⋅

2 2
1 1 1

1

2 22
2 2 1

1 1
m õ m õK 12 9

1 4K 8m õ 2m õ
2 9

′ = =
+

1
2 1 1

1 2

2m 2
õ õ õ

m m 3

−′ = = −
+

1 2
1 1 1

1 2

m m 1
õ õ õ

m m 3

 ã: Ãéá ôçí ôá÷ýôçôá õ ôïõ óþìáôïò1

ìÜæáò m, áêñéâþò ðñéí áðü ôçí êñïýóç éó÷ýåé:

Ãéá ôçí êåíôñéêÞ êáé åëáóôéêÞ êñïýóç éó÷ýåé:

Þ   Þ

 á: Óôçí åëáóôéêÞ êñïýóç éó÷ýåé:

Þ   

(1)
′

= = = 0 12 0
1

1

1

õ mõ õ
Á

ù k k
m

′ =2 0õ õ′ =
+

1
2 0

1 2

2m
õ õ

m m

′ = = =
′

1

2

k
d

mùd d
A

ù 2k
m

′ ′ =ù Á ùd′ ′ ′= =2 maxõ õ ù Á

′ = =2 1õ õ ùÁ

= = =1 maxõ õ ùÁ ùd

1
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Áðü ôéò ó÷Ýóåéò (1) êáé (2) ðñïêýðôåé:

 ã: Ãéá ôçí êñïýóç éó÷ýåé:

Þ   Þ

= =2 max max
K

2

m õ õ
õ

2m 2

= +2 max 1 2 Km õ (m m )õ=
� �

ôåëp p

= = =

0 1

1

2 10

õ m

A 2k 2
A 2m 2õ

2 k

 â: Óôçí ðëáóôéêÞ êñïýóç éó÷ýåé:

Þ   

Ôï óþìá Ó1 Ý÷åé ðëÜôïò ôáëÜíôùóçò Á1 êáé

åíÝñãåéá ôáëÜíôùóçò: 

Ôï óõóóùìÜôùìá Ý÷åé ðëÜôïò ôáëÜíôùóçò Á2

êáé åíÝñãåéá ôáëÜíôùóçò:

Þ   

 á: Ãéá ôç èÝóç éóïññïðßáò ôçò ôáëÜ-
íôùóçò ôïõ m2 éó÷ýåé:

Þ   Þ   (1)=1 2kx m g=åë 2F w=ÓF 0

>2 1E E= + +2
1 2 K 1

1
(m m )õ E

2

= + = + + =2 2
2 1 2 K 1

1 1
E K U (m m )õ kA

2 2

= 2
1 1

1
E kA

2

=
+
2 2

K
1 2

m õ
õ

m m
= +2 2 1 2 Km õ (m m )õ

= − = −
2 2

2max 2 max
2 2 max

õ 3m õ1 1
m m õ

2 4 2 8

= − = − =2 2
F ôåë áñ÷ 2 K 2 max

1 1
W K K m õ m õ

2 2

 ã: Åöáñìüæïõìå ôï ÈÌÊÅ ãéá ôï óþìá
Ó1 ðñéí êáé ìåôÜ ôçí êñïýóç:

Þ   

Þ   

Þ

Áðü ÁÄÏ ãéá ôçí êñïýóç Ý÷ïõìå:

′ = = =11 1
1

gss õ
õ 2gçìö

4 2 2

′− = −2
1 1 1 2

1
0 m õ m gçìös

2

=1 1õ gs

=1 1õ 2gçìös2
1 1 1 1

1
m õ 0 m gçìös

2
− =

 á: Ãéá ôçí ðëáóôéêÞ êñïýóç óôïí Üîï-
íá x´x éó÷ýåé:

Þ   

Þ

¢ñá, ôï ðëÜôïò åîáñôÜôáé áðü ôç ãùíßá ö.

= = ⋅
+ + +

1 1 1 1

1 2 1 2 1 2

m õ óõíö m õ óõíö k
Á

(m m )ù m m m m

= =K maxõ õ ùÁ

=
+

1 1
K

1 2

m õ óõíö
õ

m m
= +1 1 1 2 Km õ óõíö (m m )õ

1 2
m m

k

 á: Ãéá ôçí ðëáóôéêÞ êñïýóç éó÷ýåé:

Þ   Þ

Þ   Þ

= =
2
1mõ1 1

Ê Å
2 2 2

= ⋅ ⋅
2
1õ1

Ê 2m
2 4

= + 2
1 2 Ê

1
Ê (m m )õ

2

= 1
K

õ
õ

2

=
+
1 1

K
1 2

m õ
õ

m m
= +1 1 1 2 Km õ (m m )õ

Ãéá ôç èÝóç éóïññïðßáò ôçò ôáëÜíôùóçò ôïõ
óõóóùìáôþìáôïò éó÷ýåé:

Þ   Þ

(2)

Áðü ôéò ó÷Ýóåéò (1) êáé (2) ðñïêýðôåé:

= 2m g
Äx

k

+ = +1 1 2k(x Äx) (m m )g

′ = +åë 1 2F w w=ÓF 0

Óôçí ðëáóôéêÞ êñïýóç éó÷ýåé:

Þ   

Þ   

(2)= = =

0

1K 0
2

2

1

õ
2mõ õ2Á

ù 2k k
2m

=Ê 2 2õ ù Á

= 0
K

õ
õ

2
= +1 0 1 2 Km õ (m m )õ

Þ

Þ   =max 1õ 3 gs+ =1 1
1 1 1 max

õ m
m õ m õ

2 2

′= − +1 1 1 1 2 maxm õ m õ m õ
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Áðü ôéò ó÷Ýóåéò (1) êáé (2) ðñïêýðôåé:

6.280 ã: Ãéá ôçí êñïýóç éó÷ýåé:

Þ   Þ

= =2 max max
K

2

m õ õ
õ

2m 2

= +2 max 1 2 Km õ (m m )õ=
� �

αρχx ôåëx
p p

= = =

0 1

1

2 10

õ m

A 2k 2
A 2m 2õ

2 k

6.281 â: Óôçí ðëáóôéêÞ êñïýóç éó÷ýåé:

Þ   

Ôï óþìá Ó1 Ý÷åé ðëÜôïò ôáëÜíôùóçò Á1 êáé

åíÝñãåéá ôáëÜíôùóçò: 

Ôï óõóóùìÜôùìá Ý÷åé ðëÜôïò ôáëÜíôùóçò Á2

êáé åíÝñãåéá ôáëÜíôùóçò:

Þ   

6.282 á: Ãéá ôç èÝóç éóïññïðßáò ôçò ôáëÜ-
íôùóçò ôïõ m2 éó÷ýåé:

Þ   Þ   (1)=1 2kx m g=åë 2F w=ÓF 0

>2 1E E= + +2
1 2 K 1

1
(m m )õ E

2

= + = + + =2 2
2 1 2 K 1

1 1
E K U (m m )õ kA

2 2

= 2
1 1

1
E kA

2

=
+
2 2

K
1 2

m õ
õ

m m
= +2 2 1 2 Km õ (m m )õ

= − = −
2 2

2max 2 max
2 2 max

õ 3m õ1 1
m m õ

2 4 2 8

= − = − =2 2
F ôåë áñ÷ 2 K 2 max

1 1
W K K m õ m õ

2 2

6.28� ã: Åöáñìüæïõìå ôï ÈÌÊÅ ãéá ôï óþìá 
Ó1 ðñéí êáé ìåôÜ ôçí êñïýóç:

Þ   

Þ   

Þ

Áðü ÁÄÏ ãéá ôçí êñïýóç Ý÷ïõìå:

′ = = =11 1
1

gss õ
õ 2gçìö

4 2 2

′− = −2
1 1 1 2

1
0 m õ m gçìös

2

=1 1õ gs

=1 1õ 2gçìös2
1 1 1 1

1
m õ 0 m gçìös

2
− =

6.284 á: Ãéá ôçí ðëáóôéêÞ êñïýóç óôïí Üîï-
íá x´x éó÷ýåé:

Þ   

Þ

¢ñá, ôï ðëÜôïò åîáñôÜôáé áðü ôç ãùíßá ö.

= = ⋅
+ + +

1 1 1 1

1 2 1 2 1 2

m õ óõíö m õ óõíö k
Á

(m m )ù m m m m

= =K maxõ õ ùÁ

=
+

1 1
K

1 2

m õ óõíö
õ

m m
= +1 1 1 2 Km õ óõíö (m m )õ

1 2
m m

k

)

6.285 á: Ãéá ôçí ðëáóôéêÞ êñïýóç éó÷ýåé:

Þ   Þ

Þ   Þ

= =
2
1mõ1 1

Ê Å
2 2 2

= ⋅ ⋅
2
1õ1

Ê 2m
2 4

= + 2
1 2 Ê

1
Ê (m m )õ

2

= 1
K

õ
õ

2

=
+
1 1

K
1 2

m õ
õ

m m
= +1 1 1 2 Km õ (m m )õ

Ãéá ôç èÝóç éóïññïðßáò ôçò ôáëÜíôùóçò ôïõ
óõóóùìáôþìáôïò éó÷ýåé:

Þ   Þ

(2)

Áðü ôéò ó÷Ýóåéò (1) êáé (2) ðñïêýðôåé:

= 2m g
Äx

k

+ = +1 1 2k(x Äx) (m m )g

′ = +åë 1 2F w w=ÓF 0

Óôçí ðëáóôéêÞ êñïýóç éó÷ýåé:

Þ   

Þ   

(2)= = =

0

1K 0
2

2

1

õ
2mõ õ2Á

ù 2k k
2m

=Ê 2 2õ ù Á

= 0
K

õ
õ

2
= +1 0 1 2 Km õ (m m )õ

Þ

Þ   =max 1õ 3 gs+ =1 1
1 1 1 max

õ m
m õ m õ

2 2

′= − +1 1 1 1 2 maxm õ m õ m õ
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                                             ωΑ 6.286 α: υ1 = ω √Α2 – x2 = ––– 
                                               2 

p
→

αρχ = p
→

τελ ή m1υ1 – m2υ2 = (m1 + m2)υκ  ή  

     ωΑ        ωΑ 
m1 ––– – m1 ––– = 2m1υκ  ή υκ  = 0 
       2            2 

                         Α√  3 
Άρα: Α  ́= x = ––––––  
                             2 

 

               1              1 6.287 β: –– m1υ2 – –– m1υ2
0 = m1gh ή 

               2              2 

υ = √ υ2
0 + 2gh 

p
→

αρχ = p
→

τελ ή mυ = 2mυκ  ή  

         υ      √ υ2
0 + 2gh 

υκ = –– = ––––––––––– (1) 
         2             2 

            1            1               1 AΔΕΤ: –– kx2 + –– 2mυκ2 = –– kA2 (2) 
            2            2               2 

Aπό τις σχέσεις (1) και (2) προκύπτει ότι το 

πλάτος Α εξαρτάται από την απόσταση h και 

το μέτρο της ταχύτητας υ0. 

 

                                                                       υ0 
6.288 α: p

→

αρχ = p
→

τελ ή 0 = mυ0 – 9mυ  ή υ = ––– 
                                                                       9 

                  υ0              υ0          k 
υ = υmax ή ––– =ωΑ ή ––– =    ––– Α ή 
                   9                9         9m 

        υ0      m 
Α = –––    –––  
         3       k 

 

                                                                     Α 6.289 α: p
→

αρχ = p
→

τελ ή m1υmax= (m1 + m2)ώ  –– ή 
                                                                     2 

                                        k        A 
m1ωΑ = (m1 + m2)    ––––––––– ––– ή 
                                   m1 + m2   2  

           k                                   k        A 
m1     ––– Α = (m1 + m2)    ––––––––– ––– ή 
          m1                             m1 + m2   2 

           1 
m1 =  –– (m1 + m2) ή m2 = 3m1            4 

                            T1                 2π  T1    π       d 
6.290 α: Για t1 = –– : x1 = dημ(–––  –– + ––) = – –– 
                            3                   T1   3     2      2 

         1            1     d2      E1           3E1 U1 = –– kx1
2 = –– k ––– = –– , K1 = –––– 

          2            2      4       4              4 

Για τη δεύτερη ταλάντωση ισχύουν: 

         1          E1 K2 = –– K1 = ––– 
          3          4 

                 E1 U2 = U1 = ––– 
                  4 
                         E1 E2 = K2 + U2 = ––– ή 
                           2 

 1            1  1           A1 –– kA2
2 = –– –– kA2

1 ή ––– = √  2 
 2           2  2           A2 

 

                                     k 6.291 β: υ1 = ωΑ =    –– d                                     m 

Aπό ΑΔΟ για το σύστημα των δύο σωμάτων 

ισχύει:  

p
→

αρχ = p
→

τελ ή (m1 + m2)υx  ή  

            k   d ux =    ––  ––  
           m   2 

       1                    2h 
h = –– gt2 ή t =     ––– 
        2                    g 

υy = gt = √2gh 

                                k   d2 
υ =  √υ2

x + υ2
y  =     ––  –––  + 2gh 

                                 m   4 
 

                           2m1                  5 
6.292 β: υ 2́ = ––––––––– υ1 = – –– ωΑ 
                        m1 + m2              3  

To Σ2 ξεκινά τη νέα ταλάντωση από τυχαία θέ- 

                                          5 ση με x = +A και υ 2́ = – –– ωΑ. 
                                          3 
Από ΑΔΕΤ έχουμε: 

          1             1 
E΄ = –– kΑ2 + –– m2υ 2́

2 = 
          2             2 

             1      25                   25 
= E  + –– m2 –– ω2Α2 = Ε + –– Ε 
            2        9                      9 
                                 25E 
Άρα: ΔΕ = Ε΄ – E = –––– . 
                                     9 

Aπαντήσεις – Λύσεις 
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2.293 γ: ΘΜΚΕ για το Σ2: 

 1            1   –– m2υ2
2 – –– m2υ2

0 = –m2gημφs ή υ2 = 2 √gs 
 2            2   

Mετά την κρούση: υ 1́ = υ2 = 2 √gs  (Τα σώ-

ματα ανταλλάσσουν ταχύτητες.) 

Το Σ1 ξεκινά την ταλάντωσή του από τη θέση 

ισορροπίας, άρα: 

                                     υ 1́      2√gs            gsm 
υ 1́ = υmax = ωΑ ή Α = ––– = –––––– = 2     –––– 
                                      ω          k                   k                                                               ––  
                                                m   
 

6.294 α: Το Σ1 ξεκινά την ταλάντωσή του από 

τη θέση φυσικού μήκους του ελατηρίου που 

είναι ακραία θέση (υ = 0). Επομένως: 

Θ.Ι.Τ.: ΣF = 0 ή Fελ = w1 ή kA = mg ή 

        mg 
A = –––– 
          k 

                         m 
υmax = ωΑ =    ––– g  
                          k  

          m1 – m2                      υmax         ωΑ 
υ 1́ = ––––––––– υ1 = – –––– = – –––– 
         m1 + m2               2             2     
 

 

 

 

 

 

 

 

 

 

Eπειδή η Θ.Ι. δε μεταβάλλεται ισχύει: 

                               υmax                  ωΑ 
|υ 1́| =   υ ḿax = ––––  ή ωΆ  = ––––  ή 
                          2                     2     

          Α            mg 
Ά  = ––– = ––––  
           2       2k     

Σε μία ταλάντωση διανύει απόσταση: 

                  2mg 
s = 4Ά  = –––––  
                     k   
 

6.295 α: Το Σ1 χάνει επαφή με το ελατήριο, όταν 

αυτό βρίσκεται στο φυσικό του μήκος. Η ταχύ-

τητα του Σ1, όταν χάνει την επαφή του, είναι: 

                       k 
υ1 = ωd =    ––– d  
                      m1  

Για την κρούση ισχύει: 
             2m1                        d             k 
υ 2́ = ––––––––– υ1 = –––    ––––  (1) 
         m1 + m2           2       m1   

Για την οριακή ανακύκλωση ισχύουν: Τ = 0 και 

                         ύ 2́
2 

Fκ = m2g ή m2 –––– = m2g ή ύ 2́
2 = g� (2) 

                            � 

ΘΜΚΕ για το Σ2: 

 1              1   –– m2ύ 2́
2 – –– m2υ 2́

2 = –m2g2� 
 2              2   

ύ 2́
2 = υ 2́

2 – 4g� (3) 

Aπό τις σχέσεις (1), (2) και (3) έχουμε: 

              5g�m1 d = 2    –––––––  
                  k  

 

6.296 α: p
→

αρχ = p
→

τελ ή 

m1υ1 – m2|υ2| = –m1|υ 1́| + m2|υ 2́| = 0 

                    |υ 1́|
 

Άρα: |υ 2́| = –––– 
                      6 

Για το σώμα Σ2 μετά τη σύγκρουση: 

ΣF = w – F = 0 

Άρα, το Σ2 εκτελεί ευθύγραμμη ομαλή κίνηση 

                υ 1́
 

με |υ 2́| = ––– . 
                6 

To Σ1 εκτελεί απλή αρμονική ταλάντωση με 

                                 |υ 1́|
 

υmax = |υ 1́| και Α  ́= –––– 
                                   ω 
                                                                                                     3Τ Για να συναντηθούν, πρέπει σε χρόνο ––––  το 
                                                                 4  
σώμα Σ2 να έχει διανύσει διάστημα s2 ≤ Ά . 

        3Τ                         |υ 1́|      3Τ       |υ 1́|
 

|υ 2́| –––– ≤ Α΄ ή –––– · –––– ≤ –––– Τ ή 4 ≥ π, 
        4                  6        4        2π 

που ισχύει. 
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6.297 β: ΑΔΕΤ για το Σ1: 

 1           1             1                    A      k –– kx2 + –– mυ2
1 = –– kA2 ή υ1 = ––     –– 

 2           2             2                    2      m 

        υ1    Α      k υκ = –– = ––     –– 
         2      4     m  

ΘΜΚΕ για το Σ2 κατά τη διάρκεια της κρούσης: 

Κ 2́ – Κ2 = WF ή 

          1           1             1              1 WF = –– mυ2
κ – –– mυ2

2 = –– mυ2
κ = ––– kA2 

          2           2             2             32 
 

6.298 γ: Εφαρμόζουμε την αρχή διατήρησης 

της ορμής για το σύστημα των σωμάτων Σ, Σ1 

και Σ2. 

m1υ1συνφ1 – m2υ2συνφ2 = (m1 + m2 + m)υκ ή 

 mυ                 √  2                              υ –––– – mυ √  2  –––– = 3mυκ ή υκ = – –– 
   2                      2                               6 

Επειδή η Θ.Ι. δεν αλλάζει, ισχύει: υκ = υmax 

         1                 1        υ         mυ2 Ε2 = –– m2υ2
max = –– m(–––)2

 = –––– 
         2                  2       6           72 
 

6.299 α: ΑΔΜΕ για το Σ1: 

 1 –– m1υ2
1 = m1g�(1 – συν60ο) ή υ1 = √g� 

 2  

Για την κρούση: 

p
→

αρχ = p
→

τελ ή m1υ1 = (m1 + m2)υκ ή 

        υ1     √g� 
υκ = –– = ––––––– 
         2          2 

Για την ταλάντωση ισχύει: υmax = υκ 

                 1                             mg� 
Άρα: E = –– (m1 + m2)υ2

max = –––––  
                 2                                4 
 

Προβλήματα 
6.300 Α. To πλάτος είναι Α = d = 0,3 m. 

Η ενέργεια που προσφέρθηκε είναι ίση με την 

ενέργεια ταλάντωσης του συστήματος. 

                    1                        –– m1ω2Α2 
                     2 π% = ––––––––––––––––– 100% = 25% 
            1                –– (m1 + m2)ω2Α2 
            2 

β1) Από ΑΔΕΤ: 

 1           1                         1 –– kA2 = –– (m1 + m2)ύ 2 + –– kx 2́ ή υ1 ≈ 2,9 m/s 
 2           2                         2   
 

β2)  

 

 

 

 

 

 

 

 

 

Στη Θ.Ι. του (m1 + m2) : kx1 = (m1 + m2)g ή 

x1 = 0,1 m 

Στη Θ.Ι. του m1: kx2 = m1g ή x2 = 0,025 m 

x΄ = x1 – x2, άρα όταν απομακρύνεται το Σ2, το 

Σ1 βρίσκεται στη θέση ισορροπίας της ταλά-

ντωσής του και ισχύει: 

                                      k 

υ  ́  = υmax = ω Ά́  =     –––  Ά  ή Ά  = 0,145 m 
                                      m1 
 

                  1   β3) Uελmax
 = –– k(x2 + A΄)2 = 5,78J 

                 2   

Á  > x2, άρα το σώμα διέρχεται από τη θέση του 

φυσικού μήκους του ελατηρίου και Uελmin
 = 0. 

 

6.301 α) Κατά τη διάρκεια της διάσπασης: 
p
→

αρχ = p
→

τελ ή 0 = m2υ2 – m1υ1 ή υ2 = 6 m/s 

Η ενέργεια που προσφέρθηκε είναι: 

                          1               1 
Eπρ = Κ1 + Κ2 = –– m1υ2

1 + –– m2υ2
2  = 24 J 

                        2             2  
 

                  k1 β) ω1 =     ––– = 10 rad/s και 
                  m1  

             k2 ω2 =     ––– = 10 rad/s και 
              m2  

υ1 = υ1max
 = ω1Α1 ή Α1 = 0,2 m και 

υ2 = υ2max
 = ω2Α2 ή Α2 = 0,6 m  

Aπαντήσεις – Λύσεις 
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2.293 γ: ΘΜΚΕ για το Σ2: 

 1            1   –– m2υ2
2 – –– m2υ2

0 = –m2gημφs ή υ2 = 2 √gs 
 2            2   

Mετά την κρούση: υ 1́ = υ2 = 2 √gs  (Τα σώ-

ματα ανταλλάσσουν ταχύτητες.) 

Το Σ1 ξεκινά την ταλάντωσή του από τη θέση 

ισορροπίας, άρα: 

                                     υ 1́      2√gs            gsm 
υ 1́ = υmax = ωΑ ή Α = ––– = –––––– = 2     –––– 
                                      ω          k                   k                                                               ––  
                                                m   
 

6.294 α: Το Σ1 ξεκινά την ταλάντωσή του από 

τη θέση φυσικού μήκους του ελατηρίου που 

είναι ακραία θέση (υ = 0). Επομένως: 

Θ.Ι.Τ.: ΣF = 0 ή Fελ = w1 ή kA = mg ή 

        mg 
A = –––– 
          k 

                         m 
υmax = ωΑ =    ––– g  
                          k  

          m1 – m2                      υmax         ωΑ 
υ 1́ = ––––––––– υ1 = – –––– = – –––– 
         m1 + m2               2             2     
 

 

 

 

 

 

 

 

 

 

Eπειδή η Θ.Ι. δε μεταβάλλεται ισχύει: 

                               υmax                  ωΑ 
|υ 1́| =   υ ḿax = ––––  ή ωΆ  = ––––  ή 
                          2                     2     

          Α            mg 
Ά  = ––– = ––––  
           2       2k     

Σε μία ταλάντωση διανύει απόσταση: 

                  2mg 
s = 4Ά  = –––––  
                     k   
 

6.295 α: Το Σ1 χάνει επαφή με το ελατήριο, όταν 

αυτό βρίσκεται στο φυσικό του μήκος. Η ταχύ-

τητα του Σ1, όταν χάνει την επαφή του, είναι: 

                       k 
υ1 = ωd =    ––– d  
                      m1  

Για την κρούση ισχύει: 
             2m1                        d             k 
υ 2́ = ––––––––– υ1 = –––    ––––  (1) 
         m1 + m2           2       m1   

Για την οριακή ανακύκλωση ισχύουν: Τ = 0 και 

                         ύ 2́
2 

Fκ = m2g ή m2 –––– = m2g ή ύ 2́
2 = g� (2) 

                            � 

ΘΜΚΕ για το Σ2: 

 1              1   –– m2ύ 2́
2 – –– m2υ 2́

2 = –m2g2� 
 2              2   

ύ 2́
2 = υ 2́

2 – 4g� (3) 

Aπό τις σχέσεις (1), (2) και (3) έχουμε: 

              5g�m1 d = 2    –––––––  
                  k  

 

6.296 α: p
→

αρχ = p
→

τελ ή 

m1υ1 – m2|υ2| = –m1|υ 1́| + m2|υ 2́| = 0 

                    |υ 1́|
 

Άρα: |υ 2́| = –––– 
                      6 

Για το σώμα Σ2 μετά τη σύγκρουση: 

ΣF = w – F = 0 

Άρα, το Σ2 εκτελεί ευθύγραμμη ομαλή κίνηση 

                υ 1́
 

με |υ 2́| = ––– . 
                6 

To Σ1 εκτελεί απλή αρμονική ταλάντωση με 

                                 |υ 1́|
 

υmax = |υ 1́| και Α  ́= –––– 
                                   ω 
                                                                                                     3Τ Για να συναντηθούν, πρέπει σε χρόνο ––––  το 
                                                                 4  
σώμα Σ2 να έχει διανύσει διάστημα s2 ≤ Ά . 

        3Τ                         |υ 1́|      3Τ       |υ 1́|
 

|υ 2́| –––– ≤ Α΄ ή –––– · –––– ≤ –––– Τ ή 4 ≥ π, 
        4                  6        4        2π 

που ισχύει. 
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6.297 β: ΑΔΕΤ για το Σ1: 

 1           1             1                    A      k –– kx2 + –– mυ2
1 = –– kA2 ή υ1 = ––     –– 

 2           2             2                    2      m 

        υ1    Α      k υκ = –– = ––     –– 
         2      4     m  

ΘΜΚΕ για το Σ2 κατά τη διάρκεια της κρούσης: 

Κ 2́ – Κ2 = WF ή 

          1           1             1              1 WF = –– mυ2
κ – –– mυ2

2 = –– mυ2
κ = ––– kA2 

          2           2             2             32 
 

6.298 γ: Εφαρμόζουμε την αρχή διατήρησης 

της ορμής για το σύστημα των σωμάτων Σ, Σ1 

και Σ2. 

m1υ1συνφ1 – m2υ2συνφ2 = (m1 + m2 + m)υκ ή 

 mυ                 √  2                              υ –––– – mυ √  2  –––– = 3mυκ ή υκ = – –– 
   2                      2                               6 

Επειδή η Θ.Ι. δεν αλλάζει, ισχύει: υκ = υmax 

         1                 1        υ         mυ2 Ε2 = –– m2υ2
max = –– m(–––)2

 = –––– 
         2                  2       6           72 
 

6.299 α: ΑΔΜΕ για το Σ1: 

 1 –– m1υ2
1 = m1g�(1 – συν60ο) ή υ1 = √g� 

 2  

Για την κρούση: 

p
→

αρχ = p
→

τελ ή m1υ1 = (m1 + m2)υκ ή 

        υ1     √g� 
υκ = –– = ––––––– 
         2          2 

Για την ταλάντωση ισχύει: υmax = υκ 

                 1                             mg� 
Άρα: E = –– (m1 + m2)υ2

max = –––––  
                 2                                4 
 

Προβλήματα 
6.300 Α. To πλάτος είναι Α = d = 0,3 m. 

Η ενέργεια που προσφέρθηκε είναι ίση με την 

ενέργεια ταλάντωσης του συστήματος. 

                    1                        –– m1ω2Α2 
                     2 π% = ––––––––––––––––– 100% = 25% 
            1                –– (m1 + m2)ω2Α2 
            2 

β1) Από ΑΔΕΤ: 

 1           1                         1 –– kA2 = –– (m1 + m2)ύ 2 + –– kx 2́ ή υ1 ≈ 2,9 m/s 
 2           2                         2   
 

β2)  

 

 

 

 

 

 

 

 

 

Στη Θ.Ι. του (m1 + m2) : kx1 = (m1 + m2)g ή 

x1 = 0,1 m 

Στη Θ.Ι. του m1: kx2 = m1g ή x2 = 0,025 m 

x΄ = x1 – x2, άρα όταν απομακρύνεται το Σ2, το 

Σ1 βρίσκεται στη θέση ισορροπίας της ταλά-

ντωσής του και ισχύει: 

                                      k 

υ  ́  = υmax = ω Ά́  =     –––  Ά  ή Ά  = 0,145 m 
                                      m1 
 

                  1   β3) Uελmax
 = –– k(x2 + A΄)2 = 5,78J 

                 2   

Á  > x2, άρα το σώμα διέρχεται από τη θέση του 

φυσικού μήκους του ελατηρίου και Uελmin
 = 0. 

 

6.301 α) Κατά τη διάρκεια της διάσπασης: 
p
→

αρχ = p
→

τελ ή 0 = m2υ2 – m1υ1 ή υ2 = 6 m/s 

Η ενέργεια που προσφέρθηκε είναι: 

                          1               1 
Eπρ = Κ1 + Κ2 = –– m1υ2

1 + –– m2υ2
2  = 24 J 

                        2             2  
 

                  k1 β) ω1 =     ––– = 10 rad/s και 
                  m1  

             k2 ω2 =     ––– = 10 rad/s και 
              m2  

υ1 = υ1max
 = ω1Α1 ή Α1 = 0,2 m και 

υ2 = υ2max
 = ω2Α2 ή Α2 = 0,6 m  
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γ) Τα δύο σώματα ξεκινούν ταυτόχρονα την 

ταλάντωσή τους από τη θέση ισορροπίας και, 

επειδή έχουν ίδια περίοδο, ξαναφτάνουν στη 

θέση ισορροπίας ταυτόχρονα, τη χρονική στιγ- 

            Τ               2π      π 
μή t = ––, με Τ = ––– = –– s. 
            2                ω       5 

Για το Σ1: 

α1 = –ω2
1x = –100x με 

αmax = 20 m/s2 και –0,2 ≤ x ≤ 0 

 

 

 

 

 

 

 

δ) Από το περιστρεφόμενο διάνυσμα προκύ-

πτει ότι: 

 

 

 

 

 

 

 

 

               Α2 
                  ––– 
                 2         1              π 
ημφ1 = ––––– = –– ή φ1 = –– rad 
               Α2         2              6 

               Α2 √  3 
                  ––––––– 
                    2            √  3               π 
ημφ2 = ––––––––– = –––– ή φ2 = –– rad 
                   Α2             2                 3 

                          π   Δφ = φ2 – φ1 = –– rad και Δφ = ω2Δt ή 
                         6  

          π   Δt = ––– s 
        60  

 

6.302 α) Α = d = 0,2 √  3  m 

                  k 
ω =     ––––––––– = 5 rad/s 
             m1 + m2   

β) Στη Θ.Ι.Τ.:  

(m1 + m2)gημφ = kx1 ή x1 = 0,2 m 

Όταν |Fεπ| = |Fελ|: kx2 = k(x1 – x2) ή 

          x1   x2 = ––– = 0,1 m 
         2  

Για το σώμα Σ1:  

ΣF = –D1x2 ή 

Ν – m1gημφ = –m1ω2x2 ή Ν = 2,5 Ν 

 

 

 

 

 

 

 

 

 

 
 

γ) Όταν τα σώματα χάνουν την επαφή τους, 

ισχύει: Ν = 0.  

Άρα, για το σώμα Σ1 ισχύει: 

–m1gημφ = –m1ω2x ή x = 0,2 m 
 

δ) Στη θέση που τα σώματα χάνουν την επαφή 

τους, από την ΑΔΕΤ για το σύστημα έχουμε: 

 1           1                         1 –– kx2 + –– (m1 + m2)υ2 = –– kA2 ή υ = √  2 m/s 
 2           2                         2  

Aπό ΘΜΚΕ για το Σ1 από τη θέση που χάνει 

την επαφή του με το Σ2 μέχρι την κορυφή του 

κεκλιμένου επιπέδου: 

       1 0 – –– m1 υ2 = –m1gημφś  ή ś  = 0,2 m 
      2  

Άρα: s = � + x + ś  = 1,4 m. 
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6.303 α) Από ΑΔΕΤ: 

 1           1               1 –– kx2 + –– mυ2 = –– kA2 ή A = 0,25 m 
 2           2             2   
 

                 k 
β) ω =    ––– = 15 rad/s  
                m  

   dp (––––)
1
 = ΣF = –mω2x1 ή x1 = –0,15 m 

   dt 

|υ1| = ω√A2 – x1
2 = 3 m/s 

γ) α2 = –ω2x2 ή x2 = –0,125 m 

                                                 1            1 K + U = E ή Κ = Ε – U ή Κ = –– kΑ2 – –– kx2
2 

                                                 2           2 

                               1            1                                     –– kA2 – –– kx2
2 

           Κ                   2           2 π% = –– 100% =  –––––––––––––– 100% = 75% 
           E                      1                                              –– kA2 
                                    2 
 

δ) Το σώμα χάνει την επαφή του με το ελατή-

ριο, όταν φτάνει στο φυσικό μήκος του ελατη-

ρίου. Η ενέργεια του σώματος, όταν αυτό συ-

ναντά το κεκλιμένο επίπεδο, είναι: 

        1 E = –– kA2 = 7,03 J 
        2 

Στο ύψος h του κεκλιμένου επιπέδου το σώμα 

έχει ενέργεια: 

E΄ = mgh = 6 J 

E ≠ E΄, άρα το κεκλιμένο επίπεδο δεν είναι λείο. 

Q = E – Ε΄ = 1,03 J. 

 

6.304 α) Στη θέση ισορροπίας: 

ΣF = 0 ή F1 + Fελ1
 = m1g ή Fελ1

 = 0, 

άρα η θέση ισορροπίας αντιστοιχεί στο φυσικό 

μήκος του ελατηρίου. 

Ομοίως: Fελ2
 = Fελ3

 = 0. 
 

β) Τα σώματα εγκαταλείπουν τα ελατήρια στη 

θέση ισορροπίας, δηλαδή στη θέση φυσικού 

μήκους, στην οποία φτάνουν τη χρονική στιγμή 

       Τ 
t = ––. 
       4 

                  m1      π 
T1 = 2π    ––– = –– s  
                 k1       5 

                                 π 
Oμοίως: T2 = T3 = –– s  
                                5 

γ) WF1
 = F1Δx1 = 1 J  

και ομοίως WF2
 = 4 J, WF3

 = 9 J 

δ) Στη θέση ισορροπίας: 

                      2π 
υ1 = ω1Α1 = ––– Δx1 = 1 m/s και ομοίως  
                      T1 

υ2 = 2 m/s, υ3 = 3 m/s 

Tα σώματα εκτελούν κατακόρυφη βολή προς 

τα πάνω. 

                1                      1                        1 s1=υ1t – –– gt2, s2=υ2t – –– gt2, s3=υ3t – –– gt2,  
                2                      2                      2  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Για να βρίσκονται τα σώματα συνεχώς σε μία 

                                                  s1 + s3 ευθεία, πρέπει να ισχύει s2 = –––––––– (διάμε- 
                                                      2 

σος του τραπεζίου) κάθε χρονική στιγμή κατά 

την ανοδική και καθοδική κίνησή τους. 

 s1 + s3          υ1t + υ3t – gt2    (υ1 + υ3)t    1 
–––––––– = –––––––––––––– = ––––––––– – –– gt2 = 
       2                          2                           2            2 

            1 = υ2t – –– gt2 = s2                2 
 

ε) Aπό ΘΜΚΕ προκύπτει ότι η ταχύτητα του 

σώματος μάζας m1, όταν αυτό έρχεται ξανά 

σε επαφή με το ελατήριο, έχει μέτρο: 

υ 1́ = υ1 = 1 m/s 

Για τη Θ.Ι. της νέας ταλάντωσης: 

m1g = k1x 1́ ή x 1́ = 0,1 m 
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γ) Τα δύο σώματα ξεκινούν ταυτόχρονα την 

ταλάντωσή τους από τη θέση ισορροπίας και, 

επειδή έχουν ίδια περίοδο, ξαναφτάνουν στη 

θέση ισορροπίας ταυτόχρονα, τη χρονική στιγ- 

            Τ               2π      π 
μή t = ––, με Τ = ––– = –– s. 
            2                ω       5 

Για το Σ1: 

α1 = –ω2
1x = –100x με 

αmax = 20 m/s2 και –0,2 ≤ x ≤ 0 

 

 

 

 

 

 

 

δ) Από το περιστρεφόμενο διάνυσμα προκύ-

πτει ότι: 

 

 

 

 

 

 

 

 

               Α2 
                  ––– 
                 2         1              π 
ημφ1 = ––––– = –– ή φ1 = –– rad 
               Α2         2              6 

               Α2 √  3 
                  ––––––– 
                    2            √  3               π 
ημφ2 = ––––––––– = –––– ή φ2 = –– rad 
                   Α2             2                 3 

                          π   Δφ = φ2 – φ1 = –– rad και Δφ = ω2Δt ή 
                         6  

          π   Δt = ––– s 
        60  

 

6.302 α) Α = d = 0,2 √  3  m 

                  k 
ω =     ––––––––– = 5 rad/s 
             m1 + m2   

β) Στη Θ.Ι.Τ.:  

(m1 + m2)gημφ = kx1 ή x1 = 0,2 m 

Όταν |Fεπ| = |Fελ|: kx2 = k(x1 – x2) ή 

          x1   x2 = ––– = 0,1 m 
         2  

Για το σώμα Σ1:  

ΣF = –D1x2 ή 

Ν – m1gημφ = –m1ω2x2 ή Ν = 2,5 Ν 

 

 

 

 

 

 

 

 

 

 
 

γ) Όταν τα σώματα χάνουν την επαφή τους, 

ισχύει: Ν = 0.  

Άρα, για το σώμα Σ1 ισχύει: 

–m1gημφ = –m1ω2x ή x = 0,2 m 
 

δ) Στη θέση που τα σώματα χάνουν την επαφή 

τους, από την ΑΔΕΤ για το σύστημα έχουμε: 

 1           1                         1 –– kx2 + –– (m1 + m2)υ2 = –– kA2 ή υ = √  2 m/s 
 2           2                         2  

Aπό ΘΜΚΕ για το Σ1 από τη θέση που χάνει 

την επαφή του με το Σ2 μέχρι την κορυφή του 

κεκλιμένου επιπέδου: 

       1 0 – –– m1 υ2 = –m1gημφś  ή ś  = 0,2 m 
      2  

Άρα: s = � + x + ś  = 1,4 m. 
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6.303 α) Από ΑΔΕΤ: 

 1           1               1 –– kx2 + –– mυ2 = –– kA2 ή A = 0,25 m 
 2           2             2   
 

                 k 
β) ω =    ––– = 15 rad/s  
                m  

   dp (––––)
1
 = ΣF = –mω2x1 ή x1 = –0,15 m 

   dt 

|υ1| = ω√A2 – x1
2 = 3 m/s 

γ) α2 = –ω2x2 ή x2 = –0,125 m 

                                                 1            1 K + U = E ή Κ = Ε – U ή Κ = –– kΑ2 – –– kx2
2 

                                                 2           2 

                               1            1                                     –– kA2 – –– kx2
2 

           Κ                   2           2 π% = –– 100% =  –––––––––––––– 100% = 75% 
           E                      1                                              –– kA2 
                                    2 
 

δ) Το σώμα χάνει την επαφή του με το ελατή-

ριο, όταν φτάνει στο φυσικό μήκος του ελατη-

ρίου. Η ενέργεια του σώματος, όταν αυτό συ-

ναντά το κεκλιμένο επίπεδο, είναι: 

        1 E = –– kA2 = 7,03 J 
        2 

Στο ύψος h του κεκλιμένου επιπέδου το σώμα 

έχει ενέργεια: 

E΄ = mgh = 6 J 

E ≠ E΄, άρα το κεκλιμένο επίπεδο δεν είναι λείο. 

Q = E – Ε΄ = 1,03 J. 

 

6.304 α) Στη θέση ισορροπίας: 

ΣF = 0 ή F1 + Fελ1
 = m1g ή Fελ1

 = 0, 

άρα η θέση ισορροπίας αντιστοιχεί στο φυσικό 

μήκος του ελατηρίου. 

Ομοίως: Fελ2
 = Fελ3

 = 0. 
 

β) Τα σώματα εγκαταλείπουν τα ελατήρια στη 

θέση ισορροπίας, δηλαδή στη θέση φυσικού 

μήκους, στην οποία φτάνουν τη χρονική στιγμή 

       Τ 
t = ––. 
       4 

                  m1      π 
T1 = 2π    ––– = –– s  
                 k1       5 

                                 π 
Oμοίως: T2 = T3 = –– s  
                                5 

γ) WF1
 = F1Δx1 = 1 J  

και ομοίως WF2
 = 4 J, WF3

 = 9 J 

δ) Στη θέση ισορροπίας: 

                      2π 
υ1 = ω1Α1 = ––– Δx1 = 1 m/s και ομοίως  
                      T1 

υ2 = 2 m/s, υ3 = 3 m/s 

Tα σώματα εκτελούν κατακόρυφη βολή προς 

τα πάνω. 

                1                      1                        1 s1=υ1t – –– gt2, s2=υ2t – –– gt2, s3=υ3t – –– gt2,  
                2                      2                      2  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Για να βρίσκονται τα σώματα συνεχώς σε μία 

                                                  s1 + s3 ευθεία, πρέπει να ισχύει s2 = –––––––– (διάμε- 
                                                      2 

σος του τραπεζίου) κάθε χρονική στιγμή κατά 

την ανοδική και καθοδική κίνησή τους. 

 s1 + s3          υ1t + υ3t – gt2    (υ1 + υ3)t    1 
–––––––– = –––––––––––––– = ––––––––– – –– gt2 = 
       2                          2                           2            2 

            1 = υ2t – –– gt2 = s2                2 
 

ε) Aπό ΘΜΚΕ προκύπτει ότι η ταχύτητα του 

σώματος μάζας m1, όταν αυτό έρχεται ξανά 

σε επαφή με το ελατήριο, έχει μέτρο: 

υ 1́ = υ1 = 1 m/s 

Για τη Θ.Ι. της νέας ταλάντωσης: 

m1g = k1x 1́ ή x 1́ = 0,1 m 
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Aπό ΑΔΕΤ: 

 1             1                 1 –– k1x1́
2 + –– m1υ 1́

2 = –– k1A 1́
2 ή A 1́ = 0,1 √  2 m 

 2             2               2   
 

6.305 α) Στη Θ.Ι.: mg – Fελ1
 – Fελ2

 = 0 ή 

mg = k1x1 + k2x1 (1) ή x1 = 0,4 m 

Στην τυχαία θέση: 

ΣF = mg – k1(x1 + x) – k2(x1 + x) (2) 

 

 

 

 

 

 

 

 

 

 

 
Aπό (1) και (2): ΣF = –(k1 + k2)x = –Dx 

με D = k1 + k2 = 200 N/m 

           k1 + k2                                             π 
ω =    ––––––– = 5 rad/s, A = 0,2 m, φ0 = –– rad 
                m                                                     2 

                            π 
x = 0,2ημ (5t + –––) SI 
                            2  

β) Για Fελ2
 = –50 N, η φορά της είναι προς τα 

πάνω. 

|Fελ2
| = k2|x2| ή |x2| = 0,5 m, άρα το σώμα έχει 

απομάκρυνση x = 0,1 m από τη Θ.Ι. 

ΣF = –Dx = –20 N 

υ = ±ω√A2 – x2 = ±0,5 √ 3 m/s  

και για πρώτη φορά: υ = –0,5 √  3 m/s  

p = mυ = –4 √  3 kg · m/s 

                     4U                         A √  3 
γ) U = 3K ή ––– = E ή x΄ = ± –––––– 
                      3                              2 

                                      A √  3 
Για πρώτη φορά: x΄ = –––––– = 0,1 √  3 m 
                                          2 

α = –ω2x́  = –2,5 √ 3 m/s2 

Fελ2
 = –k2(x1 + x΄) = –(40 + 10 √  3 ) N και  

Fελ1
 = Fελ2

. 

                                                  A δ) Κ = 3U ή 4U = E ή x́  ́= ± –– 
                                                  2 
                                       A Για πρώτη φορά: x́  ́= –– = 0,1 m 
                                       2 
|Fελ1

 + Fελ2
| = |Fεπ| ή 2kx3 = Dx4 ή 

2kx3 = 2kx4 ή x3 = x4 
Aλλά x3 + x4 = x1, άρα x3 = x4 = 0,2 m 

Ww = –mg(x́  ́+ x4) = –24 J 

 

 
 

 

 

 

 

 

 

 

 
 

                            k                            2π      π 6.306 α1) ω =    –– = 10 rad/s, T = ––– = –– s 
                           m                             ω      5 

υ = υmax = ωΑ ή Α = 0,4 m, φ0 = 0 

x = 0,4ημ10t SI 

 

 

 

 

 

 

 

 

 
α2) υ1 = υmaxσυνωt1 = 2 m/s, 

υ2 = υmaxσυνωt2 = 4 m/s 
                           1              1 WFελ

 = Κ2 – K1 = –– mυ2
2 – –– mυ1

2 = 6 J 
                           2            2   

β1) x3 = Aημωt3 = 0,2 m 
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Θ.Ι.Τ.: ΣF

→
 = 0 ή Fελ = F ή kx = F ή 

x = 0,2 m = x3 

Άρα, τη χρονική στιγμή t3 το σώμα διέρχεται 

από τη Θ.Ι. της νέας ταλάντωσης: 

υ ḿax = υ3 = ωΑσυνωt3 = 2 √  3 m/s 

          υ ḿax      √  3 
A΄ = ––––– = –––– m 
            ω          5 

        1 Ε = –– kÁ 2 = 6 J 
        2 
 

β2) |Fεπ| = |Fελ| ή k|x΄| = k(0,2 – |x΄|) ή 

|x΄| = 0,1 m 

  K       E – U       Á 2 
––– = –––––– = –––– – 1 = 11 
  U          U          x 2́ 

 

6.307 α) Για το σώμα Σ2: 

• στο κεκλιμένο επίπεδο: 
         ΣF2 
α2 = –––– = gημφ = 5 m/s2 
          m2 

            h s2 = ––––– = 0,9 m 
         ημφ 

         1 
s2 = –– α2t2

2 ή t2 = 0,6 s 
         2 

υ2 = α2t2 = 3 m/s 

• στο οριζόντιο επίπεδο 
           ΣF 2́        T                 45 
|α 2́ | = –––– = –––– = μg = ––– m/s2 
            m2       m2                11 

                                             4 υ 2́ = υ2 – |α 2́ |(t 2́ – t2) ή t 2́ = –– s 
                                              3 
                            1 s 2́ = υ2 (t 2́ – t2) – –– |α 2́ |(t 2́ – t2)2 = 1,1 m 
                             2 
s = s2 + s 2́ = 2 m 
                                                                  2 s = 8 A ή Α = 0,25 m και 2Τ = t 2́  ή T = –– s 
                                                                   3 

                     m1  β) T = 2π    ––– ή k = 180 N/m 
                     k      

γ) Θ.Ι. (m1, m2): ΣF
→

 = 0 ή 

(m1 + m2)gημφ = k(A + x1) (1) 

Θ.Ι.Τ.: ΣF
→

 = 0 ή m1gημφ = kx1 (2) 

Από (1), (2) έχουμε: m2 = 9 kg 

 

 

 

 

 

 

 

 

 

δ) Fελmax
 = k(A + x1) = 55 N 

                           E 
ε) Κ = U ή U = –– ή x = ±0,125 √  2 m 
                           2 

  Δp |––––| = |ΣF| = |kx| = 22,5 √  2 N 
  Δt 

 

6.308 α) Θα αποδείξουμε ότι το σύστημα των 

τριών σωμάτων εκτελεί απλή αρμονική ταλά-

ντωση. Άρα, και κάθε σώμα ξεχωριστά εκτελεί 

απλή αρμονική ταλάντωση. 
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Aπό ΑΔΕΤ: 

 1             1                 1 –– k1x1́
2 + –– m1υ 1́

2 = –– k1A 1́
2 ή A 1́ = 0,1 √  2 m 

 2             2               2   
 

6.305 α) Στη Θ.Ι.: mg – Fελ1
 – Fελ2

 = 0 ή 

mg = k1x1 + k2x1 (1) ή x1 = 0,4 m 

Στην τυχαία θέση: 

ΣF = mg – k1(x1 + x) – k2(x1 + x) (2) 

 

 

 

 

 

 

 

 

 

 

 
Aπό (1) και (2): ΣF = –(k1 + k2)x = –Dx 

με D = k1 + k2 = 200 N/m 

           k1 + k2                                             π 
ω =    ––––––– = 5 rad/s, A = 0,2 m, φ0 = –– rad 
                m                                                     2 

                            π 
x = 0,2ημ (5t + –––) SI 
                            2  

β) Για Fελ2
 = –50 N, η φορά της είναι προς τα 

πάνω. 

|Fελ2
| = k2|x2| ή |x2| = 0,5 m, άρα το σώμα έχει 

απομάκρυνση x = 0,1 m από τη Θ.Ι. 

ΣF = –Dx = –20 N 

υ = ±ω√A2 – x2 = ±0,5 √ 3 m/s  

και για πρώτη φορά: υ = –0,5 √  3 m/s  

p = mυ = –4 √  3 kg · m/s 

                     4U                         A √  3 
γ) U = 3K ή ––– = E ή x΄ = ± –––––– 
                      3                              2 

                                      A √  3 
Για πρώτη φορά: x΄ = –––––– = 0,1 √  3 m 
                                          2 

α = –ω2x́  = –2,5 √ 3 m/s2 

Fελ2
 = –k2(x1 + x΄) = –(40 + 10 √  3 ) N και  

Fελ1
 = Fελ2

. 

                                                  A δ) Κ = 3U ή 4U = E ή x́  ́= ± –– 
                                                  2 
                                       A Για πρώτη φορά: x́  ́= –– = 0,1 m 
                                       2 
|Fελ1

 + Fελ2
| = |Fεπ| ή 2kx3 = Dx4 ή 

2kx3 = 2kx4 ή x3 = x4 
Aλλά x3 + x4 = x1, άρα x3 = x4 = 0,2 m 

Ww = –mg(x́  ́+ x4) = –24 J 

 

 
 

 

 

 

 

 

 

 

 
 

                            k                            2π      π 6.306 α1) ω =    –– = 10 rad/s, T = ––– = –– s 
                           m                             ω      5 

υ = υmax = ωΑ ή Α = 0,4 m, φ0 = 0 

x = 0,4ημ10t SI 

 

 

 

 

 

 

 

 

 
α2) υ1 = υmaxσυνωt1 = 2 m/s, 

υ2 = υmaxσυνωt2 = 4 m/s 
                           1              1 WFελ

 = Κ2 – K1 = –– mυ2
2 – –– mυ1

2 = 6 J 
                           2            2   

β1) x3 = Aημωt3 = 0,2 m 
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Θ.Ι.Τ.: ΣF

→
 = 0 ή Fελ = F ή kx = F ή 

x = 0,2 m = x3 

Άρα, τη χρονική στιγμή t3 το σώμα διέρχεται 

από τη Θ.Ι. της νέας ταλάντωσης: 

υ ḿax = υ3 = ωΑσυνωt3 = 2 √  3 m/s 

          υ ḿax      √  3 
A΄ = ––––– = –––– m 
            ω          5 

        1 Ε = –– kÁ 2 = 6 J 
        2 
 

β2) |Fεπ| = |Fελ| ή k|x΄| = k(0,2 – |x΄|) ή 

|x΄| = 0,1 m 

  K       E – U       Á 2 
––– = –––––– = –––– – 1 = 11 
  U          U          x 2́ 

 

6.307 α) Για το σώμα Σ2: 

• στο κεκλιμένο επίπεδο: 
         ΣF2 
α2 = –––– = gημφ = 5 m/s2 
          m2 

            h s2 = ––––– = 0,9 m 
         ημφ 

         1 
s2 = –– α2t2

2 ή t2 = 0,6 s 
         2 

υ2 = α2t2 = 3 m/s 

• στο οριζόντιο επίπεδο 
           ΣF 2́        T                 45 
|α 2́ | = –––– = –––– = μg = ––– m/s2 
            m2       m2                11 

                                             4 υ 2́ = υ2 – |α 2́ |(t 2́ – t2) ή t 2́ = –– s 
                                              3 
                            1 s 2́ = υ2 (t 2́ – t2) – –– |α 2́ |(t 2́ – t2)2 = 1,1 m 
                             2 
s = s2 + s 2́ = 2 m 
                                                                  2 s = 8 A ή Α = 0,25 m και 2Τ = t 2́  ή T = –– s 
                                                                   3 

                     m1  β) T = 2π    ––– ή k = 180 N/m 
                     k      

γ) Θ.Ι. (m1, m2): ΣF
→

 = 0 ή 

(m1 + m2)gημφ = k(A + x1) (1) 

Θ.Ι.Τ.: ΣF
→

 = 0 ή m1gημφ = kx1 (2) 

Από (1), (2) έχουμε: m2 = 9 kg 

 

 

 

 

 

 

 

 

 

δ) Fελmax
 = k(A + x1) = 55 N 

                           E 
ε) Κ = U ή U = –– ή x = ±0,125 √  2 m 
                           2 

  Δp |––––| = |ΣF| = |kx| = 22,5 √  2 N 
  Δt 

 

6.308 α) Θα αποδείξουμε ότι το σύστημα των 

τριών σωμάτων εκτελεί απλή αρμονική ταλά-

ντωση. Άρα, και κάθε σώμα ξεχωριστά εκτελεί 

απλή αρμονική ταλάντωση. 
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Θ.Ι.Τ.: ΣF
→

 = 0 ή (m1 + m2 + m3)g = kx1 (1) 

Τ.Θ.: ΣF = (m1 + m2 + m3)g – k(x + x1) = 

= –kx = –Dx 

Άρα, το σύστημα εκτελεί απλή αρμονική τα-

λάντωση με D = k. 

                m1 + m2 + m3      π T = 2π    ––––––––––––––– = –– s, ω = 10 rad/s 
                          D                 5 

D3 = m3ω2 = 300 N/m 
 
                1                    –– D1Α2 
     E1         2                D1     m1     1 
β) ––– = –––––––– = ––– = ––– = ––, 
     E2       1                D2     m2     2                    –– D2Α2 
               2 

 E1      1    E2      2 
––– = ––, ––– = –– 
 E3      3    E3      3 

γ) ΣF3 = –D3x ή w3 + F3 = –D3x ή 

x = –0,05 m 

ΣF2 = –D2x ή w2 + F 3́ + F1 = –m2ω2x ή 

F1 = –25 N 

        dK       (––––)
1

 
        dt

                     

ΣF1 · υ      –D1x     m1      1 
δ) –––––––– = ––––––– = ––––– = ––– = –– ή 
        dK

                   

ΣF2 · υ      –D2x     m2      2 
       (––––)

2

 
        dt 
 

  dK
       

 (––––)
1

= –5 J/s 
   dt 

 

6.309 α) ΣF
→

 = 0 ή Ν + Fελ1
 = w ή 

kx1 = mg – N ή x1 = 0,1 m 

β) p
→

αρχx
 = p

→

τελx
 ή 0 = m1υ1 + m2υ2 ή 

υ1 = –1 m/s 

To σώμα Σ3 αρχίζει να κινείται προς τα πάνω 

χωρίς αρχική ταχύτητα. 

γ) Θ.Ι.Τ.: ΣF
→

 = 0 ή kx = m3g ή x = 0,05 m 

Άρα: Α = x1 – x = 0,05 m 

          π                      k  φ0 = –– rad, ω =     ––– = 10 √  2 rad/s 
          2                      m3 

                                       π
       

 x = 0,05ημ (10 √  2 t + –––)
 

SI 
                                       2 
 

 

 

 

 

 

 

 

δ) Το σώμα Σ3 σταματά στιγμιαία για πρώτη 

φορά στη θέση x = –A τη χρονική στιγμή 

        Τ      π √  2 
t1 = –– = –––––– s έχοντας διανύσει απόσταση 
        2         20 

s3 = 2A = 0,1 m. 

Το σώμα Σ1 έχει διανύσει απόσταση: 

               Τ      π √  2 
s1 = |υ1| –– = –––––– m 
              2         20 

Άρα: d = √s1
2 + s3

2 = 0,1 √ 6 m 
 

                              π √  2 
ε) s2 = υ2t2 ή t2 = –––––– s 
                                80 

                      π
    

     π
   

 
x3 = 0,05ημ(––– + –––)

 

= 0,025 √ 2 m 
                      4

    

     2
   

 

 K3      E3 – U3       E3            A2 
––– = –––––––– = –––

  

– 1 = –––  – 1 = 1 
 E3          U3          U3            x2

3 
 
 

6.310 α1) ΣF
→

 = mα
→

 ή 

        mgημφ + F – Fελ α = –––––––––––––––––– = 6 m/s2 
                    m 

Τo σώμα εκτελεί ευθύγραμμη ομαλά επιταχυ-

νόμενη κίνηση. 
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α2) Στην αρχική θέση ισορροπίας του σώμα-

τος έχουμε: 
                                                   1 ΣF
→

 = 0 ή mgημφ = kx1 ή x1 = ––– m 
                                                   80 
        1 d = –– αt2

1 = 0,25 m 
        2 
                       21 
x = x1 + d = ––– m 
                       80 
 
β1) υ1 = αt1 = √  3 m/s 

                                       1              1 ΑΔΕΤ: E = K + U ή Ε = –– mυ2
1 + –– kd2 = 14 J 

                                       2             2 
 

              1                   √  7 β2) Ε = –– kA2 ή Α = –––– m 
              2                    10 
                            1 K = E – U = E – –– kx2 = 14 – 200x2 SI 
                            2 

 

 

 

 

 

 

 

 
6.311 α1) Θ.Ι.Τ.: ΣF

→
 = 0 ή wx = Fx + Fελ1

 ή 

mgημφ = Fημφ + kx1 (1) 

Τ.Θ.: ΣF = wx – Fx – Fελ2
 ή 

ΣF = mgημφ – Fημφ – k(x + x1) = –kx 

Άρα, το σώμα εκτελεί απλή αρμονική ταλά-

ντωση με D = k = 100 N/m. 

                 m      2π  Τ = 2π    ––– = ––– s 
                 k        5 
 

α2) Από τη σχέση (1) έχουμε: x1 = 0,14 m 

Στην αρχική θέση ισορροπίας του σώματος 

ισχύει: 

ΣF
→

 = 0 ή mgημφ = kx2 ή 

mgημφ = k(A + x1) ή A = 0,06 m 

        2π                             π ω = ––– = 5 rad/s, φ0 = ––– rad 
         T                             2 

                             π x = 0,06ημ(5t + –––) SI 
                             2  

β1) Θ.Ι.Τ. (για τη νέα ταλάντωση): mgημφ = kx2 

ή x2 = 0,2 m 

Η δύναμη F καταργείται στη θέση x = –0,06 m, 

επομένως απέχει από το φυσικό μήκος του 

ελατηρίου απόσταση d = 0,14 – 0,06 = 0,08 m. 

Aυτή η θέση είναι ακραία θέση της ταλάντω-

σης (υ = 0). 

Επειδή η Θ.Ι. της νέας ταλάντωσης απέχει από 

το Φ.Μ. του ελατηρίου απόσταση x2 = 0,2 m, 

το πλάτος της νέας ταλάντωσης είναι: 

A΄ = x2 – d = 0,12 m 

υmax = ωΑ΄ = 0,6 m/s 

αmax = ω2Α΄ = 3 m/s2 
 
β2) |Fελmax

| = k(x2 + A΄) = 32 Ν. 

 

                            1            1 6.312 α) ΘΜΚΕ: –– mυ2 – –– mυ2
0 = –mgημφd 

                             2            2 

ή υ = √  3 m/s 

β) Θ.Ι.Τ.: ΣF
→

 = 0 ή mgημφ = kx1 ή 

x1 = 0,2 m 
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Θ.Ι.Τ.: ΣF
→

 = 0 ή (m1 + m2 + m3)g = kx1 (1) 

Τ.Θ.: ΣF = (m1 + m2 + m3)g – k(x + x1) = 

= –kx = –Dx 

Άρα, το σύστημα εκτελεί απλή αρμονική τα-

λάντωση με D = k. 

                m1 + m2 + m3      π T = 2π    ––––––––––––––– = –– s, ω = 10 rad/s 
                          D                 5 

D3 = m3ω2 = 300 N/m 
 
                1                    –– D1Α2 
     E1         2                D1     m1     1 
β) ––– = –––––––– = ––– = ––– = ––, 
     E2       1                D2     m2     2                    –– D2Α2 
               2 

 E1      1    E2      2 
––– = ––, ––– = –– 
 E3      3    E3      3 

γ) ΣF3 = –D3x ή w3 + F3 = –D3x ή 

x = –0,05 m 

ΣF2 = –D2x ή w2 + F 3́ + F1 = –m2ω2x ή 

F1 = –25 N 

        dK       (––––)
1

 
        dt

                     

ΣF1 · υ      –D1x     m1      1 
δ) –––––––– = ––––––– = ––––– = ––– = –– ή 
        dK

                   

ΣF2 · υ      –D2x     m2      2 
       (––––)

2

 
        dt 
 

  dK
       

 (––––)
1

= –5 J/s 
   dt 

 

6.309 α) ΣF
→

 = 0 ή Ν + Fελ1
 = w ή 

kx1 = mg – N ή x1 = 0,1 m 

β) p
→

αρχx
 = p

→

τελx
 ή 0 = m1υ1 + m2υ2 ή 

υ1 = –1 m/s 

To σώμα Σ3 αρχίζει να κινείται προς τα πάνω 

χωρίς αρχική ταχύτητα. 

γ) Θ.Ι.Τ.: ΣF
→

 = 0 ή kx = m3g ή x = 0,05 m 

Άρα: Α = x1 – x = 0,05 m 

          π                      k  φ0 = –– rad, ω =     ––– = 10 √  2 rad/s 
          2                      m3 

                                       π
       

 x = 0,05ημ (10 √  2 t + –––)
 

SI 
                                       2 
 

 

 

 

 

 

 

 

δ) Το σώμα Σ3 σταματά στιγμιαία για πρώτη 

φορά στη θέση x = –A τη χρονική στιγμή 

        Τ      π √  2 
t1 = –– = –––––– s έχοντας διανύσει απόσταση 
        2         20 

s3 = 2A = 0,1 m. 

Το σώμα Σ1 έχει διανύσει απόσταση: 

               Τ      π √  2 
s1 = |υ1| –– = –––––– m 
              2         20 

Άρα: d = √s1
2 + s3

2 = 0,1 √ 6 m 
 

                              π √  2 
ε) s2 = υ2t2 ή t2 = –––––– s 
                                80 

                      π
    

     π
   

 
x3 = 0,05ημ(––– + –––)

 

= 0,025 √ 2 m 
                      4

    

     2
   

 

 K3      E3 – U3       E3            A2 
––– = –––––––– = –––

  

– 1 = –––  – 1 = 1 
 E3          U3          U3            x2

3 
 
 

6.310 α1) ΣF
→

 = mα
→

 ή 

        mgημφ + F – Fελ α = –––––––––––––––––– = 6 m/s2 
                    m 

Τo σώμα εκτελεί ευθύγραμμη ομαλά επιταχυ-

νόμενη κίνηση. 
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α2) Στην αρχική θέση ισορροπίας του σώμα-

τος έχουμε: 
                                                   1 ΣF
→

 = 0 ή mgημφ = kx1 ή x1 = ––– m 
                                                   80 
        1 d = –– αt2

1 = 0,25 m 
        2 
                       21 
x = x1 + d = ––– m 
                       80 
 
β1) υ1 = αt1 = √  3 m/s 

                                       1              1 ΑΔΕΤ: E = K + U ή Ε = –– mυ2
1 + –– kd2 = 14 J 

                                       2             2 
 

              1                   √  7 β2) Ε = –– kA2 ή Α = –––– m 
              2                    10 
                            1 K = E – U = E – –– kx2 = 14 – 200x2 SI 
                            2 

 

 

 

 

 

 

 

 
6.311 α1) Θ.Ι.Τ.: ΣF

→
 = 0 ή wx = Fx + Fελ1

 ή 

mgημφ = Fημφ + kx1 (1) 

Τ.Θ.: ΣF = wx – Fx – Fελ2
 ή 

ΣF = mgημφ – Fημφ – k(x + x1) = –kx 

Άρα, το σώμα εκτελεί απλή αρμονική ταλά-

ντωση με D = k = 100 N/m. 

                 m      2π  Τ = 2π    ––– = ––– s 
                 k        5 
 

α2) Από τη σχέση (1) έχουμε: x1 = 0,14 m 

Στην αρχική θέση ισορροπίας του σώματος 

ισχύει: 

ΣF
→

 = 0 ή mgημφ = kx2 ή 

mgημφ = k(A + x1) ή A = 0,06 m 

        2π                             π ω = ––– = 5 rad/s, φ0 = ––– rad 
         T                             2 

                             π x = 0,06ημ(5t + –––) SI 
                             2  

β1) Θ.Ι.Τ. (για τη νέα ταλάντωση): mgημφ = kx2 

ή x2 = 0,2 m 

Η δύναμη F καταργείται στη θέση x = –0,06 m, 

επομένως απέχει από το φυσικό μήκος του 

ελατηρίου απόσταση d = 0,14 – 0,06 = 0,08 m. 

Aυτή η θέση είναι ακραία θέση της ταλάντω-

σης (υ = 0). 

Επειδή η Θ.Ι. της νέας ταλάντωσης απέχει από 

το Φ.Μ. του ελατηρίου απόσταση x2 = 0,2 m, 

το πλάτος της νέας ταλάντωσης είναι: 

A΄ = x2 – d = 0,12 m 

υmax = ωΑ΄ = 0,6 m/s 

αmax = ω2Α΄ = 3 m/s2 
 
β2) |Fελmax

| = k(x2 + A΄) = 32 Ν. 

 

                            1            1 6.312 α) ΘΜΚΕ: –– mυ2 – –– mυ2
0 = –mgημφd 

                             2            2 

ή υ = √  3 m/s 

β) Θ.Ι.Τ.: ΣF
→

 = 0 ή mgημφ = kx1 ή 

x1 = 0,2 m 
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            1            1              1 ΑΔΕΤ: –– kx2
1 + –– mυ2 = –– kA2 ή Α = 0,4 m 

            2            2             2 

 

 

 

 

 

 

 

 

 
 
      dp 
γ) ––– = ΣF = –kx ή x = –0,1 m 
     dt 

Fελ = k(x1 + |x|) = 30 N 

 

6.313 α) Θ.Ι.Τ.: ΣF
→

 = 0 ή mg = Fελ1
 + q · 2E ή 

Fελ1
 = 0 

Επομένως, η Θ.Ι.Τ. είναι η θέση φυσικού μή-

κους του ελατηρίου. 

 

 

 

 

 

 

 

 

 

 

Τ.Θ.: ΣF = w – Fηλ – Fελ2
 = –Fελ2

 = –kx 

Άρα, το σώμα εκτελεί απλή αρμονική ταλά-

ντωση με D = k. 

                 m     π T = 2π     –– = –– s 
                 k      5

β) Η αρχική θέση ισορροπίας του σώματος εί-

ναι ακραία θέση της ταλάντωσης. Άρα: 

ΣF
→

 = 0 ή w = qE + kA ή Α = 0,05 m 

         π                 2π φ0 = –– rad, ω = ––– = 10 rad/s 
         2                  Τ 

                      
    

   π
   

 
α = –5ημ(10t + –––)

 

SI 
                            2

  
  

 

                     A
   

 
γ) s = 2A + –– 
                     2

    

Άρα, το σώμα βρίσκεται στη θέση: 

          A
   

 
x = – –– = –0,025 m 
          2

 

 

             A
   

 
Fελ = k –– = 2,5 N 
             2

    
 

            p
   

 
δ) υ = –– = 0,25 m/s 
           m

   

α = ω √υ2
max – υ2 = 2,5 √ 3 m/s2 

 

6.314 α1) ΣF
→

x = 0 ή wx = Tx + Fελ ή 

Tημφ = mgημφ – kx ή Τ = 10 Ν 
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α2) ΣF
→

y = 0 ή Ty + N = wy ή 

Ν = mgσυνφ – Τσυνφ = 24 Ν 
 

β1) Το σώμα ξεκινά την ταλάντωσή του από τη 

θέση x = +A. 

Θ.Ι.Τ.: ΣF
→

 = 0 ή kx1 = mgημφ ή x1 = 0,24 m 

A = x1 – x = 0,06 m 

        1 
E = –– kA2 = 0,18 J 
        2  

              1 
β2) U = –– kx2 = Eημ2(ωt + φ0)               2 

             k                            π ω =     –– = 5 rad/s, φ0 = –– rad,  
            m                            2 

       2π      2π T = ––– = ––– s 
        ω        5 

                      
    

      π
   

 
U = 0,18ημ2(5t + –––)

 

SI 
                               2
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6.�15 á) ÈÌÊÅ:  Þ

Þ  

â) È.É.Ô.:  1 1mgçìö kx Þ x 0,1m= =

õ 3 m s=− =− ⋅2 2
0

1 1
mõ mõ mgçìö s

2 2

ôåë áñ÷ wK Ê W− =

Ôï óþìá îåêéíÜ ôçí ôáëÜíôùóç áðü ôõ÷áßá èÝóç
ìå x = x1.

ÁÄÅÔ:  

ã) 

ä) 

6.�16 á) 

Óôç èÝóç 

Áðü áñ÷Þ äéáôÞñçóçò ïñìÞò: Þ

Þ 1õ 30m s=−1 1 2 2mõ m õ m õ= +

áñ÷ ôåëp p
� �
=

2 23
x m: õ ù A x 5m s

2
= = − =

2
áñ÷ ôáë

1
Å Å kÁ 200J

2
= = =

ðñ ôåë áñ÷Å Å Å= −

= ⋅ =− ⋅ =−1

ÄÊ
ÓF õ kx õ 10 3 J s

Ät

1

Äp
ÓF kx 10N

Ät
= =− =−

2
Fåð ôåë áñ÷

1
W Ê Ê 0 mõ 3J

2
= − = − =−

= + =2 2 2
1

1 1 1 7
kA kx mõ Þ A m

2 2 2 10
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            1            1              1 ΑΔΕΤ: –– kx2
1 + –– mυ2 = –– kA2 ή Α = 0,4 m 
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      dp 
γ) ––– = ΣF = –kx ή x = –0,1 m 
     dt 

Fελ = k(x1 + |x|) = 30 N 

 

6.313 α) Θ.Ι.Τ.: ΣF
→

 = 0 ή mg = Fελ1
 + q · 2E ή 

Fελ1
 = 0 

Επομένως, η Θ.Ι.Τ. είναι η θέση φυσικού μή-

κους του ελατηρίου. 

 

 

 

 

 

 

 

 

 

 

Τ.Θ.: ΣF = w – Fηλ – Fελ2
 = –Fελ2

 = –kx 

Άρα, το σώμα εκτελεί απλή αρμονική ταλά-

ντωση με D = k. 

                 m     π T = 2π     –– = –– s 
                 k      5

β) Η αρχική θέση ισορροπίας του σώματος εί-

ναι ακραία θέση της ταλάντωσης. Άρα: 

ΣF
→

 = 0 ή w = qE + kA ή Α = 0,05 m 

         π                 2π φ0 = –– rad, ω = ––– = 10 rad/s 
         2                  Τ 

                      
    

   π
   

 
α = –5ημ(10t + –––)

 

SI 
                            2

  
  

 

                     A
   

 
γ) s = 2A + –– 
                     2

    

Άρα, το σώμα βρίσκεται στη θέση: 

          A
   

 
x = – –– = –0,025 m 
          2

 

 

             A
   

 
Fελ = k –– = 2,5 N 
             2

    
 

            p
   

 
δ) υ = –– = 0,25 m/s 
           m

   

α = ω √υ2
max – υ2 = 2,5 √ 3 m/s2 

 

6.314 α1) ΣF
→

x = 0 ή wx = Tx + Fελ ή 

Tημφ = mgημφ – kx ή Τ = 10 Ν 
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α2) ΣF
→

y = 0 ή Ty + N = wy ή 

Ν = mgσυνφ – Τσυνφ = 24 Ν 
 

β1) Το σώμα ξεκινά την ταλάντωσή του από τη 

θέση x = +A. 

Θ.Ι.Τ.: ΣF
→

 = 0 ή kx1 = mgημφ ή x1 = 0,24 m 

A = x1 – x = 0,06 m 

        1 
E = –– kA2 = 0,18 J 
        2  

              1 
β2) U = –– kx2 = Eημ2(ωt + φ0)               2 

             k                            π ω =     –– = 5 rad/s, φ0 = –– rad,  
            m                            2 

       2π      2π T = ––– = ––– s 
        ω        5 

                      
    

      π
   

 
U = 0,18ημ2(5t + –––)

 

SI 
                               2
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6.�15 á) ÈÌÊÅ:  Þ

Þ  

â) È.É.Ô.:  1 1mgçìö kx Þ x 0,1m= =

õ 3 m s=− =− ⋅2 2
0

1 1
mõ mõ mgçìö s

2 2

ôåë áñ÷ wK Ê W− =

Ôï óþìá îåêéíÜ ôçí ôáëÜíôùóç áðü ôõ÷áßá èÝóç
ìå x = x1.

ÁÄÅÔ:  

ã) 

ä) 

6.�16 á) 

Óôç èÝóç 

Áðü áñ÷Þ äéáôÞñçóçò ïñìÞò: Þ

Þ 1õ 30m s=−1 1 2 2mõ m õ m õ= +

áñ÷ ôåëp p
� �
=

2 23
x m: õ ù A x 5m s

2
= = − =

2
áñ÷ ôáë

1
Å Å kÁ 200J

2
= = =

ðñ ôåë áñ÷Å Å Å= −

= ⋅ =− ⋅ =−1

ÄÊ
ÓF õ kx õ 10 3 J s

Ät

1

Äp
ÓF kx 10N

Ät
= =− =−

2
Fåð ôåë áñ÷

1
W Ê Ê 0 mõ 3J

2
= − = − =−

= + =2 2 2
1

1 1 1 7
kA kx mõ Þ A m

2 2 2 10
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     K      E – U      E γ) –– = –––––– = ––
  

– 1 = 
     U         U         U 

    1     –– kΆ 2 
     2 ––––––––– –1 = 3 
  1     Á   –– k(–––)2

 
  2      2 
 
 

δ) 

 

6.317 Α. Για t = 0: 0,4 = 0,4ημφ0 ή 
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â) ÁÄÅÔ: Þ Á´ 3m=+ =2 2 2
1 1

1 1 1
m õ kx kÁ´

2 2 2

ðñÅ 816,66J=

2 2 2
ôåë 1 1 2 1 1 2 2

1 1 1
Å Ê U K m õ kx m õ

2 2 2
1.016,66J

= + + = + + =

=

= =
k

ù 20rad s
m

åë åð

2 2
F F 1 2

1 1
W W kx kx 450J

2 2
= = − =−

0
ðö rad
2

=

Â. ÊáôÜ ôç äéÜóðáóç, éó÷ýåé ç áñ÷Þ äéáôÞñçóçò

ôçò ïñìÞò: Þ Þ

â1) ÊáôÜ ôç äéÜóðáóç, äå ìåôáâÜëëåôáé ç äõíá-
Bõ 4 2 m s=−

A A B B0 m õ m õ= +áñ÷ ôåëp p
� �
=

⎛ ⎞⎟⎜= = = + ⎟⎜ ⎟⎜⎝ ⎠
k ð

ù 5rad s, x 0,4çì 5t SI
m 2

ìéêÞ åíÝñãåéá ôùí óùìÜôùí êáé ôïõ åëáôçñßïõ.
Ç åíÝñãåéá Å ðïõ ðñïóöÝñèçêå åßíáé: 

â2) Ôï mÂ îåêéíÜ ôçí ôáëÜíôùóç áðü ôõ÷áßá èÝóç

ðïõ áðÝ÷åé x áðü ôç èÝóç éóïññïðßáò ôçò ôáëÜ-
íôùóÞò ôïõ.

= + − =1 2x A x x 0,6m

( )B B 2 2È.É.Ô. m : m g kx Þ x 0,2m= =

( ) 1 1È.É.Ô. m : mg kx Þ x 0,4m= =

2 2
A B A A B B

1 1
E K K m õ m õ 64J

2 2
= + = + =

Áðü ÁÄÅÔ: Þ

â3) Fåð áñ÷ ôåëW U U 18J= − =

Á´ 1m=

+ =2 2 2
B B

1 1 1
m õ kx kÁ´

2 2 2

ÁìÝóùò ìåôÜ ôçí êñïýóç:
Áðü áñ÷Þ äéáôÞñçóçò ôçò ïñìÞò óôïí Üîïíá x´x

Ý÷ïõìå: Þ  

ìç÷.ôåë ìç÷.áñ÷
Ê

ìç÷.áñ÷

E E
ð % 25,46%

E

−
= =−

( )2 2
ìç÷.ôåë 1 2 K

1 1
E kx m m õ 37,5J

2 2
= + + =

K

ð ð
ÅðåéäÞ õ 10óõí 10 5 2 m s,

40 2

5 2
õ m s

2

⎛ ⎞⎟⎜= ⋅ + =−⎟⎜ ⎟⎜⎝ ⎠

−
=

( )1 1 2 Km õ m m õ= +áñ÷ ôåëp p
� �
=

2
ìç÷.áñ÷ 2

1
E m gh kA 50,3125J

2
= + =

6.�18 á) Ãéá  t = 0: 

â) Ãéá ôç ÷ñïíéêÞ óôéãìÞ ôçò óýãêñïõóçò éó÷ýåé:

Áðü (1): 

ã) Áêñéâþò ðñéí áðü ôç óýãêñïõóç:

21 1
h gt m

2 32
= =

2 ð ð
çì 10t Þ t s

2 2 40

⎛ ⎞⎟⎜= + =⎟⎜ ⎟⎜⎝ ⎠

( )
⎛ ⎞⎟⎜= = = + ⎟⎜ ⎟⎜⎝ ⎠1

k ð
ù 10rad s, x 1çì 10t SI 1

m 2

0 0

ð
A Açìö Þ ö rad

2
= =
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ä) ÁÄÅÔ ãéá ôï óõóóùìÜôùìá:

Þ 

å) Óôçí áêñáßá èÝóç, ãéáôß äå ìåôáâÜëëåôáé ç êé-
íçôéêÞ êáé ç äõíáìéêÞ åíÝñãåéá ταλάντωσης.

6.�1� á) Áðü äéáôÞñçóç ôçò ìç÷áíéêÞò åíÝñãåéáò:

Þ   

â) Þ

Ôï óõóóùìÜôùìá îåêéíÜ ôçí ôáëÜíôùóç áðü 
ôç È.É.Τ., Üñá:

K max
1 2

k
õ õ A Þ Á 0,4m

m m
= = ⋅ =

+

( )1 1 2 K Km õ m m õ Þ õ 4m s= + =

áñ÷ ôåëp p
� �
=

õ 8m s=2
1 1

1
m gh m õ

2
=

3
A´ m

2
=( )2 2 2

1 2 K

1 1 1
kÁ´ kx m m õ

2 2 2
= + +

ã) 

êáé 

ä) Ãéá : 

å) p = 8 óõí10t

1 1

ð
Ãéá t s: p 4 3kg m s

60
= = ⋅

åëF 40 2N=
ð

t s
40

=( )åë 1 2F m m á.= +

2ð ð
T s

ù 5
= =á 40çì10t=−

0ù 10rad s, ö 0= =

6.�20 á) ÂëÝðå âáóéêÞ Üóêçóç 6.81: D = k

È.É.: 

â) Ôï m1 îåêéíÜ ôçí ôáëÜíôùóç áðü ôçí áêñáßá

èÝóç x =�A.

1m ð
T 2ð s

k 5
= =

( )+ = =1 2 1m m g kx Þ k 100N m

2 1

1

p p 3
ð% 100% 1 100%

p 3

⎛ ⎞− ⎟⎜ ⎟⎜= ⋅ = − ⋅⎟⎜ ⎟⎟⎜⎝ ⎠

2 2

ð
Ãéá t s: p 4kg m s

30
= = ⋅

È.É.Ô.: 

¢ñá: 

ð
á 20çì 10t SI

2

⎛ ⎞⎟⎜=− + ⎟⎜ ⎟⎜⎝ ⎠

0
1

ð k
ö rad, ù 10rad s

2 m
= = =

= − =1 2A x x 0,2m

1 2 2m g kx Þ x 0,1m= =
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⎛ ⎞⎟⎜= + =⎟⎜ ⎟⎜⎝ ⎠

( )
⎛ ⎞⎟⎜= = = + ⎟⎜ ⎟⎜⎝ ⎠1

k ð
ù 10rad s, x 1çì 10t SI 1

m 2

0 0

ð
A Açìö Þ ö rad

2
= =
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ä) ÁÄÅÔ ãéá ôï óõóóùìÜôùìá:

Þ 

å) Óôçí áêñáßá èÝóç, ãéáôß äå ìåôáâÜëëåôáé ç êé-
íçôéêÞ êáé ç äõíáìéêÞ åíÝñãåéá ταλάντωσης.

6.�1� á) Áðü äéáôÞñçóç ôçò ìç÷áíéêÞò åíÝñãåéáò:

Þ   

â) Þ

Ôï óõóóùìÜôùìá îåêéíÜ ôçí ôáëÜíôùóç áðü 
ôç È.É.Τ., Üñá:

K max
1 2

k
õ õ A Þ Á 0,4m

m m
= = ⋅ =

+

( )1 1 2 K Km õ m m õ Þ õ 4m s= + =

áñ÷ ôåëp p
� �
=

õ 8m s=2
1 1

1
m gh m õ

2
=

3
A´ m

2
=( )2 2 2

1 2 K

1 1 1
kÁ´ kx m m õ

2 2 2
= + +

ã) 

êáé 

ä) Ãéá : 

å) p = 8 óõí10t

1 1

ð
Ãéá t s: p 4 3kg m s

60
= = ⋅

åëF 40 2N=
ð

t s
40

=( )åë 1 2F m m á.= +

2ð ð
T s

ù 5
= =á 40çì10t=−

0ù 10rad s, ö 0= =

6.�20 á) ÂëÝðå âáóéêÞ Üóêçóç 6.81: D = k

È.É.: 

â) Ôï m1 îåêéíÜ ôçí ôáëÜíôùóç áðü ôçí áêñáßá

èÝóç x =�A.

1m ð
T 2ð s

k 5
= =

( )+ = =1 2 1m m g kx Þ k 100N m

2 1

1

p p 3
ð% 100% 1 100%

p 3

⎛ ⎞− ⎟⎜ ⎟⎜= ⋅ = − ⋅⎟⎜ ⎟⎟⎜⎝ ⎠

2 2

ð
Ãéá t s: p 4kg m s

30
= = ⋅

È.É.Ô.: 

¢ñá: 

ð
á 20çì 10t SI

2

⎛ ⎞⎟⎜=− + ⎟⎜ ⎟⎜⎝ ⎠

0
1

ð k
ö rad, ù 10rad s

2 m
= = =

= − =1 2A x x 0,2m

1 2 2m g kx Þ x 0,1m= =
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ã) Ç È.É. áðÝ÷åé áðü ôç èÝóç öõóéêïý

ìÞêïõò ôïõ åëáôçñßïõ êáé Á>x2, Üñá ôï óþìá

äéÝñ÷åôáé áðü ôç èÝóç ôïõ öõóéêïý ìÞêïõò.

ä) 

å) 

Óôç èÝóç x =�–A ôï åëáôÞñéï åßíáé óõóðåéñù-

ìÝíï êáôÜ 

åë

2 2
F 1 3

1 1
W kx kx 4J

2 2
= − =

3 2x A x 0,1m.= − =

1w 1W m g2A 4J=− =−

= ± − = ±2 2õ ù A x 3 m s

Äp
ÓF kx 10N

Ät
= =− =

2x 0,1m=

6.�21 á) È.É.: 

êáé ïìïßùò Å2 = 8J.

â) Ãéá ôï m2:

Áðü ôçí (1) ãéá x = 0,3 m: 

ã) ÐñÝðåé F = 0. Áðü ôçí (1):

= + =2
2 2 3F m g m ù x 0

F 17,5N=

( )
=−

− =−
2

2
2 2

ÓF D x Þ

m g F m ù x 1

2 2
1 1

1
E m ù A 24J

2
= =

1 2

k
ù 5rad s

m m
= =

+

( )+ = =1 2 1m m g kx Þ k 100N m

¢ñá äçëáäÞ óôç èÝóç öõóéêïý

ìÞêïõò.

ä) Õðïëïãéóìüò ôá÷ýôçôáò óùìÜôùí, üôáí ÷Ü-

íïõí åðáöÞ:

=− − =−2 2
3õ ù A x 2 3 m s

=−3x 0,4m,

È.É.Ô. (m1): 

å) ÈÌÊÅ ãéá ôï m2:

6.�22 á) Þ  Þ

È.É.: 

È.É.Ô.: Üñá x = 0,1m

( )2 2 2
1 2 ê

1 1 1
ÁÄÅÔ: kx m m õ kA

2 2 2
Þ A 0,2m

+ + =

=

( ) ( )+ = +1 2 1m m g k x x ,

1 1 1m g kx Þ x 0,1m= =

K

3
õ m s

2
=

( )2 0 1 2 Km õ m m õ= +áñ÷ ôåëp p
� �
=

2
2 2

1
0 m õ m gh Þ h 0,6m

2
− =− =

2 2 2
4 1

1 1 1 3 5
ÁÄÅÔ: kx m õ kA´ Þ A´ m

2 2 2 10
+ = =

= = =1 4 4ÓF 0 Þ m g kx Þ x 0,3m
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â) 
1 2

k
ù 5 2 rad s

m m
= =

+

ã) 

( )=− + =−w 1 2 1W m m gx 2J

åðF ôåë áñ÷W Ê Ê 1,5J= − =−

ä) Ãéá ôï m2 :  2 2 2 2ÓF D x Þ F w D x=− − =−

åë åðF F wW W W 0,5J= − =

6.�2� á) Þ

Ç ìç÷áíéêÞ åíÝñãåéá Å ðïõ ðñüóöåñå ôï ðåñé-

óôÝñé óôï óýóôçìá åßíáé: 

â) 

ã) È.É.: 

È.É.Ô.: 

¢ñá: 1 2x x x 0,01m= − =

= =1 2 2m g kx Þ x 0,05m

( )+ = =1 2 1 1m m g kx Þ x 0,06m

1 1m õÄp
ÓF 4N

Ät t
= = =

1 2E K K 0,48J= + =

1 1 2 2 10 m õ m õ Þ õ 0,4m s= + + =−

áñ÷ ôåëp p
� �
=

ä) Ç ìÝãéóôç äõíáìéêÞ åíÝñãåéá ôïõ åëáôçñßïõ
åßíáé óôç èÝóç x = – Á, äçëáäÞ:

6.�24 á) ÊáôÜ ôç äéÜóðáóç: Þ

2 2 2
ôåë Á Á Â Â

1 1 1
Å kA m õ m õ 6,5J

2 2 2
= + + =

2
áñ÷

1
Å kA 0,5J

2
= =

B B A A Á0 m õ m õ Þ õ 1m s= + =−

áñ÷ ôåëp p
� �
=

( )= + =2

max 2

1
U k A x 0,64J

2

2 2 2
1 1

1 1 1
ÁÄÅÔ: kx m õ kA Þ Á 0,03m

2 2 2
+ = =

â) ÈÌÊÅ ãéá ôï mB:

2 2 2
Á Á

1 1 1
ã) ÁÄÅÔ : kA m õ kA´

2 2 2
Þ Á´ 0,2m

+ =

=

2
ÓF B B ÓF

1
ÄÊ W Þ m õ W 4,5J

2
= = =

ôåë áñ÷
Å

áñ÷

Å Å
ð % 100% 1.200%

Å

−
= ⋅ =

2
max ôáë

1
Ê E kA´ 2J

2
= = =

6.�25 á) Áðü ôï äéÜãñáììá :

T ð
s Þ T 0,1ðs

4 40
= =

( )U f t=
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ã) Ç È.É. áðÝ÷åé áðü ôç èÝóç öõóéêïý

ìÞêïõò ôïõ åëáôçñßïõ êáé Á>x2, Üñá ôï óþìá

äéÝñ÷åôáé áðü ôç èÝóç ôïõ öõóéêïý ìÞêïõò.

ä) 

å) 

Óôç èÝóç x =�–A ôï åëáôÞñéï åßíáé óõóðåéñù-

ìÝíï êáôÜ 

åë

2 2
F 1 3

1 1
W kx kx 4J

2 2
= − =

3 2x A x 0,1m.= − =

1w 1W m g2A 4J=− =−

= ± − = ±2 2õ ù A x 3 m s

Äp
ÓF kx 10N

Ät
= =− =

2x 0,1m=

6.�21 á) È.É.: 

êáé ïìïßùò Å2 = 8J.

â) Ãéá ôï m2:

Áðü ôçí (1) ãéá x = 0,3 m: 

ã) ÐñÝðåé F = 0. Áðü ôçí (1):

= + =2
2 2 3F m g m ù x 0

F 17,5N=

( )
=−

− =−
2

2
2 2

ÓF D x Þ

m g F m ù x 1

2 2
1 1

1
E m ù A 24J

2
= =

1 2

k
ù 5rad s

m m
= =

+

( )+ = =1 2 1m m g kx Þ k 100N m

¢ñá äçëáäÞ óôç èÝóç öõóéêïý

ìÞêïõò.

ä) Õðïëïãéóìüò ôá÷ýôçôáò óùìÜôùí, üôáí ÷Ü-

íïõí åðáöÞ:

=− − =−2 2
3õ ù A x 2 3 m s

=−3x 0,4m,

È.É.Ô. (m1): 

å) ÈÌÊÅ ãéá ôï m2:

6.�22 á) Þ  Þ

È.É.: 

È.É.Ô.: Üñá x = 0,1m

( )2 2 2
1 2 ê

1 1 1
ÁÄÅÔ: kx m m õ kA

2 2 2
Þ A 0,2m

+ + =

=

( ) ( )+ = +1 2 1m m g k x x ,

1 1 1m g kx Þ x 0,1m= =

K

3
õ m s

2
=

( )2 0 1 2 Km õ m m õ= +áñ÷ ôåëp p
� �
=

2
2 2

1
0 m õ m gh Þ h 0,6m

2
− =− =

2 2 2
4 1

1 1 1 3 5
ÁÄÅÔ: kx m õ kA´ Þ A´ m

2 2 2 10
+ = =

= = =1 4 4ÓF 0 Þ m g kx Þ x 0,3m
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â) 
1 2

k
ù 5 2 rad s

m m
= =

+

ã) 

( )=− + =−w 1 2 1W m m gx 2J

åðF ôåë áñ÷W Ê Ê 1,5J= − =−

ä) Ãéá ôï m2 :  2 2 2 2ÓF D x Þ F w D x=− − =−

åë åðF F wW W W 0,5J= − =

6.�2� á) Þ

Ç ìç÷áíéêÞ åíÝñãåéá Å ðïõ ðñüóöåñå ôï ðåñé-

óôÝñé óôï óýóôçìá åßíáé: 

â) 

ã) È.É.: 

È.É.Ô.: 

¢ñá: 1 2x x x 0,01m= − =

= =1 2 2m g kx Þ x 0,05m

( )+ = =1 2 1 1m m g kx Þ x 0,06m

1 1m õÄp
ÓF 4N

Ät t
= = =

1 2E K K 0,48J= + =

1 1 2 2 10 m õ m õ Þ õ 0,4m s= + + =−

áñ÷ ôåëp p
� �
=

ä) Ç ìÝãéóôç äõíáìéêÞ åíÝñãåéá ôïõ åëáôçñßïõ
åßíáé óôç èÝóç x = – Á, äçëáäÞ:

6.�24 á) ÊáôÜ ôç äéÜóðáóç: Þ

2 2 2
ôåë Á Á Â Â

1 1 1
Å kA m õ m õ 6,5J

2 2 2
= + + =

2
áñ÷

1
Å kA 0,5J

2
= =

B B A A Á0 m õ m õ Þ õ 1m s= + =−

áñ÷ ôåëp p
� �
=

( )= + =2

max 2

1
U k A x 0,64J

2

2 2 2
1 1

1 1 1
ÁÄÅÔ: kx m õ kA Þ Á 0,03m

2 2 2
+ = =

â) ÈÌÊÅ ãéá ôï mB:

2 2 2
Á Á

1 1 1
ã) ÁÄÅÔ : kA m õ kA´

2 2 2
Þ Á´ 0,2m

+ =

=

2
ÓF B B ÓF

1
ÄÊ W Þ m õ W 4,5J

2
= = =

ôåë áñ÷
Å

áñ÷

Å Å
ð % 100% 1.200%

Å

−
= ⋅ =

2
max ôáë

1
Ê E kA´ 2J

2
= = =

6.�25 á) Áðü ôï äéÜãñáììá :

T ð
s Þ T 0,1ðs

4 40
= =

( )U f t=
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â) 

êáé 

ã) 

ä) 

6.�26 á ) Ô.È.: ÓF 1 =�F–F =100+100x–100x åë =
= 100Í

Ôï óþìá Á åêôåëåß åõèýãñáììç ïìáëÜ åðéôá-
÷õíüìåíç êßíçóç.

á2) 

Â. Ãéá 

Ã. ÌåôÜ ôç óýãêñïõóç ôï ðëÜôïò ðáñáìÝíåé ßäéï,

ãéáôß ç óýãêñïõóç ãßíåôáé óôç èÝóç x=+A, üðïõ
ç ôá÷ýôçôá åßíáé ìçäÝí ðñéí êáé ìåôÜ ôç óý-
ãêñïõóç.

6.�27 á) 

â) Þ  

ÁÄÅÔ ãéá ôï óõóóùìÜôùìá:

Áðü (1) êáé (2): õ = 240 m/s

ã)  Áðü ôç ó÷Ýóç (1): 

ä) 

6.�28 á) D = k, 

â) 

êáé 

ã) Õðïëïãéóìüò ðëÜôïõò Á:

2
2 2D m ù 25N m= =2

1 1D m ù 75N m= =

2ð
ù 5rad s

T
= =

1 2m m 2ð
T 2ð s

k 5
+

= =

ôåë áñ÷

áñ÷

Â Â ê
Å

Â

p p õ õ
ð % 100% 100% 95%

p õ

− −
= = =−

êõ 12m s=

( ) ( )2
áñ÷ ôåë 1 2 ê

1
Ê E Å Þ m m õ 72 2

2
+ = + =

( )ê

õ
Þ õ 1

20
=

( )2 1 2 êm õ m m õ= +áñ÷ ôåëp p
� �
=

Á 1
Á´ 2
=

2 2
áñ÷ ôåë

1 1
E kA 24J, E kA´ 96J

2 2
= = = =

1

2

max A1

max 2

A B

k
õ mù

2
õ ù k

m m

= = =

+

1 2max 1 max 2õ ù A êáé õ ù A= =

2 2 2
A

1 1 1 33
ÁÄÅÔ: kx m õ kA Þ A m

2 2 2 4
+ = =

3
t s, õ át 3 m s

2
= = =

= =21
x át Þ x 0,75m

2

2
AÓF m á Þ á 2m s= =

ð
p mõ 4óõí 20t SI

2

⎛ ⎞⎟⎜= = + ⎟⎜ ⎟⎜⎝ ⎠

2 ð
Ê 8óõí 20t SI

2

⎛ ⎞⎟⎜= + ⎟⎜ ⎟⎜⎝ ⎠

2 2 2
maxá ù õ õ Þ á 20 16 õ= ± − = ± −

maxõ ùA 4m s= =
2ð

ù 20 rad s
T

= =

2
max

1
U kA 8J Þ Á 0,2m

2
= = =

m
T 2ð Þ k 400N m

k
= =
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È.É.: 

È.É.Ô.: 

¢ñá: 

Ãéá ôï óþìá m2:  

ìå 

ä) 

Ãéá 

6.329 á) D =�k êáé 

â) È.É.: 

È.É.Ô.: 

¢ñá ç È.É.Ô. åßíáé ç èÝóç öõóéêïý ìÞêïõò êáé 

Á =�x1 =�0,1m.

êáé 

ã) 

Ãéá 

, ãéáôß õ = 0, áöïý ôï óþìá

âñßóêåôáé óôç èÝóç x= –A.
ä) WF = FÄx = 0, ãéáôß Äx = 0 óôç äéÜñêåéá ìßáò
ðåñéüäïõ.

6.330 á) 

¢ñá: 

â) , , Üñá: Å2 = 10%Å

ä) 

6.331 á) D =�k (âëÝðå âáóéêÞ Üóêçóç 6.81)

êáé 

â) ÈÌÊÅ ãéá ôï m:

È.É.Ô.: 

+ = =2 2 2
1

1 1 1
ÁÄÅÔ : kx mõ kA Þ A 0,2m

2 2 2

= =1 1mg kx Þ x 0,1m

21
mõ mgh Þ õ 3 m s

2
= =

5
f Hz

ð
=

m ð
T 2ð s

k 5
= =

max 2 max
2      max 2

õ m õ
m

2 2
Δp = –m + = –

åð

2
F 2 1 2 max

3
W K K m õ

8
= − =

max
1 1

2 2 max

õT
ã) Ãéá t , õ êáé

12 2
T

ãéá t , õ –õ
4

= =

= =

21
E DA

2
=2

2 2

1
E D A

2
=

1 2

9k k
D êáé D

10 10
= =

( ) 2
1 2D m m ù k= + =

2 2
1 1 2 2D m ù , D m ù êáé= =

ÄK
ÓF õ 0

Ät
= ⋅ =

ð Äp
t s, x 0,1m êáé 1N

10 Ät
= =− =

Äp
ÓF kx

Ät
= =−

⎛ ⎞⎟⎜= + ⎟⎜ ⎟⎜⎝ ⎠
ð

x 0,1çì 10t SI
2

0

ð
ö rad

2
=2ð

ù 10rad s
T

= =

åë åëF F mg Þ F 0+ = =

1 1mg kx Þ x 0,1m= =

m ð
T 2ð s

k 5
= =

= = =
3ð

t s, x 0 êáé F 10N
10

⎛ ⎞⎟⎜= + ⎟⎜ ⎟⎜⎝ ⎠
ð

x 0,1çì 5t SI
2

0,1m x 0,1m− ≤ ≤

2F w 25x Þ F 10 25x− =− = −

2ÓF D x Þ=−

Á 0,1m=

( ) ( )+ = +1 2 1m m g k x A

=1 1m g kx

–

υ

–
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â) 

êáé 

ã) 

ä) 

6.�26 á ) Ô.È.: ÓF 1 =�F–F =100+100x–100x åë =
= 100Í

Ôï óþìá Á åêôåëåß åõèýãñáììç ïìáëÜ åðéôá-
÷õíüìåíç êßíçóç.

á2) 

Â. Ãéá 

Ã. ÌåôÜ ôç óýãêñïõóç ôï ðëÜôïò ðáñáìÝíåé ßäéï,

ãéáôß ç óýãêñïõóç ãßíåôáé óôç èÝóç x=+A, üðïõ
ç ôá÷ýôçôá åßíáé ìçäÝí ðñéí êáé ìåôÜ ôç óý-
ãêñïõóç.

6.�27 á) 

â) Þ  

ÁÄÅÔ ãéá ôï óõóóùìÜôùìá:

Áðü (1) êáé (2): õ = 240 m/s

ã)  Áðü ôç ó÷Ýóç (1): 

ä) 

6.�28 á) D = k, 

â) 

êáé 

ã) Õðïëïãéóìüò ðëÜôïõò Á:

2
2 2D m ù 25N m= =2

1 1D m ù 75N m= =

2ð
ù 5rad s

T
= =

1 2m m 2ð
T 2ð s

k 5
+

= =

ôåë áñ÷

áñ÷

Â Â ê
Å

Â

p p õ õ
ð % 100% 100% 95%

p õ

− −
= = =−

êõ 12m s=

( ) ( )2
áñ÷ ôåë 1 2 ê

1
Ê E Å Þ m m õ 72 2

2
+ = + =

( )ê

õ
Þ õ 1

20
=

( )2 1 2 êm õ m m õ= +áñ÷ ôåëp p
� �
=

Á 1
Á´ 2
=

2 2
áñ÷ ôåë

1 1
E kA 24J, E kA´ 96J

2 2
= = = =

1

2

max A1

max 2

A B

k
õ mù

2
õ ù k

m m

= = =

+

1 2max 1 max 2õ ù A êáé õ ù A= =

2 2 2
A

1 1 1 33
ÁÄÅÔ: kx m õ kA Þ A m

2 2 2 4
+ = =

3
t s, õ át 3 m s

2
= = =

= =21
x át Þ x 0,75m

2

2
AÓF m á Þ á 2m s= =

ð
p mõ 4óõí 20t SI

2

⎛ ⎞⎟⎜= = + ⎟⎜ ⎟⎜⎝ ⎠

2 ð
Ê 8óõí 20t SI

2

⎛ ⎞⎟⎜= + ⎟⎜ ⎟⎜⎝ ⎠

2 2 2
maxá ù õ õ Þ á 20 16 õ= ± − = ± −

maxõ ùA 4m s= =
2ð

ù 20 rad s
T

= =

2
max

1
U kA 8J Þ Á 0,2m

2
= = =

m
T 2ð Þ k 400N m

k
= =
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È.É.: 

È.É.Ô.: 

¢ñá: 

Ãéá ôï óþìá m2:  

ìå 

ä) 

Ãéá 

6.329 á) D =�k êáé 

â) È.É.: 

È.É.Ô.: 

¢ñá ç È.É.Ô. åßíáé ç èÝóç öõóéêïý ìÞêïõò êáé 

Á =�x1 =�0,1m.

êáé 

ã) 

Ãéá 

, ãéáôß õ = 0, áöïý ôï óþìá

âñßóêåôáé óôç èÝóç x= –A.
ä) WF = FÄx = 0, ãéáôß Äx = 0 óôç äéÜñêåéá ìßáò
ðåñéüäïõ.

6.330 á) 

¢ñá: 

â) , , Üñá: Å2 = 10%Å

ä) 

6.331 á) D =�k (âëÝðå âáóéêÞ Üóêçóç 6.81)

êáé 

â) ÈÌÊÅ ãéá ôï m:

È.É.Ô.: 

+ = =2 2 2
1

1 1 1
ÁÄÅÔ : kx mõ kA Þ A 0,2m

2 2 2

= =1 1mg kx Þ x 0,1m

21
mõ mgh Þ õ 3 m s

2
= =

5
f Hz

ð
=

m ð
T 2ð s

k 5
= =

max 2 max
2      max 2

õ m õ
m

2 2
Δp = –m + = –

åð

2
F 2 1 2 max

3
W K K m õ

8
= − =

max
1 1

2 2 max

õT
ã) Ãéá t , õ êáé

12 2
T

ãéá t , õ –õ
4

= =

= =

21
E DA

2
=2

2 2

1
E D A

2
=

1 2

9k k
D êáé D

10 10
= =

( ) 2
1 2D m m ù k= + =

2 2
1 1 2 2D m ù , D m ù êáé= =

ÄK
ÓF õ 0

Ät
= ⋅ =

ð Äp
t s, x 0,1m êáé 1N

10 Ät
= =− =

Äp
ÓF kx

Ät
= =−

⎛ ⎞⎟⎜= + ⎟⎜ ⎟⎜⎝ ⎠
ð

x 0,1çì 10t SI
2

0

ð
ö rad

2
=2ð

ù 10rad s
T

= =

åë åëF F mg Þ F 0+ = =

1 1mg kx Þ x 0,1m= =

m ð
T 2ð s

k 5
= =

= = =
3ð

t s, x 0 êáé F 10N
10

⎛ ⎞⎟⎜= + ⎟⎜ ⎟⎜⎝ ⎠
ð

x 0,1çì 5t SI
2

0,1m x 0,1m− ≤ ≤

2F w 25x Þ F 10 25x− =− = −

2ÓF D x Þ=−

Á 0,1m=

( ) ( )+ = +1 2 1m m g k x A

=1 1m g kx

–

υ

–
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êáé  åë

A
F k 5N

4
= =åð

A
F k 5N

4
=− =−

¢ñá: 

6.��2 á) 

êáé 

Ãéá 

â) Ãéá 

åðF ôåë áñ÷W K K 4,5J= − =−

= = =
T

t , x A 0,3m
4

ð 3 3
t s, p kg m s

60 2
= = ⋅

õ 3óõí10t SI==x 0,3çì10t SI

1

k
ù 10rad s

m
= =

åð

åë

F
1

F
=−

êáé

ã) Ãéá íá ÷Üóåé åðáöÞ, ðñÝðåé ôï åëáôÞñéï íá åß-

íáé åðéìçêõìÝíï, þóôå ç Fåë íá Ý÷åé öïñÜ ðñïò

ôá ðÜíù. ¼ôáí ïñéáêÜ ÷Üíåôáé ç åðáöÞ, ç äý-

íáìç åðáöÞò ìå ôï Ýäáöïò åßíáé ìçäÝí êáé

éó÷ýåé: 
2åë 2 2 2 2F w Þ kx m g Þ x 0,4m= = =

åë åð 1F F wW W W 7,5J= − =−

1wW mgA 3J= =

È.É.Ô.: 

¢ñá: 

6.��3 á) Aðü x = f(t): A = 0,1m êáé ù = 10rad/s

â) 

1 1

Ê

áñ÷ ôåë 1 1 2 2 1 2 Ê

2

ð
ã) õ 1óõí10t êáé ãéá t s: õ 1m / s

10
õ ù Á´ 2m / s

p p Þ m õ m õ (m m )õ

Þ õ 4m / s

� �

= = =−

′= =

= − − = +

=−

1 2

k 10 6
ù rad / s

m m 3
′ = =

+

21
E´ kA´ 36J êáé

2
= =

2

1
1

1
E kA Þ k 1.200 N / m

2

k
ù Þ m 12kg

m

= =

= =

= + =1 2A x x 0,5m

1 1 1m g kx Þ x 0,1m= =

6.��4 á) Áðü ÁÄÅÔ:

Þ õ1 = 0,8m/s

â) êáé

1
2 1

1 2

2m
õ õ 1,2m/ s

m m
′ = =

+

1 2
1 1

1 2

m m
õ õ 0,4m/ s

m m

−′ = =
+

+ =2 2 2
1 1

1 1 1
kx m õ kA

2 2 2
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6.��6 á) Áðü ÁÄÌÅ:

Þ õ3 = 4m/s

â) ÅðåéäÞ ôá m3, m1 Ý÷ïõí ßóåò ìÜæåò, êáôÜ ôç
óýãêñïõóç áíôáëëÜóóïõí ôá÷ýôçôåò. ÅðïìÝ-
íùò:
= 0 êáé = 4m/s 

ÌåôÜ ôç óýãêñïõóç ôïõ m1 ìå ôï m2:

êáé

= =
2

k
ù 5rad/ s

m

1
2 1

1 2

2m
õ õ 2m/ s

m m
′ ′= =

+

1 2
1 1

1 2

m m
õ õ 2m/ s

m m

−′′ ′= =−
+

1õ′3õ′

2
3 3 3

1
m g( óõí60 ) m õ

2
− ° =� �

6.��5 á) Ôç óôéãìÞ ôçò óýãêñïõóçò ôï m åßíáé2

áêßíçôï. ¢ñá:

êáé

Áðü ÁÄÅÔ: Þ Á´=0,64m

â) ðê% =

ã) Áðü ÈÌÊÅ:

2 2
F ôåë áñ÷ 1 1 1 1

1 1
W K Ê m õ m õ 16J

2 2
′= − = − =−

2 2
1 1 1 1

2
1 1

1 1
m õ m õ

2 2 100% 88,89%
1

m õ
2

′ −
=−

2 2 2
2 2

1 1 1
kÁ m õ kA

2 2 2
′ ′+ =

1
2 1

1 2

2m
õ õ 2m/ s

m m
′ = =

+

1 2
1 1

1 2

m m
õ õ 1m / s

m m

−′ = =−
+

ã) Þ Á´ = 0,072m′ ′+ =2 2 2
1 1

1 1 1
kx m õ kA

2 2 2

= õmax = ùÁ Þ Á = 0,4m

ã) Ô3 =m3g + m3 = 40N êáé =m3g = 20Í 3T′
2
3õ

�

2õ′

6.��7 á) Ê = m gx 1 = 10x SI

ìå 0 x 0,45m≤≤

â) Áðü ÈÌÊÅ: Þ õ1 = 3 m/s

êáé

ã) Ç èÝóç éóïññïðßáò äå ìåôáâÜëëåôáé, Üñá:
= õmax

= ùA Þ Á = 0,2m

ä) ð% =

2
1 1

2
1 1

1
m õ

2 100% 11,11%
1

m õ
2

′
=

2õ′

= =
2

k
ù 10rad/ s

m

2õ′

1
2 1

1 2

2m
õ õ 2m/ s

m m
′ = =

+

1 2
1 1

1 2

m m
õ õ 1m / s

m m

−′ = =−
+

2
1 1 1

1
m gh m õ

2
=

6.��8 á) Áðü ÈÌÊÅ: 

Þ õ1 = 6m/s
â) ÅðåéäÞ m1 = m2, ôá óþìáôá áíôáëëÜóóïõí

ôá÷ýôçôåò: = 0, = 6m/s

= õmax = ùÁ Þ Á = 0,6m êáé 

ámax = ù2A = 60m/s2

ã) x = 0,6çì10t  SI

2õ′

= =
2

k
ù 10rad/ s

m

2õ′1õ′

2 2
1 1 1 0 1

1 1
m õ m õ m gh

2 2
− =−
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6 á) Áðü ÁÄÌÅ:

Þ õ3 = 4m/s

â) ÅðåéäÞ ôá m3, m1 Ý÷ïõí ßóåò ìÜæåò, êáôÜ ôç
óýãêñïõóç áíôáëëÜóóïõí ôá÷ýôçôåò. ÅðïìÝ-
íùò:
= 0 êáé = 4m/s 

ÌåôÜ ôç óýãêñïõóç ôïõ m1 ìå ôï m2:

êáé

= =
2

k
ù 5rad/ s

m

1
2 1

1 2

2m
õ õ 2m/ s

m m
′ ′= =

+

1 2
1 1

1 2

m m
õ õ 2m/ s

m m

−′′ ′= =−
+

1õ′3õ′

2
3 3 3

1
m g( óõí60 ) m õ

2
− ° =� �

5 á) Ôç óôéãìÞ ôçò óýãêñïõóçò ôï m åßíáé2

áêßíçôï. ¢ñá:

êáé

Áðü ÁÄÅÔ: Þ Á´=0,64m

â) ðê% =

ã) Áðü ÈÌÊÅ:

2 2
F ôåë áñ÷ 1 1 1 1

1 1
W K Ê m õ m õ 16J

2 2
′= − = − =−

2 2
1 1 1 1

2
1 1

1 1
m õ m õ

2 2 100% 88,89%
1

m õ
2

′ −
=−

2 2 2
2 2

1 1 1
kÁ m õ kA

2 2 2
′ ′+ =

1
2 1

1 2

2m
õ õ 2m/ s

m m
′ = =

+

1 2
1 1

1 2

m m
õ õ 1m / s

m m

−′ = =−
+

ã) Þ Á´ = 0,072m′ ′+ =2 2 2
1 1

1 1 1
kx m õ kA

2 2 2

= õmax = ùÁ Þ Á = 0,4m

ã) Ô3 =m3g + m3 = 40N êáé =m3g = 20Í 3T′
2
3õ

�

2õ′

7 á) Ê = m gx 1 = 10x SI

ìå 0 x 0,45m≤≤

â) Áðü ÈÌÊÅ: Þ õ1 = 3 m/s

êáé

ã) Ç èÝóç éóïññïðßáò äå ìåôáâÜëëåôáé, Üñá:
= õmax

= ùA Þ Á = 0,2m

ä) ð% =

2
1 1

2
1 1

1
m õ

2 100% 11,11%
1

m õ
2

′
=

2õ′

= =
2

k
ù 10rad/ s

m

2õ′

1
2 1

1 2

2m
õ õ 2m/ s

m m
′ = =

+

1 2
1 1

1 2

m m
õ õ 1m / s

m m

−′ = =−
+

2
1 1 1

1
m gh m õ

2
=

8 á) Áðü ÈÌÊÅ: 

Þ õ1 = 6m/s
â) ÅðåéäÞ m1 = m2, ôá óþìáôá áíôáëëÜóóïõí

ôá÷ýôçôåò: = 0, = 6m/s

= õmax = ùÁ Þ Á = 0,6m êáé 

ámax = ù2A = 60m/s2

ã) x = 0,6çì10t  SI

2õ′

= =
2

k
ù 10rad/ s

m

2õ′1õ′

2 2
1 1 1 0 1

1 1
m õ m õ m gh

2 2
− =−
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Ãéá t1 = : x = 0,3m

ÓF = – kx Þ –m2g + Fåë = –kx Þ Fåë = –40Í
ä) Ôï m2 óôáìáôÜ óôéãìéáßá ìåôÜ áðü ÷ñüíï 

Ät = .

T = , Üñá Ät =

Óôï ßäéï ÷ñïíéêü äéÜóôçìá ôï m1 Ý÷åé äéáíýóåé

áðüóôáóç: h1 =

Äx = h1 + A = 0,725m

9 á) Ç óýãêñïõóç ôïõ m ìå ôï Ýäáöïò åß-1
íáé åëáóôéêÞ, Üñá äå ÷Üíåôáé åíÝñãåéá.
Áðü ÈÌÊÅ ãéá ôï m1 áðü ôçí áñ÷éêÞ ôïõ èÝóç
ìÝ÷ñé íá óõãêñïõóôåß ìå ôï m2:

Þ õ1 = 5m/s

â) êáé

ã) = õmax = ùA = Á Þ Á = 0,25m

Umax = E =

ä) 

Áðü ÁÄÌÅ ãéá ôï óþìá m1:

Þ õ1 = 10m/s

â) 

, = õmax = ùA Þ 

Á = 0,5m

Ê = 3U Þ Å – U = 3U Þ U = , Üñá: x =

ã) 

1 á) Áðü ÈÌÊÅ ãéá ôï m : 1

Þ õ1 = 3 m/s

Þ Ô1 = 19Í

â) m1 = m2, Üñá = õ1 = 3 m/s êáé = 0

Þ = 10m/s

ã) 

= õmax = ùA Þ Á = 0,5m

ä) Þ Þ Þ

Þ x = ± 0,25 m

å) Þ  hmax = 0,45m

2 A. 

â1) êáé

â2) Þ2 2
2 2 2 2 2

1 1
m õ m õ m gsçì30

2 2
′′ ′− = °

1
2 1

1 2

2m 2
õ õ m/ s

m m 3
′ = =

+

1 2
1 1

1 2

m m 4
õ õ m/ s

m m 3

−′ = =−
+

= − =2 2
1õ ù A x 2m / s

1

k
ù 5rad/ s

m
= =

2
2 2 2 max

1
m õ m gh

2
′ =

3=

2

2

1
DA 42

1 3Dx
2

Å 4
U 3
=

Å U 1
U 3
−
=

Ê 1
U 3
=

3õ′

= =
3

k
ù 10rad/ s

m

1
3 1

1 3

2m
õ õ 5m/ s

m m
′ ′′= =

+

1õ′′2
1 1 1 2

1
m õ m gh

2
′′ =

1õ′2õ′

2
1

1 1 1
1

õ
T w m

�
− =

2
1 1 1 1

1
m õ m gh

2
=

= − =2 2
2õ ù A x 6m / s

Äp
ÓF kx 100Í

Ät
= = =

±
A
2

E
4

2õ′= =
2

k
ù 20rad/ s

m

1
2 1

1 2

2m
õ õ 10m/ s

m m
′ = =

+

2 2
1 0 1 1 1

1 1
m õ m õ m g(h )

2 2
= + + �

11
m

15
0 á) h = � óõí60ï =

2
1 A

0 k 4,687J
2 2

⎛ ⎞⎟⎜= − =−⎟⎜ ⎟⎜⎝ ⎠

F å ð ôåë áñ÷ áñ÷ ôåëW K Ê U U= − = − =

=21
kA 18,75J

2

2

k
m2õ′

1
2 1

1 2

2m
õ õ 2,5m/ s

m m
′ = =

+

1 2
1 1

1 2

m m
õ õ 2,5m/ s

m m

−′ = =−
+

2 2
1 1 1 0 1

1 1
m õ m õ m gh

2 2
− =−

=21
gÄt 0,125m

2

ð
s

20
=

2ð ð
s

ù 5

T
4

ð
s

60



A  –  

611

õ1 = õmax = ùA Þ A = 0,8m

â) êáé

ã) Þ = 3m/s

ä) 

 6 á)  Þ

m1õ0óõí60ï = (m1 + m2) õê Þ õê = 10m/s

â) 

ã) Ïñßæïõìå èåôéêÞ ôç öïñÜ ðñïò ôá êÜôù.
Äp = 0 – py1

= 0 – m1õ0çì60ï =

= kg·m/s

ä) (m1 + m2) õê = (m1 + m2 + m3) Þ

= 5 m/s

Þ Á = 0,5 m

å) 

Þ

õ1 = 12 m/s
â) m1õ1 = (m1 + m2)õê Þ m1 = 2kg

2 2
1 1 1 0 1

1 1
m õ m õ m gçì30 s

2 2
− = °

3 êm õ 0Äp
F 50Í

Ät Ät

′ −
= = =

êõ
A

ù

′
=

( )
= =

+ +1 2 3

k
ù 10rad/ s

m m m

êõ′
êõ′

−10 3

2 2
1 2 ê 1 0

2
1 0

1 1
(m m )õ m õ

2 2ð% 100% 87,5%
1

m õ
2

+ −
= =−

÷ ÷áñ÷ ôåëp p
� �

=

2 2
áñ÷ ôåëÞ Äp p p

15kg m / s

= + =

= ⋅

ôåë áñ÷Äp p p
� � �
= −

2õ′′2 2
2 2 2 2 2

1 1
m õ m g m õ

2 2
′ ′′= +�

1
2 1

1 2

2m
õ õ 4m/ s

m m
′ = =

+

1 2
1 1

1 2

m m
õ õ 4m/ s

m m

−′ = =−
+

= =
1

k
10rad/ s

m
5  )

7  á) Áðü ÈÌÊ

= 6,36m/s

â3) 

3 á) , Á = 0,2m

õ1 = õmax = ùA = 2m/s

â) êáé

ã) = = ùA´ Þ A´ = 0,1m

ä) Ôï óþìá Ó1 áêéíçôïðïéåßôáé óôéãìéáßá ãéá äåý-
ôåñç öïñÜ ìåôÜ áðü ÷ñüíï 

1õ′maxõ′

1
2 1

1 2

2m
õ õ 1m / s

m m
′ = =

+

1 2
1 1

1 2

m m
õ õ 1m / s

m m

−′ = =−
+

= =
1

k
ù 10rad/ s

m

2
ÓF 2 2 2

1
W K m õ 2,22J

2
′ ′= = =

2õ′′

t1 = êáé âñßóêåôáé óôç èÝ-

óç x = +Á = 0,1m.
Óôïí ßäéï ÷ñüíï ôï Ó2 Ý÷åé äéáíýóåé áðüóôáóç:

s2 = t1 = 0,471m

¢ñá: Äs = s2 – x = 0,371m

 4 á ) Þ 1 k = 200N/m

á2) 

õmax = ùA = 1m/s

â1) Þ õ1 = 6m/s

m1 =m2, Üñá ôá óþìáôá êáôÜ ôçí êñïýóç áíôáë-
ëÜóóïõí ôá÷ýôçôåò êáé ôá ìÝôñá ôïõò åßíáé:

= 1m/s êáé = 6m/s

=ùA´ Þ A´ = 0,6m ç ìÝãéóôç óõóðåßñùóç ôïõ
åëáôçñßïõ.
â2) Ï ÷ñüíïò ðïõ ÷ñåéÜæåôáé ôï Ó2 ãéá íá öôÜóåé

óôç èÝóç x = – Á´ åßíáé t = .

Óôï ßäéï ÷ñïíéêü äéÜóôçìá ôï Ó1 Ý÷åé äéáíýóåé

áðüóôáóç Äx = , Üñá ôá Ó1,

Ó2 óõãêñïýïíôáé îáíÜ.

= <
3T 3ð

m A´
4 201õ′

3T
4

2õ′
2õ′1õ′

2
1 1 1

1
m gh m õ

2
=

2ð
ù 10rad/ s

Ô
= =

2m
T 2ð

k
=

2õ′

3T 3 2ð
0,471s

4 4 ù
= =
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ã) È.É. ôïõ m2: m2gçì30ï = kx1 (1)

È.É. ôïõ óõóóùìáôþìáôïò:

(m1 + m2) gçì30ï = k (x1 + x) (2)

Áðü (1), (2): m1gçì30ï = kx Þ

x = 0,025m êáé x1 = 0,0125m

Áðü ÁÄÅÔ:

Þ Á 

ä) 

8 á) , A = 0,2m

â) Óôç èÝóç ôçò óýãêñïõóçò: 

õ1 = õmax = ùA = 4m/s

m1õ1 = (m1 + m2) õê Þ õê = 2m/s

ã) Ô = m2g = 10N

T´– (m1 + m2)g = (m1 + m2) Þ Ô´ = 30Í

ä) Áðü ÈÌÊÅ:

Þ h = 0,2m

óõíö =

9 á) Ôï óþìá îåêéíÜåé ôçí ôáëÜíôùóç áðü

ôçí áêñáßá èÝóç x = –Á.

È.É.: F =
kx1 Þ x1 = 0,2m
¢ñá: Á = 0,2m

â) WF = Fx = 7,2J

ã) 

x2 = x – x1 = 0,16m

ç ôá÷ýôçôá ôïõ Ó1

ðñéí áðü ôç óýãêñïõóç.

Þ m1õ1= (m1 + m2) õê Þ õê= 0,6m/s

ä) Ç èÝóç éóïññïðßáò ãéá ôçí ôáëÜíôùóç ôïõ
óõóóùìáôþìáôïò åßíáé ç èÝóç öõóéêïý ìÞêïõò
ôïõ åëáôçñßïõ. Áðü ÁÄÅÔ:

Þ Á´

0 á) m õóõí302
ï = (m + m ) õ Þ õ1 2 ê ê = 1m/s

â) Óôç È.É.: w1x = kx1 Þ
m1gçì30ï = kx1   Þ    x1 = 0,1m
Óôç È.É.Ô.: (m1 + m2)gçì30ï = k(x1+x)
Þ x = 0,1m

2 2
2 ê 2

1 1
ÄK m õ m õ 4,33J

2 2
= − =−

� 0,37m( )′ = + +2 2 2
1 2 ê

1 1 1
kA kx m m õ

2 2 2

2
F 2 ê

1
W ÄÊ m õ 0 0,18J

2
= = − =

áñ÷ ôåëp p
� �
=

= − =2 2
1 2õ ù A x 1,2m / s

= =
1

k
ù 10rad/ s

m

−
=

�
�

h
0,75

2
1 2 ê 1 2

1
0 (m m )õ (m m )gh

2
− + =− +

Ô´ Ô
ð% 100% 200%

Ô
−

= =

2
êõ

�

p m õ 2,4kg m / s= = ⋅

= − =2 2õ ù Á x 2,4m / s

1

k
ù 20rad/ s

m
= =

maxåë 1F k(A x x ) 291Í= + + =

2

2
1 1 0

1
kA

2ð% 100% 66,12%
1

m gsçì30 m õ
2

=
°+

�

� 0,69m+ + =2 2 2
1 2 ê

1 1 1
(m m )õ kx kA

2 2 2
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Áðü ÁÄÅÔ:

Þ Á =

ã) 

ä) Ôï óõóóùìÜôùìá äéÝñ÷åôáé áðü ôç èÝóç öõ-
óéêïý ìÞêïõò ôïõ åëáôçñßïõ, ãéáôß Á>x + x1.

1 á) ÈÌÊÅ ãéá ôï óþìá Á:

Þ

Þ

õ = 8 m/s ç ôá÷ýôçôá ôïõ Á áêñéâþò ðñéí áðü
ôçí êñïýóç.

Þ Ô1 = 121,11Í

Þ Ô2 = 61,11Í

â) mAõ = (mÁ + mÂ) õê Þ õê = 2m/s

ã) 

Áðü ÁÄÅÔ: Þ

ä) 

U = 16 – K    SI

2
max

1
U kA 16J

2
= =

maxåëF kA 80 2N= =

=
2

A m
5

2 2 2
A B ê

1 1 1
kx (m m )õ kA

2 2 2
+ + =

= =
+A B

k
ù 10rad/ s

m m

2 2
A ê A

2
A

1 1
m õ m õ

2 2ð% 100% 93,75%
1

m õ
2

−
= = −

2

2 A A

õ
T w m

�
+ =

2
0

1 A A

õ
T w m

�
− =

2 2
A A 0 A

1 1
m õ m õ 2m g

2 2
− =− �

ôåë áñ÷ wÊ Ê W− =

1

dp
ÓF k(x x) 20Í

dt
= = + =

åð

2
F ôåë áñ÷ 1 ê

1
W Ê Ê 0 m õ 1J

2
= − = − =−

5
m

10
( )+ + =2 2 2

1 2 ê

1 1 1
kx m m õ kA

2 2 2

2 á) Ôï óþìá Á îåêéíÜåé ôçí ôáëÜíôùóç áðü

ôçí áêñáßá èÝóç x = +Á.
È.É.: (mÁ + mÂ)g = k1 (x+Á) (1)

È.É.Ô. ôïõ Á: mÁg = k1x (2)

Áðü (1) êáé (2): Á = 0,05m

â) Þ 

ç ôá÷ýôçôá ôïõ Â áêñéâþò
ðñéí áðü ôçí êñïýóç.

mÂ õ = (mB + mÃ) õê   Þ   õê =
ã) È.É.: mÃg = k2x1 Þ x1 = 0,2m

È.É.Ô.: (mÃ + mÂ)g = k2 (x1+x2) Þ x2 = 0,2m
Áðü ÁÄÅÔ:

Þ Á´ = 0,4m+ + =2 2 2
B Ã ê 2 2 2

1 1 1
(m m )õ k x k A´

2 2 2

3m/ s

= =õ gt 2 3m/ s

=t 0,12s= 21
h gt

2

m2õ2óõí60ï = (m1 + m2) õê Þ õê = 5m/s

â) 

õmax = õê = ùA Þ Á = 0,5m
ã) Ãéá t = 0: õ>0 êáé x>0, Üñá: ö0 =
0
x = Áçìùt = 0,5çì10t SI

= =
+1 2

k
ù 10rad/ s

m m

2 2
1 2 ê 2 2

2
2 2

1 1
(m m )õ m õ

2 2ð% 100%
1

m õ
2

93,75%

+ −
= =

=−

áñ÷ ôåëp
� �

3 á) Óôïí Üîïíá x´x: = p Þ
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Ãéá t1 = : x1 = 0,25m

ä) ÓF2 = –D2x = –m2ù
2x = –100x ìå

–0,5m x 0,5m

4 á) Þ t = 0,6s

õ2 = gt = 6 m/s ç ôá÷ýôçôá ôïõ Ó2 áêñéâþò
ðñéí áðü ôçí êñïýóç.
m2õ2 = (m1 + m2)õê Þ õê = 2m/s
Äp2 = m2õê – m2õ2 = –8kg . m/s

â) 

ã) Óôç È.É. ôïõ Ó1:

m1g = kx1 Þ x1 = 0,4m

Óôç È.É.Ô. ôïõ óõóóùìáôþìáôïò:
(m1 + m2)g = k (x1+x) Þ x= 0,2m
Áðü ÁÄÅÔ:

Þ Á = m

ä) 

5 á) m õ2 2 = m1 + m2 Þ = 0,5m/s

â) 

ã) 

ä) 

õmax = = ùA   Þ   Á = 0,05m

¼ôáí õ = 0,25m/s: , Üñá

U = 0,375J

êáé ãéá U = 0,375 J: x = 0,043m

Fåë = kx = 17,2Í

6 á ) Þ õ1 1 = 10 m/s åßíáé ôï

ìÝôñï ôçò ôá÷ýôçôáò ôïõ Ó1 áêñéâþò ðñéí áðü

ôçí êñïýóç.

Þ = 5 m/s åßíáé ôï ìÝôñï

ôçò ôá÷ýôçôáò ôïõ Ó1 áìÝóùò ìåôÜ ôçí êñïýóç.

Þ m1õ1 = –m1 + m2 Þ

= 1,5 m/s

á2) 

á3) 

õmax = = ùA Þ 

á4) êáé

Â. Óôç èÝóç éóïññïðßáò ãéá ôç íÝá ôáëÜíôùóç:

ÓF = 0 Þ F = kx1 Þ x1 = 0,075 m10

1 1

1

Ô Ô
ð% 100% 37,5%

Ô

′−
= =−

2
1

1 1 1

õ
T m g m 12,5N

′
′ = + =

�

2
1

1 1 1

õ
T m g m 20N= + =

�

=Á 0,15 10m2õ′

= =
2

k
ù 10rad/ s

m

1 1 1 1 1 1Äp p p Þ Äp m õ m õ 15kg m / s
� � �

′ ′= − =− − =− ⋅

2 2 2
1 1 2 2 1 1

1 1 1
ÄÊ m õ m õ m õ 26,25J

2 2 2
′ ′= + − =−

2õ′
2õ′1õ′áñ÷ ôåëp p

� �
=

1õ′2
1 2 1 1

1
m gh m õ

2
′=

2
1 1 1 1

1
m gh m õ

2
=

= 21
U kx

2

= =2
1

1
K m õ 0,125J

2

= =2
ôáë

1
Å kA 0,5J

2

1õ′

= =
1

k
ù 10rad/ s

m

1

2
F 1 1 1 1

1
W K Ê m õ 0 0,5J

2
′ ′= − = − =

2 2
2 2 2 2

2
2 2

1 1
m õ m õ

2 2ð% 100% 75%
1

m õ
2

′ −
= =−

1õ′2õ′1õ′

−−
= = =

2 2
2

2
2

1 1
kA kxK E U 12 2

1U U 3kx
2

7
5

+ + =2 2 2
1 2 ê

1 1 1
kx (m m )õ kA

2 2 2

1

2
ÓF 1 1 1 ê

1
W K Ê m õ 0 8J

2
′= − = − =

= 21
h gt

2

≤≤

= − = − =−
åë

2
F áñ÷ ôåë 1

1
W U U 0 kx 12,5J

2

ð
s

60
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Á´ = Á – x1 = 0,075 m

7 á) ÈÌÊÅ ãéá ôï Ó áðü ôï óçìåßï Ã Ýùò1

ôï óçìåßï Â:

Þ õ1 = 3m/s

â) m1õ1Þ = (m1 + m2  õê Þ
õê = 1m/s

ã) 

ä) 

õmax = õê = ùA Þ Á = 0,2m

Ãéá ðñþôç öïñÜ: 

8 á) êáé

õmax = ùA = 1m/s

Óôïí Üîïíá x´x: Þ

m2õmax + m1õ1óõí45ï= (m1 + m2) õê Þ
õê = 5m/s
â) Äpx = 0

ã) 

Ç èÝóç éóïññïðßáò äåí áëëÜæåé, Üñá: 

õê = = ù´A´ Þ Á´ = m

ä) 

 á) Þ R = 5m

â) Ãéá ôï óþìá Ó2: Þ Ät = 1s

Ãéá ôï óþìá Ó1: d = õÄt Þ 

ã) Óôïí Üîïíá x´x: Þ 

m1õ = (m1 + m2+m3) õê Þ 

õê = õmax = ùA Þ Á = m

ä) 

0 á) 

Þ õ1 = 6m/s

m1õ1 = (m1 + m2) õê Þ õê = 1 m/s
Äp = pôåë – páñ÷ = m1õê – m1õ0 = –9kg . m/s

â) Þ

Ê = 50–10x  SI  ìå 0 x 3,2m≤≤

− =−2
1 0 1

1
K m õ m gx

2

2 2
1 1 1 0 1

1 1
m õ m õ m gh

2 2
− =−

1ôåë áñ÷ wK Ê W Þ− =

2

1 2

1
kA

2ð% 100% 3,33%
m gR m gR

= =
+

2
5

= =
+ +1 2 3

k
ù 5rad/ s

m m m

=Êõ 2m/ s

áñ÷ ôåëp p
� �
=

=d 5 2m

= 21
R gÄt

2

= 2
1 1

50 1
m gR m õ

100 2

2 2
1ù´ m A´ 20 5kg m / s= − = ⋅

1
1 1

dp
ÓF D A´

dt
= = − =

5
2maxõ′

= =
ïë

k
ù´ 2 5rad/ s

m

y 1 1Äp 0 m õ çì45 42kg m / s= − ° = ⋅

áñ÷ ôåëp p
� �
=

= =
2

k
ù 5rad/ s

m

= + =
Á 3

x 0,1 3m
2

= =

= = ±

2 2

2 2

3 1 3 1
U E Þ kx kÁ Þ

4 2 4 2

3 Á 3
x Á Þ x

4 2

= =
+1 2

k
ù 5rad/ s

m m

2
2 ê

2
1 0

1
m õ

2ð% 100% 8%
1

m õ
2

= =

2 2
1 1 1 2 ê

1 1
Q m õ (m m )õ 15J

2 2
= − + =

áñ÷ ôåëp p
� �
=

2 2
1 1 1 0 1

1 1
m õ m õ ìm gs

2 2
− =−

10
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ã) ÓF = –(k1+k2)x, Üñá D = k1 + k2 = 2.400N/m

ä) È.É. ôïõ Ó2: m2g = Dx1 Þ x1 = m

È.É.T.: (m1 + m2)g = D(x1+x) Þ x =

Þ Á = 0,0501m

1 á) Þ 

õ1 = m/s

m1õ1 = (m1 + m2) õê Þ õê =

õmax = õê = ùA Þ Á = 0,04m

â) 

2 á) Ãéá t = 0: A = Açìö Þ ö
0 0 =

â) 

ã) 

ä) Ãéá ôï óþìá m1: ù1 =

m1õ1 + m2õ2 = (m1 + m2) õê Þ õê = –5m/s

Eôáë =

3 á) êáé ïìïßùò

ù2 = 10rad/s
A1 = x1 = 0,2m, Üñá õ1 = ù1Á1 = 2m/s
A2 = x2 = 0,4m, Üñá õ2 = ù2Á2 = 4m/s
Ïñßæïõìå èåôéêÞ öïñÜ ðñïò ôá áñéóôåñÜ.

â) 

ã) 

õê = õmax = ù´Á´ Þ Á´= 0,1m

ä) Ãéá ôï óþìá Ó2:

Ê + U = E Þ Þ U =

WF = Uáñ÷ – Uôåë =

4 á) 

â) Ôï óõóóùìÜôùìá êáé ôï óþìá Â Ý÷ïõí ßóåò
ìÜæåò, Üñá áíôáëëÜóóïõí ôá÷ýôçôåò.
= õ1 = 4 m/s

ã) Ôï ðëÜôïò ôçò ôáëÜíôùóçò ôïõ Â åßíáé Á = d1.

Ãéá ôï óõóóùìÜôùìá: 

Ãéá ôï Â: t1 = , Üñá Ô = 0,157s

ä) Ç ãùíéáêÞ óõ÷íüôçôá ù äå ìåôáâÜëëåôáé:

õmax = = ùd2 Þ = Þ d2 = 0,1m2

2ð
d

Ô2õ′2õ′

T
4

1 1 1

0,157
õ t Þ t s

4
= =�

2õ′

( )0 1 1mõ m 3m õ Þ õ 4m/ s= + =

áñ÷ ôåëp p Þ
� �
=

2 2
2

3E 3 1
0 m ù´ Á´ 0,375J

4 4 2
−

= − = =−

3E
4

4U
E

3
=

1 2

1 2

k k
ù´ 10rad/ s

m m
+

= =
+

2 2
1 ê 1 1

2
1 1

1 1
m õ m õ

2 2ð% 100% 75%
1

m õ
2

−
= =−

( )
áñ÷ ôåë

1 1 2 2 1 2 ê ê

p p Þ

m õ m õ m m õ Þ õ 1m / s

� �
=

− + = + =

1
1

1

k
ù 10rad/ s

m
= =

+ + =2 2
1 2 ê

1 1
kx (m m )õ 58J

2 2

= =−1 1

5ð
õ ù Aóõí 4m/ s

6

=
1

k 20 3
rad/ s

m 3

+
= =1 2m m ð

T 2ð s
k 5

⎛ ⎞⎟⎜= + =⎟⎜ ⎟⎜⎝ ⎠
2ð Ô ð

x 0,4çì 0,2m
Ô 6 2

ð
rad

2

2
1 1 1

1

1
m õ m gh

2
ð% 100% 75%

m gh

−
= =

= =
+1 2

k
ù 10 2rad/ s

m m

2 2
m/ s

5

2 2

2
1 1 1 1

1 h
m õ m gh ìm góõíö

2 çìö
= −

+ + =2 2 2
1 2 ê

1 1 1
Dx (m m )õ DA

2 2 2

1
m

240

5
240

= =
+1 2

1 D 10
f Çz

2ð m m ð
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 á) Ãéá ôï Ó : t  1 =

Ãéá ôï Ó2: 

â)  |õ1| = õmax = ùd =

õ2 = gt = ð m/s

ã) È.É. ôïõ Ó1:

È.É.Ô. ôïõ óõóóùìáôþìáôïò:

Þ Á = 0,1m
ä) 

6 ÈÌÊÅ ãéá ôï Ó : 2

Êôåë – Êáñ÷ = Wwx
Þ

õ2 = 4m/s

È.É.Ô. ôïõ Ó1: 

È.É.Ô. ôïõ óõóóùìáôþìáôïò:

Áðü ÁÄÅÔ:

Áðü ôçí (1): k = 447,66N/m  Þ  k = 22,34N/m

7 á) ÈÌÊÅ ãéá ôï m : Ê1 ôåë – Êáñ÷ = Ww Þ

Þ h = 0,2m

â) ÅðåéäÞ m1 = m2, ôá óþìáôá áíôáëëÜóóïõí

ôá÷ýôçôåò: = 0 êáé = 2m/s

ã) 

õê = ùÁ Þ Á = 0,05m

ä) p = mïëõ = mïëùÁóõíùt = 0,1

8 á) ÈÌÊÅ ãéá ôï Ó :1

â) 

ã) ÈÌÊÅ ãéá ôï óõóóùìÜôùìá:

Óôç È.É.: ( )åë ïë 1 1 2F w Þ kx m m gçìè= = +

2 2
1 2 1 2 ê

1 2

1 1
(m m )õ (m m )õ

2 2

(m m )gsçìè Þ õ 3m / s

+ − + =

= + =

( )1 1 1 2 ê êm õ m m õ Þ õ 1m / s= + =

áñ÷ ôåëp p Þ
� �
=

2
1 1 1 1

1
m gh m õ Þ õ 2g çì60 3m/ s

2
= = ° =�

kg ⋅m/

2 3

k
ù 5m/ s

m m
= =

+

( )2 2 2 3 ê êm õ m m õ Þ õ 0,25m/ s′ = + =

áñ÷ ôåëp p Þ
� �
=

2õ′1õ′

2
1 1 1

1
m õ 0 m gh

2
− =

( )

( )

2 2
2

1 2 ê

2

1 15 1 1 25
k m m õ k 0,2 Þ

2 k 2 2 k

k 470k 10.000 0 1

⎛ ⎞ ⎛ ⎞⎟ ⎟⎜ ⎜+ + = +⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎝ ⎠ ⎝ ⎠

− + =

( ) ( )+ + = + + 22 2
1 2 ê 1

1 1 1
kx m m õ k x x 0,2 Þ

2 2 2

( ) ( )+ = +

+ = =

1 2 1

1

m m gçìö k x x Þ

25 15
x x Þ x

k k

= =1 1 1

10
m gçìö kx Þ x

k

( )áñ÷ ôåë 2 2 1 2 ê

ê

p p Þ m õ m m õ Þ

õ 2,4m / s

� �
= = +

=

2 2
2 2 2 0 2

1 1
m õ m õ m gsçìö Þ

2 2
− =−

= + =
maxåë 1F k(x 2A) 60N

2åë 1 2 1F w w Þ 100(x A) (Ì m)g= + + = +

1åë 1 1 1F w Þ kx Ìg Þ x 0,4m= = =

( )áñ÷ ôåë 2 1 ê

ê

p p Þ mõ M õ m Ì õ

Þ õ 0

� �
= − = +

=

2ð ð
d m/ s

Ô 4
=

21
h gt 0,5m

2
= =

Ì
2ð

T ðk s
4 4 10
= =
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Þ x1 = 0,15m
Áðü ÁÄÅÔ:

ä) Ê + U = E Þ 2U = E Þ

9 á) Ãéá t = 0: x = Á, Üñá ö0 =

Á = 0,2 m êáé 

x = 0,2çì SI     (1)

â) Áðü ôçí (1) ãéá x = –0,1 m: t1 =

ã) 

ä) 

Ôï óþìá Á äéÝñ÷åôáé ãéá äåýôåñç öïñÜ áðü ôç
èÝóç éóïññïðßáò óå ÷ñüíï:

å) õmax = ùÁ = 1,8m/s

êáé = ù´Á´ Þ

Á´ = 0,1m

 á) 

ÈÌÊÅ ãéá ôï Ó1:

â) 

ã) Óôç È.É. ôïõ m2:

Óôç È.É. ôïõ óõóóùìáôþìáôïò:

Áðü ÁÄÅÔ:

ä) 

 Á. ö1 =
30ï, Üñá ö2 =
60ï êáé

â1) ÈÌÊÅ ãéá ôç óöáßñá áðü
ôçí áñ÷éêÞ èÝóç ìÝ÷ñé ôçí
êñïýóç ìå ôï Ó:

ÌåôÜ ôçí êñïýóç ìå ôï Ó:

â2) 

= õmax = ùÁ Þ Á = 0,4m

Fmax = kA = 120N

â3) xmax = A + x1 = Á + 

= =
åë

2
max max

1
U kx 37,5J

2

2m g
0,5m

k
=

2õ′

2

k
ù 10rad/ s

m
= =

1 2
1 1

1 2

1
2 1

1 2

m m
õ õ 4m/ s êáé

m m

2m
õ õ 4m/ s

m m

−′ = =−
+

′ = =
+

2 2
1 1 1 0 1

1

1 1
m õ m õ m gh

2 2
Þ õ 8m/ s

− =−

=

� �
2 3Ã Ã 60+ = °

� � �
�

1 2 2

3

Ã Ã 90 Þ Ã 30

êáé Üñá Ã 30

+ = ° = °
= °

�
1Ã 60= °

dU dÊ dp
ÓFõ õ 0

dt dt dt
=− =− =− =

+ + = =2 2 2
1 2 ê

1 1 1
kx (m m )õ kÁ Þ Á 0,148m

2 2 2

+ = + =1 2 1

1
(m m )g k(x x) Þ x m

60

= =2 1 1

12
m g kx Þ x m

60

1 ê 1 1

1 1

m õ m õ
ð% 100% 92,3%

m õ

−
= =−

1 1 1 2 ê êm õ (m m )õ Þ õ 1m / s= + =

2 2
1 1 1 0 1 0

1 1
m õ m õ m gh Þ õ 10m/ s

2 2
− = =

1
1 1 1 1

dÊ
ÓFõ m gõ Þ õ 13m/ s

dt
= = =

maxõ′
1 2

k
ù´ 4,5rad/ s

m m
= =

+

( )áñ÷ ôåë 1 max 1 2 max

max

p p Þ m õ m m õ Þ

õ 0,45m / s

� �
′= = +

′ =

21
h gÄt 0,428m

2
= =

1 1

T 5ð
Ät t t s

4 54

⎛ ⎞⎟⎜= + − =⎟⎜ ⎟⎜⎝ ⎠

2ð 2ð
T s

ù 9
= =

ôåë áñ÷ 1 1 1 1

1 1

Äp p p m õ ( m õ )

2m õ 18 3kg m / s

= − = − − =

= = ⋅

= − =2 2
1õ ù Á x 0,9 3m / s

2ð
s

27

ð
9t

2

⎛ ⎞⎟⎜ + ⎟⎜ ⎟⎜⎝ ⎠

1

k
ù 9rad/ s

m
= =

ð
rad

2

= = =2
åð 2 2F D x m ù x 11,16 2Í

1 2

k 10 3
ù rad/ s

m m 3
= =

+

= = ±2 21 1
2 Dx DA Þ x 0,1675 2m

2 2

( )+ + = =2 2 2
1 1 2

1 1 1
kx m m õ kÁ Þ Á 0,335m

2 2 2



 )   : 

p  = p   m2 2 = m2 2 + m1 1   1  = 4 m/s 

             1                 1                1                 –– m2 2 2 + –– m1 1
2 – –– m2 2

2 
              2                  2               2 ) %=––––––––––––––––––––––––––––––100% =  
                               1                                       –– m2 2

2 
                               2 

= –94,4% 

)     1: 

              k                                  2        =     ––– = 10 rad/s   = ––– = –– s  
            m1                                        5 
 

 1       -

. 

1 = max =    = 0,4 m 

                                                3          3M     t = ––– s = –– T  1                                                 10        2 

 : 

        3
s = –– 4A = 2,4 m  
        2 

)  . . .: m1g  = kx1  x1 = 0,05 m 

 

 

 

 

 

 

          75                    25
K1 = –––– E1  U1 = –––– E1   
        100                  100 

 1            1    1 –– kx2 = ––  –– kA2  x = 0,2 m 
 2            4    2 

F  = k(x + x1) = 50 N 

 ) A     1: 

 1 –– m1 1
2 = m1gR  1 = 6 m/s 

 2 

) p  = p   m1 1 = (m1 + m2)   

 = 2 m/s 

                       k   )  =     ––––––––– = 10 rad/s  
                m1 + m2  

 =  =    = 0,2 m 
 

    -
   ,    -

: s = A = 0,2 m. 
 

)       
 : 

       T     T      3T      3  2       3  t =  –– + –– = ––– = –– ––– = ––– s 
      4      2        4       4          20 

 )     1: 

 1             1              1 –– k1d2 = –– k1d2
1 + –– m1 1

2  1 = 2 m/s 
 2              2             2 
 

)     : 

             2m1   
2 = ––––––––– 1 = 1 m/s  

         m1 + m2  

         m1 – m2   
1 = ––––––––– 1 = –1 m/s 

         m1 + m2  

                                 1                                          –– m2 2
2 

            K2                   2 
K% = ––– 100% = –––––––– 100% = 75% 

            1                  1                                          –– m1 1
2 

                                 2 
 
)    2     -

: 
                                             1 

2  – 2  = W F2
  W F2

 = –– m2 2
2 = 1,5 J 

                                             2 

)     1: 

 1             1                 1 –– k1d2
1 + –– m1 1

2 = –– k1A1
2  

 2              2                2 

A  –  
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     13 
A 1 = ––––– m 
           10 

  2: 2 = max = 2 2  

             2  
2 = ––––––– = 0,1 m 

              k2                  ––– 
              m2 

             1               –– k1A1
2 

 E1         2                13 ––– = –––––––– = –––  
 E2        1                  3                –– k2A2

2 
            2 

 )    1: 

 1 –– m1 1
2 = m1g�  1 = 4 m/s 

 2 

         m1 – m2   
1 = ––––––––– 1 = –2 m/s  

         m1 + m2  

            2m1   
2 = ––––––––– 1 = 2 m/s 

         m1 + m2  
 

)   1  2    -

  . 

                         1  y: h = –– gt2  t = 0,5 s 
                           2 

 x: s1 = 1 t = 1 m, s2 = 2t = 1 m 

: d = s1 + s2 = 2 m 
 

) . . .: F = 0  w3 = F
2
  w3 = kx1  

x1 = 0,4 m 

. . (m2, m3): F = 0  F
1
 = w2 + w3  

w2 + w3 = k(x1 + A)  A = 0,6 m 

           k                              =   ––– = 5 rad/s, 0 = –– rad  
          m3                            2 

                                                                  
: K = 2( t + 0) = 18 2(5t + ––) SI 

                                                                  2 

 

 

 

 

 

 

 

 

 

) d2
1 = s2

1 + d2
2  d2 = 2 m 

d2 = h + A + x   x  = 0,15 m,   

 3    x = –0,15 m. 

  dp 
––––  = F  = k x  = 15 N 

  dt 

 A. . . .: F = 0  w2x = F   

                                         k2x2 m2g  = k2x2   = ––––– (1) 
                                         m2g 

x2 = x + d  x2 = 0,25 m (2) 

                                      1  (1)  (2):  = ––   = 30  
                                      2 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1)  . . .  3 : F = 0  

m3g  = k2x3  x3 = 0,1 m 

   3: 

 1              1              1 –– m3
2
3 + –– k2x2

3 = –– k2d
2  3 = 4 m/s 

 2               2             2 
 

   –   
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2)    3:  

 1               1 –– m3 3
2 – –– m3

2
3 = –m3g (d1 – x3)  

 2               2 

3 = 2 m/s 

1  = 3 = 2 m/s  3  = 0 (   - 

 ). 
 

3) 1  = max 

                       1             1 U1 = E – K1  –– k1x1
2 + –– m1

2
max – K1    

                        2               2 
x1 = 0,2 m 

                          k1 
1  = – 2x1  = ––– x1 = 5 m/s2                           m1 

1) p x
 = p

x
  m  = m1 1 1 + m2 2x  

              m      1      m  m  = –– 2  –– + –– 2x  2x =  
              2        2        2 

p
y
 = p

y
  0 = m1 1 1 – m2 2y  

2y = 3 

2 = 2
2x + 2

2y = 2   

             2y  
2 = ––– = 3   2 = 60                2x     

                1              1              1              3 
2)  = –– m1

2
1 + –– m2

2
2 – –– m 2 = –– m 2 

                2               2             2            2 

1)     1, 3: 

                                                                 2  
p  = p   m1 1 = (m3 + m1)    = ––– 
                                                                 3 

         1             1                            2m 2 Q = –– m1
2
1 – –– (m1 + m3) 2 = ––––––  

         2              2                            3 
                               2m 2                                       –––––– 
           Q                      3 

% = ––– 100% = ––––––– 100% = 44,44% 
                         3m 2                                       –––––– 
                                  2 

2) max = 2  = ( ) = max =  = 

                k         2       2        2k=     –––––––––  ––– =  –––      –––– 
        m1 + m3    3        3        3m 

 1)  : 

 1            1                           1 –– kd2 + –– (m1 + m2) 2
0 = –– k 2   = 0,3 m 

 2             2                           2 
 

2)   1, 2  ,   2 

: 

F2 = 0  –D2x = 0  x = 0,    

   . 

                   k  =     ––––––––– = 10 rad/s, 
            m1 + m2   

     : 

 =  = 3 m/s. 

       -

  . 

     1: 

                                           k
max =  = 3 m/s,  =   ––– = 10 3 rad/s 

                                          m1 

           max 
A  = ––––– = 0,1 3  m 
              
 

1)    3     

: 

             2m2
3 = –––––––––  = 2 m/s 

        m2 + m3 

                           3
2

T3 = m3g + m3 –––– = 80 N 
                           � 

 

2)     3     -

    : 

 1  –– m3 3
2 = m3gh  h = 0,2 m 

 2  

             � – h      1 
 = ––––– = ––   = 60   

                �         2   

Fy = 0  Fy = m3   

m3g  = m3    = 5 3 m/s2 

A  –  
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 )     2   : 

 1             1 –– m2
2
2 – –– m2

2
0 = – m2g(d – d1)  2 = 4 m/s 

 2               2 

E      ,    

2        

2 = 4 m/s. 
 

)     1, 2: 

p  = p   m2 2 = (m1 + m2)    = 2 m/s 

          1                         1 Q = –– (m1 + m2) 2 – –– m2
2
0  = 8,5 J 

          2                           2 

                        k )  =     ––––––––– = 5 rad/s  
                m1 + m2  

max =  =    = 0,4 m. 

     -

    x = A = 0,4 m. 
 

)      

      ,  -

  x1     (  -

   ). 

       

     -

   : 

K  –  = WF  + WT  

       1 0 – –– (m1 + m2) 2 = 
       2 

            1 = 0 – –– kx1
2  – (m1 + m2)g(x1 – d1)  

             2 

25x1
2 + 9x1 – 6,7 = 0  x1 = 0,368 m 

Q = WT  = T(x1 – d1)  = 0,612 J 

 )  o 1: F = m1g  – F = 0,  

    t1 = 1 s  1  

    = 0 = 2 m/s  -

  s1 = 0t1 = 2 m. 

WF = –Fs1 = –10 J. 
 

)    t1  1    2 

 s = s – s1 = 4,5 m    -

   2    

. 

F = m1   m1g  = m1    = 5 m/s2 

                          1 s = 0 t + –– t2  t = 1 s. 
                         2 

   : 

1 = 0 + t = 7 m/s 

p  = p   m1 1 = (m1 + m2)    = 3,5 m/s 
 

)  . . (m2): m2g  = kx1  x1 = 0,1 m 

 . . .  (m1 + m2): 

(m1 + m2)g  = k(x1 + x)  x = 0,1 m 

 

 
 

 

 

 

 

 

 

 

 

A  : 

 1           1                         1                   2 
–– kx2 + –– (m1 + m2) 2 = –– kA2  A = –––– m 
 2            2                        2                    2 
 

)     F     

x = +A. 

                  k  =    ––––––––– = 5 rad/s 
          m1 + m2   

   –   
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    1: 

F1  = D1A = m1
2  = 12,5 2 N 

F1  = F  –m1g   F  � 22,68  

 

 1)      1   : 

 1 –– m1
2 = m1gR1   = 4 m/s 

 2 
                                                       2 F = F    – w1 = m1 –––  N = 60 N 
                                                      R1  

2)       . 

       : 
 1 –– m1 1

2 = m1gR1 – m1gR2 – WT   WT  = 4 J, 
 2 

: Q = 4 J. 

               Q 
% = ––––––– 100% = 25% 

           m1gR1  

1)     1, 2: 

m1 1 = (m1 + m2)    = 1 m/s 

 . .  m2: m2g = kx1  x1 = 0,1 m 

 

 

 

 

 

 

 

 

 

 

 . . .  m1 + m2: (m1 + m2)g = k(x1 + x) 

 x = 0,1 m 

 : 

 1            1                         1   
–– kx2 + –– (m1 + m2) 2 = –– (m1 + m2) 2

max    
 2             2                        2   

           6 
max= –––– m/s 

            2 

                                              1   
2) WF

2

 = 
2
 – K

2
 = 0 – –– m2

2 = –1 J 
                                              2   

 ) : 

 1             1 –– m1
2
1 – –– m1

2
0 = m1gh  

 2               2 

1 = 10 m/s 

) p = px + py = py 

2
1 = 2

1x + 2
1y  1y = 2

1 – 2
0 = 5 3 m/s 

               1x       1              
 = –––– = ––   = –– rad 

                1       2             3 

p = py = m1 1y = 5 3 kg · m/s 

) p
x
 = p

x
  m1 0 = (m1 + m2)    

 = 2,5 m/s           

             K1 – K1 % = –––––––– 1 = –93,75% 
                K1  

                       k                                  2       )  =     ––––––––– = 10 rad/s, T = ––– = –– s 
                m1 + m2                                  5 

 = max =    = 0,25 m, 0 = 0 

 = –25 10t SI 

 
 

 

 

 

 

     p 
) ––– = –kx  x = 0,25 m 

     t  

         1              1 
U2 = –– D2x2 = –– m2

2x2 = 3,125 J 
          2              2 

 

 ) : 

 1 –– m2
2
2 = m2gh   

 2 

2 = 4 3 m/s 

A  –  
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2x = 2   2x = 2 3 m/s 
 

2y = 2   2y = 6 m/s 

p = px + py  p = py  

p = 0 – m2 2y = –12 kg · m/s 

) p
x
 = p

x
  m2 2x = (m1 + m2)    

 = 3  m/s 

. . ( 1): F1 = 0  m1g  = kx1  x1 = 0,1 m 

. . .: F = 0  (m1 + m2)g  = k(x + x1) 

 x = 0,1 m 

: 

 1            1            1   –– kA2 = –– kx2 + –– (m1 + m2) 2
    = 0,36 m 

 2             2            2   

 

 

 

 

 

 

 

 

 

 

) F  = k(x1 + x + A) = 56 N. 
 

)        

       

. 

: 

        1                      1   + –– k(x + x1)2 = –– k 2   = 4,48 J 
        2                       2   

        

   : 

0 – K = –(m1 + m2)g s  s = 0,224 m 

 

 )     : 

p  = p   m1 1 = (m1 + m2)   1 = 4 m/s 

   1: 

 1            1   
–– m1 1

2 – –– m1 0
2 = – m1g(d + x)  0 = 6 m/s 

 2             2   
 

)   1: F1 = m1 1  – m1g = m1 1  

1 = –4 m/s2 

1 = 0 – 1 t  t = 0,5 s 

                 1                     –– m1
2 

                  2 ) K% = –––––––– 100% = 6,25% 
                  1                      –– m1 1

2 
                2 
 

)    : 

K  –  = WT + WF   

       1 0 – –– (m1 + m2) 2 = 
       2 

                                               1          1 = – (m1 + m2)g(xmax – x) + –– kx2 – –– kx2
max   

                                                2          2 

xmax = 0,2 m 

 

                        35                              k )  = ––––– rad/s   =    –––  
                       18                             mA 

k = 37,81 N/m 
 

                   6 )  t1 = ––– s: x1 = 0,1 3 m  
                  35  
dp 
––– = F = –Dx1 = –mA

2x1 =  
 dt 

= –3,78 3 kg · m/s2 

 

)    : 

 1   –– mB 0
2 = mBghB  hB = 1,25 m  

 2  

         0   tB = –––   tB = 0,5 s 
         g  
 

     : 

                 35  x = 0,2  –––– · 0,5 > 0, 
                      18 
 

        -

      -

   –   
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tB = 0,5 s      . 

     : 

                          1   =  + U  –– mB 0
2 =  + mBgx  

                          2  

 = 12,5 – 10x SI  x  1,25 m 

U = mBgx = 10x SI  x  1,25 m 
 

 

 

 

 

  

 

)  t2 = 0,6 s: 

  : 
                   35                          7  xA = 0,2  –––– · 0,6 = 0,2  –––– = –0,1 m 
                        18                           6 

      

hA = h – xA  = 1,2 m   . 

  B: 

                   1 hB = 0t2 – –– gt2
2 =1,2 m 

                       2 

    . 

 

)    : 

                     7   =  ––– = –1,057 m/s  
                          6 

 = 0 – gt2 = –1 m/s  

 : 

mA A + mB B = (mA + mB)    

 = –1,0285 m/s 

           mB – mB% = –––––––––––––– 100% = 2,85% 
                 mB

                          k )  =   –––    = 10 rad/s 
                       m1 

1 =  2 – x2
1   1 = 2 m/s 

      : 

m1 1 – m2 2  = (m1 + m2)   

         m1 1 – m2 2    
 = ––––––––––––––––––     = –1,5 m/s. 

                m1 + m2  

      1           1                          1  ) –– kx1
2 + –– (m1 + m2) 2 = –– kA 2  

     2           2                          2 

                   m1 + m2                 21  
A 2 = x1

2 + ––––––––– 2  A  = ––––– m 
                        k                          10 

                   1                  1           1  )  =  – –– kx2   = –– kA 2 – –– kx2  
                  2                  2            2 

 = 10,5 – 50x2 (SI) 

 

 

 

 

 

 

                 –  
) % = ––––––––––– 100% = 

                      

                 1                     –– (m1 + m2) 2 
                  2 = 1 –  ––––––––––––––––– 100% = 95,41% 
              1               1                 –– m1 1

2 + –– m2 2
2 

             2              2

A  –  
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             A0                           ln2 
 : ––– = A0e– t1  t1 = ––– 

              2                                 
 0                            ln2 
––– = 0e–2 t2  t2 = ––– 
  2                            2     

: t1 = 2t2 

 

 : A2 = A0e–2  

             2 – A0 
% = –––––––– 100% = (e–2  – 1)100% 

               A0 

                     A0  : A = ––– 
                      2     

                – 0                      
%  = –––––– 100%  = ––– – 1 100%  = 

                  0                      0 

     1      –– DA2 
     2 

–––––––– – 1 100%  = 75% 
     1      –– DA 0

2 
     2 

                     56,25 
 :  = –––––– 0   

                      100  

 1                          1 –– DA2 = 0,5625 –– DA 0
2  

  2                          2  

                                     3 
A2 = 0,5625A 0

2   = –– 0                                       4  

                – 0  %  = –––––– 100%  = 25% 
                 0 

                                       1            1   : WF = E – E0 = –– DA2 – –– DA 0
2 = 

                                       2            2  

     1      A0
2     1                63 

= –– D ––– – –– DA 0
2 = – ––– DA 0

2 
     2      64     2               128 
 

 : WF = E . . – E . .  

                                         A 0
2               A 2  

 : 2  = 0e–2  = ––– e–2  = ––– 
                                         0               0  

                                   
 :  = 0e

– ––––
2ln2

 = 0e–2ln2 = 0eln2–2 = 

     0      0 = ––– = ––– 
     22        4  

              – A0 
% = ––––––– 100% = –75% 

               A0

             E0  : ––– = E0e–2 t  4 = e2 t   
            4

                           ln2 
2ln2 = 2 t  t = –––  
                            

             E2       E0e–4 t 
 : ––– = –––––––– = e–4 T 

            E0           E0

             0  : ––– = 0e–3   16 = e3    
           16 

                                                    4ln2 3  = ln16  3  = 4ln2   = ––––– 
                                          3T

             E0        
 : ––– = E0e–8   16 = e8 T  8  = ln16 

            16 

                                 4ln2  8  = 4ln2   = –––––   = 1 s 
                           8  

ÊÅÖÁËÁÉÏ ï

ÖÈÉÍÏÕÓÅÓ ÌÇ×ÁÍÉÊÅÓ 
ÔÁËÁÍÔÙÓÅÉÓ

ÅñùôÞóåéò ðïëëáðëÞò åðéëïãÞò
.3á, .4á, .5ä, .6ã, .7â, .8ã, .9â, .10á,

.11ä, .12â, .13ã, .14ä, .15ã, .16â, .17ã,

.18ã

ÅñùôÞóåéò óùóôïý - ëÜèïõò
.19Ë, .20Ó, .21Ë, .22Ë, .23Ó, .24Ë, .25Ë,

.26Ë, .27Ë, .28Ë, .29Ë, .30Ë



                                       0
3               3 

 : 3  = 0e–6  = ––– e–6 = –––  
                                       0

2               0
2  

 

 

 :  . . : 

                           mg 
mg = kx1  x1 = ––– = A0                              k 

                       mg    mg           mg 
d = A0 – A1 = ––– – ––– e–  = ––– (1 – e– ) 
                         k       k               k 

   

                                                            E0 
 :  = 12 J – 9 J = 3 J   = –––  

                                                            4  

 1              1     1                      1 
–– DA2

N = –– · –– DA 0
2   = –– 0  0 = 2  

  2              4     2                      2    

A  –  
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.46 : 4
4 0

e       4 1
e

4

520 4 0
520 0 0

e e
4

2
2 2 2 8

2 104 20 4 20 0

1 1 2m
Q E E DA DA 4 1

2 2 4

.47 :  : T F
W W

   21
0 s kd

2
      21

mgs kd
2

      

2kd
s
2 mg

.48 :       
  :

T F
W W

2
1 1

1
0 mgx kx

2

2
1 1

1
K mgx kx

2
(1)

        
:

T F
K W W

2
1 2 2

1
K mg 2x x kx

2
(2)

 (1), (2) :

2 2
1 2 1 2

1 1
kx kx mg x x
2 2

1 2 1 2 1 2

1
k x x x x mg x x
2

1 2

2 mg
x x

k

ÁóêÞóåéò

.49 á) 

â) 

.50 á) 

â) 

.51 á) Á = 1,56 2
. 10 –3 m, â) Á = 0,05m3

.52 á) , Üñá:

êáé ïìïßùò 3E 10J=2
1 0 2 1E E E Þ E 40J= ⋅ =

0 1 2

1 2 3

E E E

E E E
= =

1 0
A

0

A A
ð % 100% 75%

A

−
= ⋅ =−

T
0,25s Þ Ô 1s

4
= =

1Ë 10
0

A
A e Þ Ë 2 n2 s

4
− −= = ⋅ �

2 2 0
1 0 1

A1 1 1
DA DA Þ A

2 16 2 4

⎛ ⎞⎟⎜= =⎟⎜ ⎟⎜⎝ ⎠

2
20
0

E
2
0

A1 1
D DA

2 4 2
ð % 100% 93,75%

1
DA

2

⎛ ⎞⎟⎜ −⎟⎜ ⎟⎟⎜⎝ ⎠
= =−

6Ë 10
0

A n2
A e Þ Ë s

4 3
− −= =

�



â) 

.53 á) È.É.Ô.: 

â) Ç åíÝñãåéá ôáëÜíôùóçò ìåôáôñÝðåôáé óå èåñ-
ìüôçôá ðïõ åßíáé ßóç êáôÜ áðüëõôç ôéìÞ ìå ôï
Ýñãï ôçò F.

.54 á) 

Ïé 3ê åðéðëÝïí ôáëáíôþóåéò áíôéóôïé÷ïýí óå ÷ñü-
íï t = 4êÔ.

â) 

.55 á) 

â) 

ã) 

ä) Ãéá 0
2 2

Á
t 20s, Á

4
= =

Ët 10 n10
2 20e Þ t s

n2
−= =

�
�

3

30Ë
max maxõ õ e 2,5m/ s−= =

1n2
Þ Ë s

10
−=

�
1

10Ë
max maxÞ õ õ e−=

Ët
1 0A = A

2

20
0

1
DA´E´ 2 0,168

1E DA
2

= =

( )
4

4ËÊÔ
0 0 0

4
Á´ Á e Á 0,41Á

5
− ⎛ ⎞⎟⎜= = ⎟⎜ ⎟⎜⎝ ⎠

�

ËÊT ËÊT
Ê 0

4A A e Þ e
5

− −= =

2
F 0

1 1
W kA J

2 16
=− =−

0

1
A m

80
=0gçìö =kA Þ

2Eêáé ð % 50%=−

1

1 0
E

0

E E
ð % 100% 50%

E

−
= ⋅ =−

.56 á) 

â) 

ã) 

.57á) 

â) 

ã) 

ä) 

ÐñïâëÞìáôá

.58 á) ,

â) 

ã) 2Ët 2Ët0
0

E 1 3 n2
E e Þ e Þ t s

8 8 2Ë
�− −= = =

2 2 2
20 0 0

1 1 255
DA DA DA

2 2 512
= − =

20 0Q ÄÅ Å Å= = − =

4
40ËT 0

40 0 0

A1
A A e A

4 256
− ⎛ ⎞⎟⎜= = =⎟⎜ ⎟⎜⎝ ⎠

10ËT 1
Þ e

4
− =10ËT0

0

A
A e

4
−=

Ët Ët0
0

A 1
A e Þ e Þ t 12s

8 8
− −= = =

2

0

2 2ËT
max 2 0

2
max 00

á ù A A e 1
á A 4ù A

−

= = =

2Ët 8Ë 1
1 0

n2
E E e Þ 40 160e Þ Ë s

4
�− − −= = =

T
2s Þ T 4s

2
= =

1 0ÄÅ Å Å 120J= − =

0 1
1

1 2

E E
Þ E 40J

E E
= =

11 0 EÁ 0,125Á êáé ð % 98,43%= =−

2 2
1 0

á 2
0

ù A ù A
ð % 100% 87,5%

ù A

−
= ⋅ =−

1 0
õ A

0

ùA ùA
ð % 100% ð % 87,5%

ùA

−
= ⋅ = =−

2 0
A

0

A A
ð % 100% 75%

A

−
= ⋅ =−



  

                        A1 – A0                 A1  ) %= –––––– 100% = ––– – 1 100% = 
                           A0                   A0 

      A0e–   
= –––––– – 1  100% = e–  – 1 100% 
          A0  

           1 – 0                   0e–2  
%= –––––– 100% = ––––––– – 1 100% = 

               0                         0 

= (e–2  – 1)100% 

     0       1          0              0 – 1 ) ––– = –––  ––––––– = ––––––––  
      1       2     0 – 1       1 – 2 

0( 1 – 2) = ( 0 – 1)
2 

             A0  ) 6 = ––– (1)  6 = 0e–6   (2) 
             2 

                                      1   (1)  (2): e–6  = –– 
                                     2 

M   18 : 

                                              A0  A18 = A0e–18  = 0(e–6 )3 = ––– 
                                              8 
 

                               1             1  ) WF = E6 – E0 = –– DA2
6 – –– DA2

0 = 
                              2             2 

    1        A2
0                   3DA2

0  = –– D ––– – A2
0  = – –––––– 

     2         4                      8 

               18 – 6                 A2
18 – A2

6 ) %= –––––– 100% = ––––––––– 100% = 
                   6                          A2

6 

                                           A0                                                      –––  
        A18                               8   
= –––

2

 – 1 100% = [(––––)2

 – 1] 100% = 
        A6                               A0                                                     –––  
                                            2 

       1 
= ––– – 1 100% = –93,75% 
     16  
 

                          k   A.  =     –––  = 10 rad/s 
                         m 

F  = –m 2x   F  = –12N: x = 0,06 m 

 : 

 1              1               1 –– Dx2 + –– m 2 = –– DA2
0  A0 = 0,1 m 

 2             2              2  

1) 3 = 0,6 0  3 = 0,06 m 

           1 E3 = –– DA2
3 = 0,36 J 

         2  

A  –  
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.59 á) 

â) 

ã) 

ä) Ãéá 

Ãéá 

¢ñá: 

.60 á) 

â) êáé 

ã) 

.61 á) 

â) 

ã) 

ä) 

F 2 0W E E 0,3J= − =−

T 2s, ù ðrad/ s= =

2 1
E

1

E E
ð % 100% 50%

E

−
= ⋅ =−

0 1
1

1 2

A A
Þ A 0,1 2m

A A
= =

4Ë 1n2
10 20e Þ Ë s

4
− −= =

�

2
F T á 0

1
W E E DA

2
= − =−

Eð % 36%=−1 0A 0,8A=

12Ët
1

1 3 n2
Þ e Þ t s

8 2Ë
− = =

�

12Ët
0 0

12,5
E E e

100
−=

F 2 1W E E 1,5J= − =−

2 2t 4s :E 0,5J= =

1 1t 2s : E 2J= =

4Ë
2 0A A e 0,025m−= =

2Ë 2 10
0

E n2
E e Þ Ë s

4 2
− ⋅ −= =

�

20Hzt
= =



               2         
2)  = ––– = –– s 

                     5  

 t = 3T: 3 = 0e– 3   0,6 = e– 3

         5         5 
 = ––– ln –– s–1  0,27s–1 

         3       3  

 )    x = f(t): A0 = 0,2 m 

 t = 3T: A3 = 0,05 m 

                         1 A3 = 0e–3   –– = e–3   3  = 2�n2  
                       4  

        2�n2  = ––––– = 2 s 
         3   

                m  T = 2    –––   k = 40 N/m 
                k 
 
                                             �n2 
                                                         –6 –––– 2 
                                                                3  ) 6 = 0,2e–6  = 0,2 e            = 0,2 e–4�n2 = 

                    0,2 = 0,2�n2–4
 = –––– = 0,0125 m 

                     24   

                                   1           1 ) F = E  – E  = –– kA2
6 – –– kA2

3 = –0,047 J 
                                 2           2 
 

) . . .: mg = kx1  x1 = 1 m 
 

 t = 3T: F  = kx = k(x1 – A3) = 38N 

 1)  t = 0:  = 0,  x = A0 

                                                 mg 
 . .T.: mg = kA0    A0 = ––– = 0,4m 

                                                  k 

        1 
Umax –– = kA2

0 = 8J 
        2  

      dp 
2) ––– = F = –kx  x = 0,2m 

      dt  
H    : 

x  = 0 – x = 0,2m 

: F  = kx  = 20  

 

 

 

 

 

 

 

 

                                                  0 
1)  = 0,25     0e–2 (t – T) = –––  

                                                   4  

                 1 
e–2 (t – T) = ––    2 (t – T) = �n4  
                 4  

2 (t – T) = 2�n2    t – T = 1s (1) 

                m      2  T = 2    ––– = ––– s (2) 
                k         5 

 (1)  (2): t = 2,256s 

                                        1 
2) WF = – 0    WF = – –– kA2

0 = –8J 
                                        2  
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                             1        k       1        k       f0 
  : f = ––– = –––     ––– = –––     ––– = ––– 

                    2      2      4m     4        m       2 

f  = 2f = f0 

    ,  

   . 
 

  :    m, k : f = f0 

     -

. 

 f1 = f0 2 ,   A1 . 

   m, 2k : f < f 0  f1 = f 0 

,      -

,    2 . 
 

                                              T 
  :  f  = 2f  T = ––     

                                              2 

     -

,     . 
 

                           1       k            1        k      1   A. : f0 = –––     –– , f 0 = –––     ––– = –– f0 
                         2       m           2      4m     2     

. :      -

 . 

f  = f0 > f 0 

      -

,      

. 

 

  :  :    

         1       6k 
f1 = –––     ––– = f0 6 
        2        m  

                                 1       k 
 : f2 = –––     –– = f0                                 2       m   

     -

, : 2 > 1 
 

  :     = f(f)  

    f1, f2  1 = 2. 

 

 

 

 

 

 
 

   :      

 = f(f)       

 . 
 
 
 
 
 
 
 
 
 

  :     = f(f)  

  f1 < f < f2 : A > A1 

 

 

 

 

 

 
 

ÊÅÖÁËÁÉÏ ï

ÅÎÁÍÁÃÊÁÓMENEÓ 
ÌÇ×ÁÍÉÊÅÓ ÔÁËÁÍÔÙÓÅÉÓ

ÅñùôÞóåéò ðïëëáðëÞò åðéëïãÞò
.3á, .4ã, .5â, .6ä, .7ä, .8ã, .9ã, .10ä,

.11ä, .12ä, .13ã

ÅñùôÞóåéò óùóôïý – ëÜèïõò
.14Ó, .15Ë, .16Ó, .17Ë, .18Ë, .19Ó, .20Ó,

.21Ó, .22Ë, .23Ó, .24Ó, .25Ë, .26Ë, .27Ó,

.28Ë, .29Ó, .30Ó

A
1
 = A

2

f
1

f
2

A
1

f
1

A
1

f
1

f
2
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                       1      k     5   : f0 = –––    –– = –– Hz,  f > f0.                      2      m       

      = f(f), 

     ,  -

   . 

 : 0
1 k 10

f Hz
2 m

 

1
1

T
t s

2 12
      

1
T s

6
      

1

6
f Hz  

2
2

T
t s

2 16
      

2
T s

4
      

2

4
f Hz

A
0

A
2

A
1

4––π
10––π

6––π

 

Ç óõ÷íüôçôá ôáëÜíôùóçò åßíáé:

á) ¼ôáí Ô1=2T, ôüôå: 

Áðü ôçí êáìðýëç Á = f(f) ðñïêýðôåé üôé ôï ðëÜôïò

ìåéþíåôáé (Á1<Á).

1

f 5
f Hz

2 8ð
= =

0

1 5
f Çz f

T 4ð
= = <

0

1 k 5
f Çz

2ð m ð
= =

â) ¼ôáí , ôüôå , äç-

ëáäÞ ôï ðëÜôïò áõîÜíåôáé (Á2>Á).

á) êáé 0

2ð
T s

5
=0

1 k 5
f Çz

2ð m 2ð
= =

2

5
f 2f Hz

2ð
= =2

T
T

2
=

A
0

f
0

,    
2 1
A A .  

ÁóêÞóåéò

á-â) Çz

¢ñá f = f0, äçëáäÞ Ý÷ïõìå óõíôïíéóìü êáé åðï-

ìÝíùò êÜèå áëëáãÞ ôçò óõ÷íüôçôáò ïäçãåß óå
ìåßùóç ôïõ ðëÜôïõò.

0

1 k 15
f

2ð m 2ð
= =

â)  i) f1=f0, Üñá Ý÷ïõìå óõíôïíéóìü êáé ôï ðëÜôïò

åßíáé Á1.

êáé 

ii) êáé ôï ðëÜôïò åßíáé Á2<Á1.

êáé 

2 2x A çì10t SI=

1
2

TðT s
5 2

= =2 2 sù 2ð= =f 10 rad

2 0
5f f
ð

= >

1 1x A çì5t SI=

1

2ð
T s

5
=1 1

ù 2ð= =f 5 rad s
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äçëáäÞ: f1<f0 

¼ôáí äçìéïõñãåßôáé óõóóùìÜôùìá, ç éäéïóõ-

÷íüôçôá ãßíåôáé 

Üñá âñéóêüìáóôå óå êáôÜóôáóç óõíôïíéóìïý

êáé ôï ðëÜôïò áõîÜíåôáé.

0
1 2

1 k 5
f´ Çz,

2ð m m 2ð
= =

+

0
1

1 k 5
f Çz,

2ð m ð
= =

äçëáäÞ: f>f0

ÌåôÜ ôç äéÜóðáóç ç éäéïóõ÷íüôçôá åßíáé

Üñá âñéóêüìáóôå óå

êáôÜóôáóç óõíôïíéóìïý êáé ôï ðëÜôïò áõîÜíå-
ôáé.

 

á1) 

á2) 

á3) 
ð

á 120çì 20t SI
⎛ ⎞⎟⎜=− + ⎟⎜ ⎟⎜⎝ ⎠

ð
õ 6óõí 20t SI

⎛ ⎞⎟⎜= + ⎟⎜ ⎟⎜⎝ ⎠

⎛ ⎞⎟⎜= + ⎟⎜ ⎟⎜⎝ ⎠
ð

x 0,3çì 20t SI

0

k
ù 20rad s

m
= =

0
1

1 k 5
f´ Çz f,

2ð m ð
= = =

0

1 k 5
f Çz,

2ð m 3ð
= =

â1) 

â2) Ãéá t1: õ1 = 3m/s êáé 

Ãéá

¢ñá: 
ïëF 2 1W Ê Ê 36J= − =

2
2 2

1
K mõ 54J

2
= =

2
s = −õ 3 3 m2t :

2
1 1

1
Ê mõ 18J

2
= =

ïëF ôåë áñ÷W Ê Ê 0= − =

¢ñá: êáé ù 60rad s=0

30
f 2f Hz

ð
= =

0

1 k 15
f Çz

2ð m ð
= =

                                   
) x = 0,1 (60t + –––) SI 

                                 2 
 

                                                  
)  = – 2x = –360 (60t + –––) SI 

                                                 2 
 

) F  = –b  = –b ( t + 0) = 

                              
= –0,6 (60t + –––) SI 
                              2

á) Þ

â) Áðü ôç ó÷Ýóç F = f(t) ðñïêýðôåé:

⎛ ⎞⎟⎜= + ⎟⎜⎜⎝ ⎟⎠
ð

x 1çì 50t SI

0bù Á 50Í Þ Á 1m= =

k 2.500Í m=

0

k
ù 50 rad s

m
= =

ã) 

Ãéá 

¢ñá: pF = –1.875 W

1õ 25 3 m s=−1

ð
t s:

1 0
=

2
Fp F õ bõõ bõ= ⋅ =− =−

( )0 0

ð
p mù Aóõí ùt ö 50óõí 50t SI

⎛ ⎞⎟⎜= + = + ⎟⎜ ⎟⎜⎝ ⎠

ÐñïâëÞìáôá

á) 

Áðü ôç ó÷Ýóç õ2 = ù2(Á2 – x2) Ý÷ïõìå: Á = 0,5m

â) 

ã) äçëáäÞ Ý÷ïõ-1 0ù ´ ù 0,5ù 10rad s ù ,= − = =

áíôF bõ 15óõí20t SI=− =−

x 0,5çì20t SI=

0

k
ù 10rad

m
= =

ìå óõíôïíéóìü êáé åðïìÝíùò áýîçóç ôïõ ðëÜôïõò 
ôçò ôáëÜíôùóçò.
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â) 

ã) , 

¢ñá, , äçëáäÞ Ý÷ïõìå óõ-

íôïíéóìü êáé åðïìÝíùò ôï ðëÜôïò áõîÜíåôáé.

á1) Áðü ÁÄÅÔ: 2 2 21 1 1
Dx mõ DA

2 2 2
+ =

1 0

f 5
f Hz f

2 2ð
= = =

ù 5
f Hz

2ð ð
= =0

1 k 5
f Hz

2ð m 2ð
= =

F bõ 20óõí10t SI=− =−

ù 10rad s êáé õ 10óõí10t SI= =

ïðüôå Á = 0,2m.

á2) Ãéá t = 0: , Üñá:

⎛ ⎞⎟⎜= + ⎟⎜ ⎟⎜⎝ ⎠
ðx 0,2çì 10t SI

1 2k k
ù 10rad s

m
+

= =

0
ðö rad=

00, = 0,2çìö

1 2ìå D k k ,= +

 á) Áðü ôç ó÷Ýóç õ2= ù2( – x2 )

 

Â. Ç åíÝñãåéá ôçò ôáëÜíôùóçò, ìÝóù ôïõ Ýñãïõ
ôçò ôñéâÞò, ìåôáôñÝðåôáé óå èåñìüôçôá. ¢ñá:

T 1 2 ïë ïëW Ts Ts ... Ts ìmgs= + + = =

2
T

1
DA W

2
=

ÅðïìÝíùò: Þ 

Ã. 

f2=2f1=f0, åðïìÝíùò åßìáóôå óå êáôÜóôáóç óõ-

íôïíéóìïý, Üñá ôï ðëÜôïò áõîÜíåôáé.

á) äçëáäÞ

Ý÷ïõìå óõíôïíéóìü.

0

1 k 20
f Hz f,

2ð m ð
= = =

1 2
0

k k1 5
f Hz

2ð m ð

+
= =

ïës 0,5m=2
ïë

1
DA ìmgs

2
=

â) 

ã) 

ä) ÅðåéäÞ åßìáóôå óå óõíôïíéóìü, éó÷ýåé

Ô
2 2

F
0

1 óõí2ùt
dW P dt, Üñá: dW bù Á dt

2

⎛ ⎞+ ⎟⎜= = ⎟⎜ ⎟⎜⎝ ⎠∑ ∑

2 2 2
F

1 óõí2ùt
P bõ bù A

2

⎛ ⎞+ ⎟⎜= = ⎟⎜ ⎟⎜⎝ ⎠

Ç éó÷ýò ôçò äéåãåßñïõóáò äýíáìçò åßíáé

õ ÁëëÜ Üñá

áíô

2
F F FP P bõ Þ P 16W.= = =

= − =2 2
2 1

1 1
ÄU Dx Dx 8J

2 2

2á ù Açìùt 320çì40t SI=− =−

Ô
2
0

0

êáé, åðåéäÞ óõí2ùtdt 0, Ý÷ïõìå W ðbA ù.= =∑

2 2
1

0

êáé õ 3óõí6t SI

â) õ ù Á x 2,4m / s

ð
ã) Ãéá t s: õ 0, Üñá p 0

12

1 k 5
ä) f Hz

2ð m ð

=

= ± − = ±

= = =

= =

1

2ð
á) ù 6rad / s, x 0,5çì6t

Ô
= = =

å)

ÅðåéäÞ ôï ðëÜôïò áñ÷éêÜ

áõîÜíåôáé êáé ìåôÜ ìåéþíåôáé.
1 0 2 0f f êáé f f ,< >

1 2
1 2

1 3 1 6
f Hz êáé f Hz

T ð T ð
= = = =



1ï ÊÑÉÔÇÑÉÏ ÁÎÉOËÏÃÇÓÇÓ
ÁÐËÇ ÁÑÌÏÍÉÊÇ ÔÁËÁÍÔÙÓÇ

1ã, 2ä, 3â, 4ã, 5: á-Ó, â-Ë, ã-Ó, ä-Ó, å-Ó

1 2

1 2 1 2 1 2

max 1 max 2

1â : D D êáé m m , Üñá ù ù ù

õ ùÁ êáé õ ùÁ

= = = =

= =

åë åð

2

2

Á
3ã: F F Þ kx k(A x) Þ x

2
K E U A

1 3
U U x

= = − =

−
= = − =

â) Ôï m1 áñ÷ßæåé ôçí ôáëÜíôùóç áðü ôçí áêñáßá

èÝóç êáé öôÜíåé óôç È.É. óå

÷ñüíï 

Ãéá ôï óþìá m2:

2
1 T

d á 0,1m
2 4

⎛ ⎞⎟⎜= =⎟⎜ ⎟⎜⎝ ⎠

2
2F m á Þ á 32m / s= =

T ð
s.

4 40
=

x A 0,4m=− =−

1m ð
á) ÓF kx, T 2ð s

k 10
=− = =

ã) Óôç È. É., ðïõ ãßíåôáé ç óýãêñïõóç, Ý÷ïõìå:

Ìå ðñïêý-

ðôåé 

ä) Ç È.É. äåí áëëÜæåé. Ç íÝá ãùíéáêÞ óõ÷íü-

ôçôá åßíáé: 
ïë.

k
ù´ 10rad / s

m
= =

êõ 0,116m / s.=

2ð
ù 20rad / s êáé Á 0,4m

Ô
= = =

( )

áñ÷ ôåë

1 2 1 2 ê

Áðü Á.Ä.Ï. : p p

Ô
Þ m ùÁ m á m m õ

4

� �
=

− = +

1 1 2 2 2

T
p m ùÁ êáé p m õ m á

4
= = =

max

2 2 ê

õ 0,116m / s

p m õ óõíù´t 0,348óõí10t SI

=

= =

2 2
0

1 1
m m mgh
2 2

3m / s

F 0
1

F w
1 1

kx m g

1
x 0,1m

2 2 2
1

1 1 1
kx m kA
2 2 2

0,2m

max
1

F k x A 30N

2
F 0

2
w F

2 1
m g k x x 30N

2

2
w F

2
F w

2 2
kx m g

2
x 0,1m

F 0
1 2
m m g kA

1 2
m m g

A
2k
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2
2á: ÓF D x Þ Ô m g D x

= = = =

=− − =−

á) Áðü ôç ãñáöéêÞ ðáñÜóôáóç ðñïêýðôåé:
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Mg k x x Þ x 0,01m

2 2 21 1 1
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6o ΚΡΙΤΗΡΙΟ ΑΞΙΟΛΟΓΗΣΗΣ
ΕΠΑΝΑΛΗΠΤΙΚΟ ΤΑΛΑΝΤΩΣΕΩΝ
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7o ΚΡΙΤΗΡΙΟ ΑΞΙΟΛΟΓΗΣΗΣ
ΕΠΑΝΑΛΗΠΤΙΚΟ ΤΑΛΑΝΤΩΣΕΩΝ
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